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Abstract. In this paper, for any simple, simply connected algebraic group G of type
B, C or D and for any maximal parabolic subgroup P of G, we describe all minimal
dimensional Schubert varieties in G/P admitting semistable points for the action of a
maximal torus 7" with respect to an ample line bundle on G/P. We also describe, for
any semi-simple simply connected algebraic group G and for any Borel subgroup B of
G, all Coxeter elements t for which the Schubert variety X (t) admits a semistable point
for the action of the torus 7" with respect to a non-trivial line bundle on G/B.
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1. Introduction

Let G be a simply connected semi-simple algebraic group over an algebraic closed field
k.Let T be a maximal torus of G and let B be a Borel subgroup of G containing 7. In [4]
and [5], the parabolic subgroups Q of G containing B for which there exists an ample line
bundle £ on G/Q such that the semistable points (G/ Q)% (L) are the same as the stable
points (G/ Q)% (L).

In [7], when Q is a maximal parabolic subgroup of G and £L = L, where @ is a
minuscule dominant weight, it is shown that there exists unique minimal dimensional
Schubert variety X (w) admitting semistable points with respect to L.

In the case of G/Q, where either G is exceptional or Q is not maximal, and L is
an ample line bundle, the combinatorics of minimal elements w € W/Wg for which
X (w)F (L) # 9 is complicated. So, we assume that G is a simple algebraic group of type
B, C or D and P is a maximal parabolic subgroup of G. Let £ be an ample line bundle
on G/P. In this paper, we describe all minimal dimensional Schubert varieties in G/ P
admitting semistable points with respect to L.

For a precise statement, see Theorem 3.2.

Now, let G be a semi-simple simply connected algebraic group over an algebraic closed
field k. Let T be a maximal torus of G and let B be a Borel subgroup of G containing 7.
A Schubert variety X (w) in G/B contains a (rank G)-dimensional T -orbit if and only if
w > 1 for some Coxeter element .

So, it is a natural question to ask if for every Coxeter element t, there is a non-trivial
line bundle £ on G/B such that X (7)3 (L) # #.
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Here we describe all such Coxeter elements . The layout of the paper is as follows:

Section 2 consists of preliminary notation and a combinatorial lemma. Section 3 consists
of minimal dimensional Schubert varieties in G/ P (where G is a semi-simple algebraic
group of type B, C or D and P is amaximal parabolic subgroup of G), admitting semistable
points with respect to an ample line bundle on G/ P. Section 4 consists of description of
Coxeter elements for which the corresponding Schubert varieties admit semistable points
with respect to a non-trivial line bundle on G/B.

2. Preliminary notation and a combinatorial lemma

This section consists of preliminary notation and a lemma describing a criterion for a
Schubert variety to admit semistable points. Let G be a semi-simple algebraic group over
an algebraically closed field k. Let T be a maximal torus of G, B a Borel subgroup of G
containing 7 and let U be the unipotent radical of B. Let NG (T) be the normalizer of T in
G.LetW = Ng(T)/T be aWeyl group of G withrespectto T and R denote the set of roots
with respect to T', R™ positive roots with respect to B. Let U, denote the one-dimensional
T -stable subgroup of G corresponding to the root« and let S = {a, ..., oy} € R denote
the set of simple roots. For a subset I C S denote W/ = {w € W|w(a) > 0, « € I}
and W is the subgroup of W generated by the simple reflections sy, @ € I. Then every
w € W can be uniquely expressed as w = w! wy, with w! € W! and w; € W;. Denote
R(w) = {a € R™: w(a) < 0} and wy is the longest element of W with respect to S. Let
X (T) (resp. Y(T)) denote the set of characters of T (resp. one-parameter subgroups of 7').
LetE) =X(T)®R, E> =Y(T)®R. Let (-, -): E1 X E; —> R be the canonical non-
degenerate bilinear form. Choose A ;’s in E; such that (e, A ;) = &;; foralli.LetC := {1 €

E>|(A,a) > OVa € R™} and for all « € R, there is a homomorphism SL; ﬂ) G (see

page 19 of [1]). We have &: G,, —> G defined by a(t) = qba((é t?] )) We also have
sa(x) = x —(x,x)aforalla € Rand x € Ej.Sets; =54, Vi =1,2,..., 1. Let{w;:i =
1,2,...,1} C E; be the fundamental weights; i.e. (w;, &j) =§;jforalli, j=1,2,...,[

For any character x of B, we denote by L, the line bundle on G/ B given by the character
x- Let X(w) = BwB/B denote the Schubert variety corresponding to w. We denote by
X (w)3F(Ly) the semistable points of X (w) for the action of T with respect to the line

bundle £, .

Lemma?2.1. Let x = ZaeS ag@y be a dominant character of T which is in the root
lattice. Let I = Supp(x) = {x € S: ay # 0} and let w € W, where I¢ = S\I. Then
Xw)F(Ly) #Difand only ifwy < 0.

Proof. If X ()5 (L) # @, then, by Hilbert-Mumford criterion (Theorem 2.1 of [8] and
Lemma 2.1 of [9]), we see that wy < 0.
Conversely, let wy < 0.

Step 1. We prove that if w, 7 € W are such that X(w) C U¢€W ¢X(t), then, w < 7.
Now, suppose that X (w) C U¢EW ¢ X (t). Then, since X (w) is irreducible and W is finite,
we must have

X(w) C ¢pX (1), forsome ¢ € W.
Hence, ¢_1X(w) C X (7). Now, let P; = BW; B and consider the projection
n:G/B— G/Pr.
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Then, 7~ (¢~ X (w)) € 7~ 1(X (7)). Let w™ (resp. ™) be the maximal representa-
tive of w (resp. t) in W.

Hence, ¢~' X (w™*) C X (r™®). So, we may assume that / = S.

Now, since ¢ ' X (w) € X (7), we have ¢~ 'w; < 7, Yw; < w.

Therefore wi¢p < 771 Yw; < w~!. Hence, by Lemma 5.6 of [6], we have
g <.

Hence,w ' <t (w ¢ Hp <t l.Sow <.

Now, let w € W/ “ be such that w x =< 0. Then by Step 1, there exists a point x €
X (w)\ W-translates of

X(1),re W, TFw. (D

Step 2. We prove that x is semistable.

Let A be a one-parameter subgroup of 7. Choose ¢ € W suchthatpr € C.Lett € W!°
be such that ¢x € U, 7 Py.

By (1), w < t.Hence, tx <wy <0.

Hence, by Lemma 2.1 of [9], we have ul(x, 1) = ul(¢x,dpr) = (—tx, 1) > 0.
Hence, by Hilbert-Mumford criterion (Theorem 2.1 of [8]), x is semistable. O

3. Minimal dimensional Schubert variety in G/P admitting semistable points

In this section, we describe all minimal dimensional Schubert varieties X (w) in G/P
(where G is a simple algebraic group of type B, C or D, and P is a maximal parabolic
subgroup of G) for which X (w) admits a semistable point for the action of a maximal
torus of G with respect to an ample line bundle on G/ P.

Let I, = S\{«,} and let P;, = BW B be the maximal parabolic corresponding to the
simple root «,. Let £, denote the line bundle associated to the weight @, . In this section
we will describe all minimal elememts of W/ for which X (w)F (L) #0.

At this point, we recall a standard property of the fundamental weights of type A, B, C
and D.

In types A,,, By, C, and D,,, we have |{(w,, &)| < 2 for any fundamental weight @, and
any root «.

Proof. Now (w,,a) < (w,,n), where n is a highest root for the corresponding root
system.

The highest root for type A, is a1 + a2 + - -+ + «,, the highest roots for type B,
are a1 + 2(aa + -+ + «y) and o1 + @2 + -+ - + @, the highest roots for type C, are
2 +a2+ -+ op—1) +ayand oy +2(a2 + - - - + o—1) + @, and the unique highest
root for type D, is o) +2(og + -+ - + ¥p—2) + ¥p—1 + .

In all these cases, we have (w,, ) < 2. So |{(ww,, &)| < 2, for any root a. O

Let G be a simple simply-connected algebraic group of type B, C or D. Let T be a
maximal torus of G and let S be the set of simple roots with respect to a Borel subgroup
B of G containing 7.

PROPOSITION 3.1

Let I, = S\{a,} and let w € W' be of maximal length such that w(w,) > 0. Write
w(wy) = > i, aia; and leta = max{a;:i = 1,2,...,n}). Thena € {1, %} Further, if
a= %, then r must be odd and G must be of type D, and a = a,,—1 or a = ay,.



472 S S Kannan and S K Pattanayak

Proof. Since2 <r <n — 2, we have 2w, € Z>0S. Hence, ifa € {1, %} then a > 2.

Let i be the least integer such that a;, = a.

Clearly, ip # 1. We first observe that, s;, w(w,) = w(w,) — (w(®@,), &, )i, > 0, since,
(w(wy), &iy) <2 < a=aj.

For all the cases exceptip = nintype By,ip = n—lintype C,, andip = n—2,n—1,nin
type D, we have (w(w,), &i,) = 2a — (@iy—1 +aiy+1) > 0. Hence, s%w(w,) < w(wy).
So, Sy W > W, A contradiction to the maximality of w.

Now, we treat the special cases explicitly.

Case 1. ip = n in type B,. In this case, (w(@w;,), &) = —2a,—1 + 2a, > 0, since
a, = a > ay_1. So, s,w(w,) < w(w,). Hence, s,w > w, a contradiction to the
maximality of w.

Case 2. ip = n— 1 intype Cy,. In this case (w(w@;), ty—1) = —an—2+2a,—1 —2ay,. So, we
need to show that 2a,_; > a,_>+2a,.Ifnot, then2a, > a,_1+1,sincea,_» < a,_1—1.
Now, we have s, w(w,) = Zi# a;a; + (ap—1 — ap)a, > 0,since a,— = a > ay.
On the other hand, since 2a,, > a,—1+ 1, wehavea,,_1 —a, < a, — 1. So, s,w(w,) <
w(w,). Hence, s,w > w, a contradiction to the maximality of w.

Case 3. ip = n in type Dy. Here, we have (w(w,), &,) = 2a, — ay—» > 0, since
a, = a > ay—». So, s,w(w,) < w(w,). Hence, s,w > w, a contradiction to the
maximality of w.

Case 4. ip = n — 1 in type D,. This case is similar to Case 3.

Case 5. ig = n — 2 intype D,,. We have (w (@), &y—2) = —dp—3 + 20,2 — ayn—1 — ay.
In order to prove that (w(w,), &,—2) > 0, we need to prove a,_; + a, < a,_, since
ap-3 < dp-2.
Suppose a,—1 + a, > a,—> + 1. Then, we have either 2a,,_| > a,_» or 2a, > a,_».
Without loss of generality, we may assume that 2a,_; > a,_>. Hence we have

Sp—1w(w@y)

= Z ajoj+(ap—2 — ap—1)ap—1 <w(wy,), since a2 — ap—1 <dap—1.
i#n—1

On the other hand, s, _jw(@,) > 0, since a,_» = a > a,_1. So, s_1w > w, a
contradiction to the maximality of w.

Thus, we conclude thata € {1, %}

Now, if a = %, then clearly r is odd and G is not of type B,. We now prove that G can
not be of type Cj,.

Suppose on the contrary, let ¢ be the least positive integer such that Z;:;l o + %an <
w(wy).

Since (w(w;), &) =3 —a,_1 <2,wehavea,_; = 1.

Ift <n-—2,then0 < s;,w(w,) = Z#t aja; < w(w@). So, s;w > w, a contradiction
to the maximality of w. Hence, a,_» = 0.

We now claim that a; = 0Vi < n — 3. For otherwise, let m < n — 3 be the largest
integer such that a,,, = 1.

Now, (w(@;), Gmt1 + Am+2 + ... 0p—1) = —3, a contradiction to the fact that
l{(w(w,), B)| < 2 for all root B.
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Thus, a; =0Vi <n — 2. Hence, w(w) = a1 + %an. But (w(w), dp—1 + o) = 3,
a contradiction to the fact that |{w (@), ,é)| < 2 for all root 8.

Thus, G can not be of type C,.

If G is of type D,,, then a; < % Vi=1,2,...,n. Wenow claim that a,,_; + a, < 2.
Suppose on the contrary, let a,—1 = a, = %

We claim that a,, = 0, Vm < n — 3. Otherwise, let ¢ be the least positive integer such
that Z;’;tz o + %an_l + %an < w(w,). Then, a;_; =0andt <n — 3.

Hence, (w(w;), &; + o;41 + ...ay—1 + a,) = 3, a contradiction to the fact that
[(w(w,), B)| < 2 for all root B.

Thus, a,, = 0, Vm < n — 3. Hence, w(@) = o2 + 3 (ap—1 + o).

So, (w(w;), &y_2 + ay_1 + a,) = 3, a contradiction to the fact that |(w(w;), 5)| <2
for all root 8.

Thus, in type D,, both @,,_ and @, cannot be % O

Notation. Jp 4 = {(i1,i2,...,ip):ix €{1,2,...,q}, Yk and ix41 — ix > 2}.
Now, we will describe the set of all elements w € W/ of minimal length such that
ww, < 0 for types B;,, C,, and D,,.

Theorem 3.2. Let Wr{I’in = minimal elements of the set of all t € W' such that
X(OF(Ler,) # 0.

(1) Type By.
(i) Letr = 1. Then w = sySp—1 . ..51-
(i) Let r be an even integerin {2, 3, ...,n}. Foranyi = (i1, i2, ..., i%) € J%,n_l,
r
there exists unique w; € Wr{{in such that w;(w,) = —(Z,le o, ). Further,
I .
Wo ={w:ie€ J%,n—]}'
(iii) Letr beanoddintegerin{2,3,...,n}. Foranyi = (i1,i2, ..., irz1) € Jro1 ,_»,
2 2
r—1
there exists an unique w; € er;in such that w;(w,) = _(Zkil o, + o).
I .

Further, W = {w;:i € J%’n_z}.

(iv) Let r = n. If n is even, then, w = wa .. .wi, where, W; = $2i_1...8,, I =
1,2,..., '7' and if n is odd, then, w = Waj4 - W where, W; = §2;_1...5y,1
_ n
=12,...[4]+1L

(2) Type C,y.
(i) Letr = 1. Then w = s;Sp—1...51.
(ii) Letr beanevenintegerin{2,3,...,n—1}. Foranyi = (i1, i, ..., i%) IS J%,n—l,
r
there exists an unique w; € erl’in such that w;(w,) = —(Z,?zl a;, ). Further,
I .
W, ={wi:ie J%,n—l}-
(iii) Let r be an odd integer in {2,3,...,n — 1}. Forany i = (i1,i2,...,i,-1) €
2
r—1

J%,n—z’ there exists an unique w; € Wr{{in such that w; (w,) = —(Zkil aj, +

%ozn). Further, Wr;"

in = f{witi € J%,n—2}~
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(3) Type Dy.
(i) Letr = 1. Thenw = s;,8,—1...5].
(ii) Let r be an even integer in {2,3,...,n — 2}. For any i = (i1, 12, ..., i%) €
r
J%)n\Z, there exists an unique w; € Wr{fin such that w;(w,) = —(Z,ﬁzl Qi ),
where Z = {(il,iz,...,i%_g,n—ln):ik ef{l,2,...,n—4}and ixy+1 — iy >
2, Vk}. Further, W = {w;:i e Jr \Z).
(iii) Let r be an odd integer in {2,3,...,n — 2}. Forany i = (i1,i3,...,ir-1) €
2
r—1
J%,n—y there exists an unique w; € Wnl]’in such that w; (w,) = —(Zkil aj, +
%anq + %ozn). Also, for any i = (i1, i2, ..., i%) IS J% 2> there exists an
]
unique w; | € erl’m suchthatw; (@) = —(Zkil aik+%an_1+%an)andthere
i1
exists an unique w; » € Wrﬁin suchthat w; o (w,) = —(Zkil aik+%an_1+%an).
I . . .
Further, W = {w;: i € J%’n%} Ulw; j:i e J%’n72 and j = 1,2}.

n—1
@(iv) Letr =n — 1 orn. Then, w = ]_[1[221 ] w;, where,

TiSn, if iisodd.
w; =
TiSp—1, If i iseven.

with, T, = $2i_1...5—2, i =1,2, ..., [%]

Proof of (1).
)w; =a; +ar +---+ ay. Take w = 5;,5,—1...51. Then w(wi) = —a,, < 0.
(i) Let r be an even integer in {2, 3, ..., n — 2}. We have,

r—1
=Y ittt o), 4<r < (n—1).

i=1

Now, J%,n_l = {(iy, i3, ...,i%):ik e{l1,2,...,n—1}and if41 —ix > 2, Vk}. Consider
the partial order on J%,n_l,givenby (i1, i2, ...,i%) < (1, jo2, ...,j%) if iy < jx, Vk and
(i1,i2,...,i%) < (jl,jz,...,j%) if iy < jx for some k. We will prove the theorem by

induction on this order.
For(jl,jz,...,j%)z(n—r+1,n—r+3,...,n—1),wehave

Sn—r+1---51)Sn—rg3.--52) ... (Sp—1 - .s%)(snsn_l .. .S%_H)

.
3

X ($pSn—1 ... S%+2) e (SuSp—1 ... 8) () = — Za"—’+2’—1
=1

Now, if (i1, 12, ...,1 %) elJ Ll is not maximal, then there exists  maximal such that
ip<n—r+2t—1.

Now, (1,i2,...,0—1, 1 + i, 041, .-, l%) (S J%,nfl and (iy,i2,...,0—1,1 +
[0 P RN i%) > (i1,i2,..., i:z;). So, by induction, there exists w; € W such that

wiw, = —(Zk# o, + a14,). Taking w = s144,5;, w1, we have wa, = —(3_7_; ;).
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Hence, for any (i, io, .. ., i%) € J%’n_l, there exists w € W of minimal length such

that wa, = —(3_7_; @ip).

Now, we will prove that the w’s in W’ having this property are minimal.

Let w € W/ such that we, = — (37, @)

Suppose w is not minimal. Then there exist 8 € R* such that sgw(w,) < 0 and
[(spw) = l(w) — 1. Since sgw(w,) < 0 and iy — ix > 2, Vk, B = «; for some
k=1,2,...5.

Since I(sgw) = [(w) — 1, B = «;, for some 7. Hence, sgw (@) = —(Zk# o, +Ha;, ﬁ
0, a contradiction. Thus, all the w’s are minimal. .

Now, it remains to prove that for all elements of the type _(ZZ=1 «;, ) in the weight
lattice such that (o, ;) # 0, for some £k, there does not exist w € W, of minimal

length such that wo, = —(}_7_; ai,).

Let o = —(3_2_, a;,) be such that (a;, , ;) # 0 for some k. Choose k minimal such
that (o, , Olik“) # 0. ‘

If iy =n — 1, then iy = 1 and s,w(w,) = —(Ziﬁén ai;) > —(3_¢_, ;). Hence,
sp,w < w, a contradiction to the minimality of w.

Otherwise, s;, w(w,) = _(Zj;ék o) > —(ZZZI @, ). Hence, s;, w < w, a contradic-
tion to the minimality of w.

erlrin ={w;:i e J%’n_l} follows from Lemma 2.1.
(iii) Let r be an odd integer in {2, 3, ..., n — 1}. The proof is similar to the case when
r is even.

(iv) We have, @, = % Yo' yia;. Then, 2w, = Y 7_ | ic;.

Case 1. n is even. Take w; = 01 ...8,, | = 1,2,...%. Let w = wa ... Wi Then
wQw,) =—Y 2 i1 <0.
Case 2. nis odd. Take w; = s2;_1...5,, i =1,2,..., %.Letw = wnzj ... wji. Then
ntl
wQwy,) =— ;2 azi—1 < 0.
Proof of (2).
(i) Wehave, o] = a1 +ap +---+ %an. Then, 2oy = 2(ap +ap + - -+ ap—1) + @y
Take w = s,,8,—1...51. Then wQRw;) = —a,, <O0.
Proof of (ii) and (iii) are similar to Cases (ii) and (iii) of type B;.
Proof of (3).
(i) We have, w1 = Y077 o; + 3 (@n—1 +an). Then, 2o = 2(3/27 o) + it + .
Take w = §,8,—1...51. Then wQRw) = —(0tn—1 + o) < 0.

Proof of (ii) and (iii) are similar to Cases (ii) and (iii) of type B,,.
(iv) We have, @,1 = 3 (@1 + 202 + -+ + (n = )@y —2) + [ (not—1 + (2 — 2)a).
Then, 4,1 = 2(a1 + 20 + -+ -+ (n — 2)aty_2) + noy—1 + (1 — 2)ay,.
Take
TiSn—1, 1if i1isodd,

w; = e .
TiSn, if i is even,

Where Ty = 82i—1...8p-2, l = 1, 2, e [.ngl]
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(%51

Letw =[[;_  w;. Then,

w— 20, if n=0 (mod 4),
w—20,_1, if n=2 (mod 4),
w(@wy-1) = .
nw—20,_2—30,_1 —ay, ifn=1 (mod4),
nw—20,_2—an—1 —3a,, ifn=3 (mod4),

B!
where u = —2(3_; 3 a2i—1).
‘We have

1 1
w, = E(oq +2a+ -+ (n—2ap2) + Z((n — 2)ay—1 + nay).

Then
dw, =2(a1 + 200+ - -+ (n — 2)ap—2) + (n — 2)a,—1 + nay,.
Take
TiSn, if i 1s odd,
w; =
TiSn—1, 1if iiseven,
where 1; = s523;_1...5p—2,i = 1,2, ... [%].

1
Letw = 1_[5:21 ] w;. Then,

w— 20,1, if n=0 (mod 4),

uw— 20y, if n=2 (mod 4),
w(dw,) =
w—20,_2—0a,_1—3a,, if n=1 (mod4),

w—20,_2—30,_1 —ap, if n=3 (mod4),

B

where = =23, @2i—1). =

4. Coxeter elements admitting semistable points

In this section, we describe all Coxeter elements w € W for which the corresponding
Schubert variety X (w) admit a semistable point for the action of a maximal torus with
respect to a non-trivial line bundle on G/B.

We now assume that the root system R is irreducible (see page 52 of [2]).

Coxeter elements of Weyl group

An element w € W is said to be a Coxeter element if it is of the form w = s;5;, ... 5;,,
with Si; # §;, unless j = k (see page 74 of [3]).

Let x = ) ,cgdat be a non-zero dominant weight and let w be a Coxeter element
of W.
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Lemma 4.1. Ifwxy <0and a € S is such that [(wsy) = [(w) — 1, then

(1) {B € S\{a}: (B, &) # 0} =1o0r2.
(2) Further, if |[{B € S\{a}: (B, a) # 0}| = 2, then R must be of type A3 and x is of the
JformaQ2a + B +y) for some a € Z>o, where a, B and y are labelled as o,—o,—o, .

Proof of (1). Since § is irreducible and x is non-zero dominant weight, ag is a positive
rational number for each 8 € S. Further since wy < 0, x must be in the root lattice and
S0 ag is a positive integer for every g in S.

Since w is a Coxeter element and [ (wsy) = [(w) — 1,

the coefficient of « in wx = coefficient of « in sy x . (D

We have

SaX =X — (X, @)

=y — <Zaﬁﬁ,&>a

pes
- Zaﬁ,g - Zaﬁw, &)ar.
BeS BeS

The coefficient of « in sy x i

—( Y. (B.dag +aa>. )

BeS\{a}

Since wy < 0, from (1) and (2) we have

_< Z (ﬂv&>aﬁ +aa> <o.

BeS\{a}

Hence,

—( > </3,&>a,s> < g

peS\{a}

Thus, we have

—2< > <ﬁ,&>aﬂ> < 2aq. 3)

BeS\{a}

Since yx is dominant, we have

(x,f)=0,VBes

= <Za),y,,é> >0

yes
=Y a,(y.f) > 0.
yeS

Now if (8, &) # 0, the left-hand side of the inequality is 2ag —a, (a non-negative integer).
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Thus, we have
2ap > aq if (B,a) #0 €]
Now if [{8 € S\{a}: (B, &) # 0}| > 3, from (3) and (4) we have

3da < — (2 > <ﬂ,&>aﬁ> < 24q.
peS\{a}

This is a contradiction to the fact that a,, is a positive integer. So

B € S\{a}: (B, &) # O}] < 2.

Proof of (2). Suppose |{8 € S\{a}: (B,a&) # 0} = 2. Let B, y be the two distinct
elements of this set.
Using (3) and the facts (8, &) < —1, (y, @) < —1, we have

2(ap +ay) < =2((B. a)ag + (v, @)a,) < 2aq. (5)
Since (x, ) > 0 and (x, 7) > 0, we have

2ap > — Y (8, B)as +ap and 2a, > — Y (8, ¥)as + aa.
54 sy

Hence

— (8. Bras — Y (8. 7)as +2aq < 2(ap +ay).
3#B.a S#y.a

Using (5), we get
— Y (8. Blas— Y (8. 7)as +2ay < 2a,.

3#B.a S#y.a
= Y (=8 Plas+ Y (=8, 7)as <0, since (B, 7) = (. ) =0.
#y.B.a 3Fy.B.a

Since each a; is positive and (—4, ,é), (—38, y) are non-negative integers, we have
(—8,B) =0and (=8, 7) =0, V6 #a. B. 7.

Since R is irreducible, we have S = {«, 8, y}. So, from the classification theorem (see
pages 57 and 58 of [2]) of irreducible root systems, we have (8, a) € {—1, —2}.

If (B, &) = —2, then (y, &) = —1.

Hence, from (3) we get

dapg + 2a, < 2a, (6)
Again, from (4) we have 2ag > ay and 2a, > a,. So using (6), we get 3a, < 4ag +
2ay < 2a4, a contradiction to the fact that a, is a positive integer. Thus (8, &) = —1.
Using a similar argument, we see that (y, &) = —1.

Now, let us assume that («, ) = —2.
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Then,
0= (x.B) = ayly. p) — 2aq + 2a

= —2a, + 2ag, since (y, By =0
= zaa < 205

From (3), we have
2ag + 2a, < 2ay < 2ag.

Hence, 2a,, < 0, a contradiction. So {«, ,é) = —1. Similarly (&, y) = —1.
Hence R is of the type A3.

o

o o_ .
B o %

We now show that y = a(B +2a +y), forsomea € Z>. Let x = aga +agB+ayy.
By assumption, we have s, 554 (x) < 0.S0 (ag+a, —ag)a+(ag—aq)y+(a, —as)B < 0.
Hence, we have

ag +ay, < aq (7N
Since x is dominant, we have (x, B) > 0and (x, ) > 0. So we have

ay <2ag and aq < 2a, 3
Using (7) and (8), 2a, > 2(ag + ay) > 2aq. This is possible only if 2ag = a, = 2a,,.
Then, x must be of the form a(B + 2« + y), for some a € Z=y. O
Let G be a simple simply connected algebraic group. We now describe all the Coxeter

elements w € W for which X (w)3(L,) # #. For the Dynkin diagrams and labelling of
simple roots, we refer to page 58 of [2].

Theorem 4.2.
(A) Type Ay,
(1) As. For any Coxeter element w, X(w)STS(EX) #* () for some non-zero dominant
weight x.
(2) Ay,n = 4 If X(w)F(Ly) # D for some non-zero dominant weight x and w is
a Coxeter element, then w must be either spSp,—1...51 OF Si ...S18i+1 -..8y for

somel <i<n-—1.

(B) Type B,.

(1) Bj. For any Coxeter element w, X (w)3(Ly) # 9 for some non-zero dominant
weight x.

2) B,,n > 3. IfX(w)STS(L'X) %+ () for some non-zero dominant weight y and w is a
Coxeter element, then w = sp$,_1...51.
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(©) Type Cy,.
If X(w)F(Ly) # @ for some non-zero dominant weight x and w is a Coxeter element,
then w = sSy—1 . ..51.

(D) Type Dy.

(1) Dag. X(w)STS(L:X) % () for some non-zero dominant weight x and w is a Coxeter
element if and only if [(wsy) = [(w) + 1.

(2) Dy,n =5 If X(W)F(Ly) # @ for some non-zero dominant weight x and w is a
Coxeter element, then w = s,S,—1 ...51.

(E) Es, E7, Eg.
There is no Coxeter element w for which there exists a non-zero dominant weight x such

that X (w)F(Ly) # 0.

(F) Fy.

There is no Coxeter element w for which there exists a non-zero dominant weight x such
that X (w)3 (Ly) # 9.

(G) G,.
There is no Coxeter element w for which there exist a non-zero dominant weight x such
that X (w)F(Ly) # 9.

Proof. By Lemma 2.1, X (w) (L) # @ for a non-zero dominant weight x if and only if
wy < 0. So, using this lemma we investigate all the cases.

Proof of (A).

(1) The Coxeter elements of A3 are precisely 515253, 15352, $25153, $35251. For w = 515357,
take x = a1 + 2 + «3. Otherwise, take x = o1 + @2 + @3. Then wy < 0.

(2) Letn > 4, and let wx < O for some dominant weight x. By Lemma 4.1, if [(ws;) =
I(w) —1,theni =1ori =n.

If I(wsy,) # [(w) — 1, then using the fact that s; commute with s; for j #i —1,i + 1,
it is easy to see that w = s,8,—1 ... 5251.

If I(ws,) = I(w) — 1, then, let i be the least integer in {1,2,...,n — 1} such that
w = @St ..., for some ¢ € W with [(w) = [(¢) + (n — i). Then, we have to show
that ¢ = s;jsi—1...51.

If ¢ = ¢15; for some j € {2,3,...,7 — 1}, then w is of the form

W= @15;(Si+1---Sn—15n)
= P1(Si+1 ... Sn—15n5]).

This contradicts Lemma 4.1. So j € {1,i}. Again j = i is not possible unless i = 1 by
the minimality of i.
Thus, we have ¢ = s; ...s].

Proof of (B).
(1) For w = 5152, take x = a1 + 2a». For w = 5957, take x = a1 + 2.
(2) For w = s,8,—1...81,take x = a1 + a2+ ...a,. Thenwy = —a,, < 0.
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Conversely, let w be a Coxeter element and let x be a non-zero dominant weight such
that wy < 0. By Lemma 4.1, if [(ws;) = I[(w) — 1, then eitheri = 1 ori = n.

If I(wsy,) # [(w) — 1, then using the fact that s; commute with s; for j #i —1,i + 1,
it is easy to see that w = s,5,_1 ... $25].

We now claim that [(ws,) = [(w) + 1. If not, then, the coefficient of a,, in wy =
coefficient of &, in s, .

Now, the coefficient of &), in s, x is 2a,—1 —a,. Since wy < 0, we have 2a,_1—a, < 0.

= 2ap-1 < ay. (D
Since y is dominant, we have (x, &,—1) > 0. Thus, we get

—ay_p +2a,1 —a, = 0.

= a2 < 2a,-1 —a, <0, by (1).

So a,—> = 0, a contradiction to the assumption that n > 3 and x is a non-zero dominant
weight. Thus /(ws,) = [(w) + 1.
So the only possibility for w is s, 8,—1 .. .S].

Proof of (C). Forw = s,s,-1...51,take x = Z(Zi# o;) + ;. Then, x is dominant and
wY = —ay.
Conversely, let w be a Coxeter element and let x be a non-zero dominant weight such that
wy < 0.ByLemma 4.1, if [(ws;) = l(w) — 1, theni € {1, n}.

If I(wsy,) # [(w) — 1, then using the fact s; commute with s; for j #i — 1,7 + 1, itis
easy to see that w = s,5,—1 .. .5251.

Claim. l(ws,) = [(w) + 1. If not, then, the coefficient of o, in wy = coefficient of o,
ins,x.
Now, the coefficient of «, in s, x is a;,—1 — ay. Since wy < 0, we have a,—1 —a, < 0.
Hence, we have

ap—1 =< ay. (2)
Since x is dominant, we have (x, &,—_1) > 0. Thus, we get

—ay—2+2a,-1 —2a, >0

= ap—2 < 2ay—1 — 2a, <0, by (2).

So a,—> = 0, a contradiction to the assumption that x is a non-zero dominant weight.
Thus [ (ws,) = I(w) + 1. So the only possibility for w is s,5,—1 ... s1.

Proof of (D).
(1) For w = s4s38251, take x = 2(o; 4+ op) + a3 + oy, for w = s4515253, take x =
2(a3 + ap) + a1 + a4 and for w = 53515254, take x = 2(oq4 + ap) + a1 + a3.
The converse follows from Lemma 4.1.
(2) For w = s,8,_1 ...5], take x = 2(2:’:_12 a;) +oap_1 +a,. Thenwy < 0.
Conversely, let w be a Coxeter element and let x be a non-zero dominant weight such
that wy < 0. By Lemma 4.1, if [(ws;) =[(w) — 1 theni € {l,n — 1, n}.
Now, if I(ws1) = I(w) — 1, then, it is easy to see that w = s, 5,1 ... $25].
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So, it is sufficient to prove that [(ws,) = I[(w) 4+ 1 and [(ws,,—1) = [(w) + 1.

If I(ws,) = I(w) — 1, then, the coefficient of «, in wyx = coefficient of «,
ins,x =an—2 — a.

Since wy < 0, we have

a,—y —ay < 0. 4
Since x is dominant we have (x, &,_2) > 0. Therefore, we have
2ap_2 > ap—1 +ap—3 +ay. (5
Also, since (x, &,—1) > 0and (x, &,—3) > 0, we have
20,1 —ap—2 >0 (6)
and
2ap—3 — a4 — ap—2 > 0. @)
From (5), we get
dan—2 > 2ap—1 +2a,-3 + 2a,
> ap—2 + (an—4 + an—2) + 2a,, from (6) and (7)
> 2ay— + 2a,—2 + ap—4, by (4)
=4a, 5 +ap_4.

So a,—4 = 0, a contradiction to the assumption that x is a non-zero dominant weight.
So l(wsy) = I(w) + 1.
Using a similar argument, we can show that [ (ws,—1) = [(w) + 1.

Proof of (E).

Type Eg. Let w be a Coxeter element and let x be a non-zero dominant weight x such
that wy < 0. Further, if /(ws;) = [(w) — 1, then by Lemma 4.1, i € {1, 2, 8}.

Case 1. i = 8. Co-efficient of ag in wy = co-efficient of ag in s3(x) = a7 —ag < 0.
Since x is dominant, {(x,&;) >0, Vi € {1,2,3,4,5,6,7, 8}.

(x,a7) > 0= 2a7 > ag + ag > as + az.
Hence, we have a7 > ag.
(x,a6) = 0= 2a6 > as+a7 > as + ae
= ag > as.
(x,ds) = 0= 2as > as + ag > as + as.
= das = a4
(x,a3) = 0= 2a3 > a; + ay.

<X’5l2> > 0= 2a; > ay.
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Now,
(x,04) > 0= 2a4 > ar + a3 +as

= 4da4 > 2ap + 2a3z + 2as.

> aq + a1 + ag + 2a4, sinceas > aq.

So, a; = 0. Thus in this case, there is no Coxeter element w for which there is a non-zero
dominant weight such that wy < 0.

Case 2. i = 1. Co-efficient of @1 in w) = co-efficient of 1 ins;x = a3 —a; < 0.
Since x is dominant, we have (x, &3) > 0. Therefore, 2az > a; + a4 > a3 + a4
Hence, we have a3 > a4 . Since (x, a4) > 0, we have 2a4 > a3 + ap + as. Since,

(x,a2) > 0 and (x,as) > 0 we have 2a, > a4 and 2as > a4 + ag. Then, 4aq >

2a3 + 2az + 2as5 > 2a4 + a4 + a4 + ag, from the above inequalities.

So, ag = 0. Hence we have x = 0. Thus, in this case also, there is no Coxeter element

w for which there exists a non-zero dominant weight y such that wy < 0.

Case 3. i = 2. Co-efficient of a in wx = co-efficient of ap in spx = a4 —az < 0.
Since x is dominant, (x,&;) >0, Vi € {1, 2, 3,4, 5, 6}.

(x,ds) > 0= 2as > as + as.
(x,a3) = 0= 2a3 > ai + as.
(x,04) = 0= 2a4 > az + ay + as.
Hence, we have 4a4 > 2a3 + 2a; + 2as.
> (a1 + aq) + 2a4 + (a4 + ag) = a1 + ag + 4ay.
= a; +ag =0.So,a; =ag = 0.
Hence, we have x = 0. Thus, in this case also, there is no Coxeter element w for which
there exists a non-zero dominant weight x such that wyx < 0.

Type Eg, E7. Proof is similar to the case of Eg.

Proof of (F). Let w be a Coxeter element. Let x be a non-zero dominant weight such that
wy <0.Ifl(ws;) =1(w) — 1, theni € {1, 4}, by Lemma 4.1.

Case 1. i = 1. Co-efficient of oj in wy = co-efficient of oj in s1x = a» —a; < 0. Since
x is dominant, we have (x, &3) > 0 and (x, ap) > 0.

(X,&z) >0=2a, >a; +az > ar + az, sinceay < aj.
Hence, we have ay > as.
(x,03) = 0= 2a3 > 2a; + a4 > 2a3 + ay.

So, we have a4 = 0. Hence, x = 0. Thus, in this case there is no Coxeter element w for
which there exists a non-zero dominant weight y such that wy < 0.
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Case 2. i = 4. Co-efficient of a4 in wy = co-efficient of ag ins4x = a3 —aq < 0.
Since x is dominant, we have (y, &3) > 0 and (), &p) > 0.

(x,a3) = 0= 2a3 > 2ar + a4 > 2as + a3, sinceas < as.
Hence, we have a3 > 2a5.
(X,&z) >0=2a, >a; +a3 > a; + 2as.

So, we have a; = 0. Hence, x = 0. Thus, in this case also, there is no Coxeter element w
for which there exists a non-zero dominant weight x such that wy < 0.

Proof of (G). Let w be a Coxeter element and x = ajo; + axa, be a dominant weight
such that wy <0

Case 1. I(ws;) = l(w) — 1. Co-efficient of o in wy = co-efficient of @ in 51 =
a) —a; <0.
Since x is dominant, we have (y, a) > 0.

= 2ap > 3a; > 3a».

So, we have ap = 0. Hence, x = 0. Thus, in this case, there is no Coxeter element w for
which there exist a non-zero dominant weight x such that wy < 0.

Case 2. l(wsy) = l(w) — 1. Co-efficient of ap in wy = co-efficient of ap in s, x =
3a; —ap < 0. Since x is dominant, we have (x, &;) > 0.

= 2a; > ap > 3a;y.

So, we have a; = 0. Hence, x = 0. Thus, in this case also, there is no Coxeter element w
for which there exists a non-zero dominant weight x such that wy < 0. O

We now turn to the general case. Let G be a semisimple simply connected algebraic
group. Then G is of the form G = [];_, G;, for some simple simply connected algebraic
groups G1, ..., G,. So, a maximal torus T (resp. a Borel subgroup B containing T) is of
the form ]_[l’: 1 T (resp. ]_[f:1 B;), where each T; is a maximal torus of G;, and each B; is
a Borel subgroup of G; containing 7;. Also the Weyl group of G with respect to T is of
the form [];_, W;, where each W; is the Weyl group of G; with respect to 7;.

Now, let x = (x1, ... xr) € ®_, X(T;) be a dominant weight, where X (T;) denote the
group of characters of 7;. Then, clearly each y; is dominant. Let w = (w1, w2, ..., w;) €
]_[f:1 W; be a coxeter element of W. Then, each w; is a coxeter element.

Then, we have

Theorem 4.3. X (w)3 (Ly) # @ if and only if w; must be as in Theorem 4.2 for all i such
that x; is nonzero.

Proof. Follows from Theorem 4.2 and the fact that wyx < 0 if and only if w;x; < 0 for
alli=1,2,...,r. O
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