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Abstract. Let {X,;n > 1} be a strictly stationary sequence of negatively associ-
ated random variables with mean zero and finite variance. Set S, = Y ;_, X, M, =
maxy<, |Syl,n > 1. Suppose 02 = EX? +2Y ;7 EX; X, (0 < 0 < 00). In this paper,
the exact convergence rates of a kind of weighted infinite series of E{M,, —oe,/nlogn},

and E{|S,| —oey/nlogn}, ase \( Oand E{ce 8’};”" — M,}, ase /' oo are obtained.

Keywords. The law of the logarithm; Chung-type law of the logarithm; negative
association; moment convergence; tail probability.

1. Introduction and main results

Let {X,;n > 1} be a sequence of random variables with common distribution, EX; = 0
and 0 < EX% < 00. Set S, = ZZZIXk,M,, = maxg<y |Sk[,n > 1. Denote logn =
In(n Vv e), and x4 = max{x, 0}. When {X,;n > 1} is a sequence of independent and
identically distributed (i.i.d.) random variables, Chow [3] first discussed the complete
moment convergence, and got the following result.

Theorem A. Suppose that EX = 0. Assume p > 1, > 1/2, pa > 1 and E(|X|P +
[X|log(l + |X|)) < co. Then for any ¢ > 0,

[ee)
np“_z_aE{n_lax |S;| —en®}; < oo.
j=n
n=1
Recently, Jiang e al [6], established the following precise rates in the law of the logarithm
for the moment convergence of i.i.d. random variables via strong approximation methods.

Theorem B. Let {X, X,,,n > 1} be a sequence of i.i.d. random variables with EX =
0,EX? = 02 < 00 and E(|1X|*" /(log |X|)") < oc. Set Sy = 31—y Xi,n > 1. Then for
r > 1, we have

1 - 2—1
i —2-1/2 / 2
ll\r‘r(l)—logsr;nr E{|Sn|—a\/2(s+ r—1) nlogn}Jr
_ o
= DV271
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Inspired by Chow [3] and Jiang et al [6], here we consider the exact convergence rates
in the law of the logarithm and Chung-type law of the logarithm for negatively associated
(NA) random variables including partial sums and the maximum of the partial sums. First,
we shall give the definition of negatively associated random variables:

DEFINITION 1

A finite sequence of random variables {X;; 1 < k < n} is said to be negatively associated
(NA), if for every disjoint subsets A and B of {1, 2, ..., n}, we have

Cov{f(Xi;i € A),g(X;;j € B)} <0,

whenever f and g are coordinate-wise increasing and the covariance exists. An infinite
sequence of random variables is NA if every finite subsequence is NA.

The notion of NA was first introduced by Alam and Saxena [1]. Joag-Dev and
Proschan [7] showed that many well known multivariate distributions possess the NA
property. Because of its wide application in multivariate statistical analysis and system
reliability, the notion of NA has received considerable attention recently. We refer to
Joag-Dev and Proschan [7] for fundamental properties, Shao and Su [10] for the law of
the iterated logarithm, and Shao [9] for the moment equalities and the maximum of the
partial sums inequalities.

In the sequel, let {X,,; n > 1} be a sequence of strictly stationary NA random variables,
EX;=0,0< EX% < o00,andset0 < g2 = EX%+ZZ;(X;2 EX Xy <00 (0 <o < o0)
unless it is specially mentioned. Now we state our results as follows.

Theorem 1.1. Forany b > —1/2, if E|X|?>T < 00(0 < § < 1), then we have

lim £2b+1 (logn)®~1/2
im ¢ Z 3 ————FE{M, —oe/nlogn},
n=

e\0
B 20,E|N|2(b+1) o) (_l)k (L1)
b+ Db+ 1) & 2k + 120D '
and
' logn)b 1/2 O,E|N|2(b+l)
1 2b+1 ( E S _ 1 =,
e Z g EllSal —oeynlognly = Gm=a =
(1.2)
where N is a standard normal random variable.
Theorem 1.2. Foranyb > —1/2,if0 < EX% < 00, then we have
b 2
. 241 (logn) Tn
sll/rgos Z n3/2 oe 8logn M
+
I(b+1/2) & —1)k
_oTe+ 12D (1.3)

V2 +1) = @k+ DD

where ' (-) is the gamma function.
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Remark 1.1. Tt is well-known that Theorems A and B investigated the complete moment
convergence and exact moment convergence rates for i.i.d. random variables, respectively.
While our main results extend them to dependent (NA) random variables, and further
we obtain the precise moment convergence rates of the maximum of the partial sums by
universal logarithm law and Chung’s logarithm law, which extend the result of Fu and
Zhang [4].

Remark 1.2. As we know, to obtain this kind of moment convergence results, one way
is using strong approximation methods (c.f. [6]), but this method is not applicable here.
Another way is using the Berry—Esseen’s inequality (c.f. [8]), and we do not take this
approach either.

2. The proof of Theorem 1.1

From this section on, we begin to prove the theorems, and in the sequel, let M, C etc.
denote positive constants whose values possibly vary from place to place. The notation
a, ~ b, means that a, /b, — 1 asn — oo, and [x] denotes the largest integer < x. Now
we give some lemmas which will be used in the following proofs.

Lemma 2.1 (p. 79-80 of [2]). Let {W(t); t > 0} be a standard Wiener process, and let N
be a standard normal variable. Then for any x > 0,

P{ sup |W(s)|2x}:l— Y (—DFP{2k — x < N < 2k + 1x)

0<s<l k=—00

=4 (=D'P{N = 2k + )x)
k=0

=2 (=D*P{IN| = 2k + 1)x}.
k=0

In particular,

P{ sup W(s) zx} ~2P(N > x) ~

0<s<l

x2
exp <——> , as x — 00.
TX

Also, for any x > 0,

SEES

P( sup |W(s)| §x> =

0<s<l

2 (—1)k { n2(2k+1)2}
Z exp ——2
=2k +1 8x

and
4 w2
P( sup [W(s)|<x|)~—exp|— , as x — 0.
g

0<s<l 8x?2

Lemma 2.2 [12]. Suppose that {X,; n > 1} be a sequence of strictly stationary NA random
variables with EX1 = 0, 0 < EX% <ooand 0 < o2 = EX% + 23 0L, EX Xk <
00(0 < 0 < ). Then we have

Mn Sn . . . .
—— — sup |W(s)| and ——= — N indistribution.
oN/n 0<s<I o/n
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Lemma 2.3 [9]. Let {Y;; 1 < i < n} be a sequence of NA random variables with mean
zero and finite variance. Denote Sy = Zle Yi,i <k <n,B, =Y EY? Then for
anyz >0,y >0,

2 B z/(12y)
P max |Si| > z <2P maXlYk|>y +4exp _Z_ 14 n '
ko N 8B, 4(zy + By)

Set b(g) = exp(M/e2), M > 4 and 0 < ¢ < 1/4, say. Without loss of generality,
assume o = 1.

Lemma 2.4. Forany M > 4, we have

lo n)b—l/Z
2b+1 Z (log

lim
e\ n<b(e) n
x [n"V2E{M, — e/nlogn}y — E{ sup |W(s)| — s\/logn} =0
0<s<l 4
and

. logn)l”l/2

1 2b+1 (—

e 2

n<b(e)

x [n~V2E(IS,| — ev/nlogn)s — E{IN| = ey/logn}+| = 0. @1

Proof. We only give the proof of the former, since the proof of the latter is similar.
Note that
log n)b—1/2
g2+ Z (logn)

n<b(e) n

n12E{M, —e\/nlogn}, — E{ sup |W(s)| — sx/logn}
+

0<s<l

X

2b+1 logm)*™'/2 1 _y 5 [
=¢ Z ——|n P(M, > x + ey/nlogn)dx
0

n<b(e) n

o0
—/ P< sup |W(s)] zx—l—e‘/logn)dx
0

0<s<l

2b+1 (logn)” | [
=¢ > — / P(M, > (x + &)y/nlogn)dx
n 0

n<b(e)

_/OOP< sup |[W(s)| > (x+e)\/logn>dx
0

0<s<l
b 00
comn y et
n<be) " 0
X P(an(x—l—a)‘/nlogn)—P( sup |W(s)|z(x+8)‘/logn) dx
0<s<l

=: (D) + dD,
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where

b |
=P Y (logn) f P(M, > (x + &)y/nlogn)
n 0

n<b(e)
—P( sup |[W(s)| > (x—l—s)\/logn) dx
0<s<l
1 b 0o
() =2y M/ P(M, > (x 4+ ¢)y/nlogn)
n<be) T
—P( sup |W(s)| > (x—i—e)\/logn) dx
0<s<l

= (logn)~"2A; " and A, = sup, |P(M,, > x/n) — P(supys<; IW(s)| > x)|. For
(D), we can easily get that A, — 0 as n — oo by Lemma 2.2. So, via Toeplitz lemma,
p. 120 of [11],

m 1/2 b—1/2

(log n)

— 0, as m — oo.

(10gm)b+1/2 Z

Hence,
1/2 _
(1) < o2t Y An Qoem?TE
n<b(e) n
1/2 _
= 2% (log[b(e))? 1/ : 3 A, (logm)~1/2
B b+1/2
(log[b(e)])?+1/ e n
AL? b—1/2
! (logn)
b+12 L A" (log )P~ 112
B (log b(e)])0+1/2 Z P — 0, as &\0.
n<b(e)
For (1D),

b 00
(N < e+ 3" (IOgT") / (P<an<x+e>m>
I

n<b(e)

P( sup |W(s)| > (x +8)\/logn>> dx

0<s<l

b (e
—. 2+ Z (IOng)/F (I + (Ip)) dx.

n<b(e)

Now we deal with (I1;) and (IIy), respectively. For (II}), denote 6 = ,/1/EX 2 by using

Lemma 2.3 (where z = (x + ¢),/nlogn and y = Bz, B > 0 to be specialized later), and
we have that
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Ly

/Oo(Hl)dx < /oo <2nP{|X1| > B(x + &)y/nlogn}
I

92 21 02 1/(128)
+4exp{_M}+4( ull ) dx

8 4B(x +&)2nlogn

=: /1" ((y1) + (y2) + (I13)) dx.

Thus it follows that
(Il;;) < C(logn) ™ (x +&)™>  (by Markov’s inequality),
(Il12) < Clogn)'(x + )72 (since e’ >y, y > 0)
and
(Il;3) < C(logn)'(x + )72 (taking g = 1/12).

Hence,

o0 o0
/ (II})dx < C(logn)~! / (x + &)~ 2dx < C(logn)~'?A,'/2.
T, r

n

For (II), it follows from Lemma 2.1 that, for any m > 1 and x > 0,

2m+1
2 3 (=D!PIN| = @k + Dx) < P{ sup |W(s)| ZX}
k=0 0<s<1

2m
<2) (=DP{IN| = 2k + Dx}.

k=0

Thus it follows that

/ (I1)dx 5/ P( sup |[W(s)| > (x +8)‘/10gn> dx
I'n I

0<s<l

2m oo
< 22(—0"] P(IN| = 2k + D(x + #)y/logn)dx
k=0 Tn

2m o0
<2CY ————(logn)™! ~2d
= k;) 2kt 1)2(ogn) . (x +&) "dx

< C(logn)~2A,/2,
And by Toeplitz lemma (p. 120 of [11]), we get that
1 b—1/2
D) < Ce?t! Z %A,{/z -0 ase— 0.
n<ble) n

Consequently, the proof is completed.

(2.2)
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Remark 2.1. The proof of (2.1) can be shortened by using Markov’s inequality directly in
the latter part.

Lemma 2.5. For 0 < ¢ < 1/4, we have uniformly

| b—1/2
lim e %E{ sup |W(s)|—8\/logn} —0.
n
+

M—o0 n>b(e) 0=s=<I

Proof. Noting that by Lemma 2.1, we have that, for k large enough,

logn)b—1/2 oo
g2b+1 Z %/ P{ sup |W(s)| > e/logn —i—x}dx
0

n>b(s) n 0=s<l1

< Cg2htl (logn)® [
< et Y —— | PIN = (x +#)logndx
0

n>b(e)

b k
< e Z (logn) /°° E}lNl dx
AR o (x+e&)kdogn)k/

b—k/2
< g2+l (logn)>~*/ ekl
n>b(e) n
— CMbHIR2
when M — oo, uniformly for 0 < ¢ < 1/4. O
Lemma 2.6. Forb > —1, ifE|X 1> < 00(0 < 8 < 1), then

bl (10g n)b 1/2
lim lim ¢?* E — ——FE{M, —e/nlogn}y =0.
M— 00 e\0 n>be) /

Proof. Denote 6 = ,/ I/EX%. By Lemma 2.3 (where z = (x 4+ ¢)/nlogn and y = 8'z),

we have

(lo n)b 172
g2ht1 Z g — = E{M, —¢&/nlogn},
n>b(e)
2b+1 (log n)?
=é P{M > (x 4 £)y/nlogn}dx
n>h(8)
o
262%1 )" (logn)® / P{X1| > B'(x + &)y/n logn}dx
n>b(e) 0
b 2 2
4 42b+1 Z (logn) /OO exp {_9 (x +¢)"logn } i
n>b(¢) n 0 8

b 2 1/(128")
4 42! Z (logn) /OO ( n/92 ) dx
Wy A 0 4B8'(x + e)*nlogn

=: (1)) + () + (III3).
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Now, we begin to deal with (IIl;), (IlT») and (II13). Note that

_ - (logn)®
() < Ce*~(ogh(e) ™' ™2 37—
n>b(e)
log n)?
2042 p—1-8/2 (log
=Ce™ M Z 14872
n>b(e)
% (], b o) 92 21
(Illp) < C82b+1/ M/ exp{_w}dxdy
be) Y 0 8

® (1o b—1/2 9]
chzbﬂf %/ 5126~ dsdy
b(e) y £2021ogy/8
o0 o
< C82f tb_l/zf s~ V2e=5dsdt
02M/8 t

o S
Cce? f s~1/2es / tP=12d¢ds
02M/8 02M/8

o0
Ce? / sPe5ds,
02M/8

IA

and

1
(Ill;) < Ce ™2 Z

2
S n(logn)

5 1
&
logb(e)

1
—cmM™' (takingp' = ——— ).
(a ing f 12(b+2))

Thus we have the desired result by letting ¢ — 0 and M — oo. |

PROPOSITION 2.1
For any b > —1/2, we have

1 b—1/2
lim £20+! Z (ogn) { sup |W(s)| — sx/logn}
+

N 0<s<I
B 2E|N|2(b+1) i (— l)k 23
b+ 1DQb+ 1) & 2k 4 1)20+D ’
and
1 b—1/2 EIN[20+D
lim £20+1 Z (log ”) E(IN| = e/logn}, = — M7 o4

N0 bG+DH2b+1)

where N is a standard normal random variable.
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Proof. Note that for any m > 1 and x > 0, (2.2) holds. Thus, it follows that

0<s<1 0<s<l1

E{ sup IW(s)I—t} =/ P( sup IW(s)Izr+x>dx
+ 0

2m o0
< 22(—1>"/ P(N| > 2k + 1)(t + x)dx
k=0 0

o (=DF

o0
=2 P(N| > 2k + 1t d
,;Ozk“/o (IN| > @k + Dt + x)dx

2m (—l)k
= 2’;) T 1E{|N| — 2k + Dt} y

and

2m—+1 (—l)k
El sup |W(s)|—t} >2 E(IN| — 2k + 1)1}
{()<s<1 + kzz(:) 2k +1 +

So, it suffices to show that forany ¢ > 1 and b > —1/2,

1 b—1/2
lim 241 " %Enm —ge/logn)y
n=1

e\0
o1 EINPOD os)
B b+D2b+1) :
Obviously,
0 b—1/2
. (logn)
;1\111082“‘ >~ ——ElNI - gelogn};
n=1
0 (] b—1/2 poo
— lim 82”“/ Jogy)” ™= / P{IN| > x}dxdy
N0 e y gen/logy
o0 o0
=2¢"""1im / 2 / P{IN| = x}dxdz
e\0 qe Z
oo X
=2¢7% im [ P{N|=x} | z*’dzdx
#NO0 Jge qe
—g 22 gim [ PUNI = 0
2b + 1 &\0 g¢ -
E|N [26+D)
=g [N 26

b+1DQ2b+1)

Thus the proposition is now proved by taking ¢ = 2k + 1 and g = 1, respectively. O
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PROPOSITION 2.2
Foranyb > —1/2, ifE|X|*t (0 < § < 1), then we have
b—1/2
lim 20+ i (ogn)”” 2
e\0 n
n=1
x [n~V2E{M, — ey/nlogn}y — E{ sup |[W(s)| — 8\/10gn} =0
0<s<l +
and
b—1/2
lim g2+ i —(log m) /
e\0 n
n=1
x |n"V2E{|S,| — ey/nlogn}y — E{|N| — &y/logn},| = 0.
Proof. Tt is trivial via Lemmas 2.4-2.6. O

Proof of Theorem 1.1. By using Propositions 2.1 and 2.2, we can easily get the conclu-
sions. ]

3. The proof of Theorem 1.2

Similarly, we state some lemmas before showing the proof of Theorem 1.2.

Lemma 3.1. For any M > 4, we have

b 2
lim ¢ 2(+D Z —(logn) n12E ¢ T "o
& /100 n<h1/e) 8logn .

72

— sup |W(s)| = 0.
810gn 0<s<l1
+

Proof. Take A, = sup, |P(M, < x/n) — P(supg<;<; IW(s)| < x)|, and by Lemma 2.2
we have A, — 0. And via Toeplitz Lemma (p. 120 of [11]), again, we conclude that

log n)? w2
em20r ) 3 (ogm)” | —12g |, /81 LY
n<b(l/e) ogn

+
2
- — sup |[W(s)|
8logn  g<s<1

+

1 b e n?

\ Slogn

_ 204D Z (logn) / ' P(M, /1 < x)dx
n 0

n<b(l/e)

o\ e
_/ shoe P< sup |W(s)|§x)dx
0

0<s<l
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o2+ (IOg”)b /SV e

n<b(1 /e)

X P(M,M«/ﬁfx)—F’( sup [W(s)| §x> dx

0<s<l1

1 b—1/2
(logn) A
n

< C8—2b—1
n=<b(l/¢e)

n

1

o b+1/2
=Ce (log[b(1/€)]) (log[b(1/e)])P+1/2

Z A, (log n)b_l/2

n<b(1/e) n

1
< CMPHI2
- (log[b(e)])b+1/2

v An(logn)b=1/2

n

— 0, as ¢ /oo
n<b(l/e)

Thus the proof is now completed. g

Lemma 3.2. For ¢ > 0 sufficiently large, we have

logn)? [ w2
lim g 2¢+D Z (log ) Ele — sup |[W(s)| =0,
M—o00 nsb/e) " 8logn  o<s<1

uniformly in ¢.

Proof. By Lemma 2.1, we have that

1 b 2
720+ 37 Qogm et [T qup (s
nsb(i/e) " 8logn <<

e—20+D) (1Ogn)b/vsw {

n>b(1/s)

b pey <t
SC872(17+1)/OO (logx) /8 Slogx { }dtdx
b(1 /)

sup |W(s)| < t}dt

0<s<l1

X

<C/ / exp( y)dyds

[} 1 b ()
< Cs_z(b+l)/ M/ y_S/ZeXp(—y)dydx
b(1/e) log x /&2
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0 y
< C/ y2 eXp(—y)/ stdsdy
M M
o
< C/ Y126 dy >0 as M — oo. d
M

Lemma 3.3 [4]. There exist constants A > Qand C > 0 such that foranyx > landn > 1,
Al
P{M, <x\/n/10gn}<Cexp( 0gn>.

Lemma 3.4. Forb > —1/2 and ¢ > 0 sufficiently large, we have

b 2
tim e20tn y QogmTe ) b
M—o0 n>b(1/e) n3/ 810gn

+
uniformly in €.
Proof. For any ¢ large enough, it follows from Lemma 3.3 that
_ (logn)® m2n
e Z n3/2 Eye 8logn "
n>b(1/e) g
] b 810 n
o 20+1) (0%/”2) / sl P(M, < t)dt
n>b(1/8) n
b—1/2 2
< Ce 201 %P M, <e¢ Tn
n>b(1/¢) 8logn
b—1/2
< Ce Z (logn) exp <_4A210g2n>
n>b(1/¢) n e
00 b—1/2
< C8_2b_1/ (log x) exp _4rlogx dx
b(1/e) X 827'[2
b1 4r
<C y /exp ——y)dy—>0 as M — oo. O
M n?
PROPOSITION 3.1
Forany b > —1/2, we have
© b
lim 8_2(b+1)2 (logn) E — sup |[W(s)|
£,/100 n 810g}’l 0<s<1

_T+1/2) i (=¥
V204 1) o k1)
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Proof. Tt follows from Lemma 2.4 of [5] and Lemma 2.1 that

00 1 b 2
lim ¢~2(¢+D E (logn) Ele T sup |W(s)|
£,/100 o n 8logn 0<s<I

72
—2(b+1) i (logn)” /'SV Slogn P{
n=1 n 0

+

= lim ¢

sup |W(s)| < t}dt
e /100

0<s<l

= lim ¢
e /100

7.[2
—2(b+1) i (logn)® /EV Slogn
n=1 n 0

4 & (—1k 722k + 1)?
x;Z exp{——}dt

2
pr 2k +1 8t
) k b
LS sy [ g
T 2k + 1 e,/00 e X

e\ e 722k + 1)2
/ exp {——} drdx
0

812

- L i(—l)k lim g~2¢+D / > (log )"
e

2= 87100 X
" / > 326 dydx (, _ Mym)
(k+1) log x /&2 22

M

1 S (=D* ; > b [ 32—y
TR lim s y e “dyds
V2 i @+ P2 o0 Joupge s

1 & (— l)k 00 B B y
= Z s lim y32ey sPdsdy
V2 = Ck+ D242 e s00 gy e Qk+1)2/e2

= (=¥ b—1/2
= lim / y ~dy
V2(b+1) ,Z(:) 2k + 1)26%2 e 700 J oy 1y2)62

_Tw+1/2) i (—DF
V20 + 1) 5 Ck+ 1)

Thus we terminate the proof.

399
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PROPOSITION 3.2

Forany b > —1/2, we have

>, (logn)b nm?
lim sup ¢ ~2¢+D Z % n12Eeo - M,
n=1

£ /100 8logn
+
2
—E T sup (W)t =0
8logn  o<s<i
J’_
Proof. It can be readily seen via Lemmas 3.1, 3.2 and 3.4. o

The proof of Theorem 1.2. By Propositions 3.1 and 3.2, we complete the proof immedi-

ately.

O
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