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Abstract.  In this article, we give new characterizations of fusion frames, on the
properties of their synthesis operators, on the behavior of fusion frames under bounded
operators with closed range, and on erasures of subspaces of fusion frames. Furthermore
we show that every fusion frame is the image of an orthonormal fusion basis under a
bounded surjective operator.
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1. Introduction

A frame is a redundant set of vectors in a Hilbert space H with the property that provide
usually non-unique representations of vectors in terms of the frame elements, and they
have been applied in wavelet and frequency analysis theories, filter bank theory, signal
and image processing. For more details about the theory and applications of frames, we
refer the reader to [7], [9], [11], [14] and [15]. The fusion frames (frames of subspaces)
which were introduced by Casazza and Kutyniok in [3] and Fornasier in [12] are a natural
generalization of frame theory and related to the construction of global frames from local
frames in Hilbert spaces. We extend some of the known results of frames to fusion frames.

The paper is organized as follows. In §2, we briefly recall the definitions and basic
properties, and several characterizations of fusion frames. In §3, we study the relationship
between operators and fusion frames. In §4, we study the erasure of subspaces of a fusion
frame.

Let ‘H be a separable Hilbert space and let I, J, J; be countable (or finite) index sets.
If W is a closed subspace of H, we denote the orthogonal projection of 7 onto W by my.

A sequence F = { f;}ies is a frame for H if there exist constants 0 < A < B < oo such
that

AlFIP <D NF . P <BIfI* forall f e H. ()

iel

The numbers A, B are called lower and upper frame bounds, respectively.

2. The characterizations of fusion frames

In this section we get several characterizations of fusion frames. We refer to [1, 3, 5, 6,
12] for the basic theory of fusion frames and their applications.
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DEFINITION 2.1

Let W = {W;};e1 be a sequence of closed subspaces in H, and let V = {v;};<; be a family
of weights, i.e., v; > O foralli € 1. We say that W,, = {(W;, v;)}ies is a fusion frame for
‘H, if there exist constants 0 < C < D < oo such that

CIfIP <Y v lmw,(DI* < DIfI>  forall f e H. 2)

iel

The numbers C, D are called the fusion frame bounds. The family W, is called a C-tight
fusion frame if C = D, it is a Parseval fusion frame if C = D = 1, and v-uniform if
v =uv; = vjforall i, j € I.If the right-handed inequality of (2) holds, then we say
that W, is a Bessel fusion sequence with Bessel fusion bound D. Moreover we say that
W = {W;}ies is an orthonormal fusion basis for H if H = &,.; W;.

For each Bessel fusion sequence W,, = {(W;, v;)};<; of H, we define the representation
space associated with W, by

CH I = {{fikkerlf €H and Y[ fill* < 00 3)
kel

with inner product given by

(fidker - {gher) = Y _(fir 8i)- )

iel

Let € = {e;} jcs be an orthonormal basis for H. Define ¢;; = {8;xejlres foralli € I, j € J
where §; is the Kronecker delta. Then £¢ = {e;j}icr,jes is an orthonormal basis for
€2(H, I). The sequence g is called the associated orthonormal basis to & in £2(H, I).

DEFINITION 2.2

Let W, be a Bessel fusion sequence for H. The synthesis operator Ty, : CH,I) — H
is defined by

Ty, { fitier) = Zviﬂwi (i) Yfitier € (M, D). (5)

iel

The adjoint operator T;‘VU: H — (*(H, I) given by T)j‘vu(f) = {vitw, (f)}ier is called
the analysis operator.

We can also characterize Bessel fusion sequences in terms of their synthesis operators
as in frame theory.

Theorem 2.3. A sequence W, is a Bessel fusion sequence with Bessel fusion bound D
for 'H if and only if the synthesis operator Ty, is a well-defined bounded operator from

€2(M, I) into H and || Ty, || < +/D.
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Proof. This claim follows immediately from the fact that for each J € [ with |J| < oo
and each { fi}ics € 2(H, I) we have

2 2
> vimw (f)| = sup <g, vawi(ff)>
ieJ lgl=1 ieJ
2
= sup Zvi(ﬂw,-(g), fi)
lel=1|ies
2
< sup | D willmw @l 14
lell=1 \ies
< sup Y vlllw @ IP Y IfIP < DY AN
lgl=1iecy ieJ ieJ
The opposite implication is obvious. |
If W, = {(W;,vi)}ien is a Bessel fusion sequence in H, then the operator

Ty, Tw,: € (H) —> €*(H) given by Ty}, Ty, ({filien) = {3 ey vevimw, ow; (fi) lken
is a bounded operator. If € = {e;};en is an orthonormal basis for H, then the Gram
matrix associated with W, with respect to Eg is defined by
{vivm < 7w, (ej), Tw,, (en) >}i, jm neN-
Theorem 2.4. The following conditions are equivalent:
(i) W, is a Bessel fusion sequence with Bessel fusion bound D.

(ii) The Gram matrix associated with W, with respect to Eg defines a bounded operator
on €2(H), with norm at most D.

Proof. The implication (i) = (ii) follows from Theorem 2.3. To prove (ii) = (i) suppose
that { fi}ien € ¢2(H), then for every n,m € N, n > m, we have

n m 4 m 4
D wmw ()= _wrw (| = [ D wrw (fi)
k=1 k=1 k=n-+1
m m 2
= < > wmw (). Y v,-nw,.<ﬁ>>
k=n+1 i=n+1
m m 2
=Y <fk, > vkviﬂwkﬂw,-(fi)>
k=n+1 i=n+1
m m m 2
< ( > ||fk||2) SO DD wvimwemw, ()
k=n+1 k=n+1 |li=n+1

k=n+1

m 2
502( > ||fk||2> :

By Theorem 2.3, W, is a Bessel fusion sequence with Bessel fusion bound D. |
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Let H, K be two Hilbert spaces and B(H, K) the set of bounded linear operators from
‘H into XC. The range and the null space of T € B(H, K) are denoted by Ry and N,
respectively. Suppose that the operator T € B(H, K) has a closed range. Then there exists

a unique bounded operator TH K — H satisfying:

rrir=1, Ttrrf =1t afry=rTr, arfy=rr". (6
The operator 7T is called the pseudo-inverse operator of 7. If T is a bounded invertible
operator, then Tt =711,

DEFINITION 2.5
The reduced minimum modulus y (T') of an operator T € B(H, K) is defined by

y(T) =inf(IT(NI: 1f1 =1, f € Nr}. (7

It is well-known that y(T) = y(T*) = y(T*T)%. It was proved in [10] that an operator
T has closed range if and only if y(T') > 0, and in Hilbert spaces y (T) = ||TT -1

Let W, be a fusion frame for H with fusion frame bounds C and D. The fusion frame
operator S)y, for W, is defined by

SwyiH—H  Sw,(f) =Tw, Ty, (f) = Y vimw (), ©)
iel

which is a positive, self-adjoint, invertible operator on H with C - Idy; < Sy, < D -Idy.
This provides for all f € H the reconstruction formula as follows.

ZUZ-ZS;\}UJTWI-(f) = S;\}USWV(]C) =f

iel

=SSyt () = D vimw St () )

iel

We now give a characterization of fusion frames in terms of the associated synthesis and
analysis operators. A similar characterization of fusion frames appeared in [3].

Theorem 2.6. Let VW = {W,}ics be afamily of closed subspaces in H, and letV = {v; }ier
be a family of weights. Then the following conditions are equivalent:

(1) Wy, is a fusion frame for H.

(ii) The synthesis operator Ty, is a bounded linear operator from 02(H, I) onto H.
(iii) The analysis operator T{/"VU is injective with closed range.
Proof. This claim holds in an analogous way as in frame theory. |
COROLLARY 2.7

The optimal fusion frame bounds for W,, are

C= ||TJVU||*2 =y(Tw,)* and D= |Sw,| = |Tw,I".
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Proof. By using Theorem 2.6 we have

Zv, lrw, (OIF = inf T3, (NI = y(T3,)?

||f|| 1 If1=1

=y (Tw,)* = Ty}, 11>,

D—”]s;”lpIZv, lzw, (I = Jup 145w, (- 1)l
iel -

= 1Sw, Il = I T, II%. m

The definition shows that if W, is a fusion frame for H, then W = {W, };<; is complete
in ‘H, that is span{W;}ic; = H. We say that W, is a fusion frame sequence if it is
a fusion frame for span{W;};c;. Theorem 2.6 leads to a statement about fusion frame
sequences.

COROLLARY 2.8

A sequence W, is a fusion frame sequence if and only if

Tyy,: C(H, D) — H, Ty, fikie) = Y vimw, (/)

iel
is a well-defined bounded operator with a closed range.

Proof. This follows immediately from Theorem 2.6. |

Let W and Z be two closed subspaces of H. The angle from W to Z is defined as the
unique number 6(W, Z) € [0, %] for which

cos(B(W, 2)) = inf T .
o( ) el 7z (O
Theorem 2.9. Let W, = {(W;, vi)}iec; and 2, = {(Z;, Ai)}ier be two fusion frame
sequences for H, and let W = span{W;}ic;, Z = span{Z;}ic;. The following conditions
are equivalent:

A H=wz-

() H=zPw
(iii) The operator T;A Ty, is a bounded, invertible operator from Ry, onto RT%-A‘
@iv) cos(B(W, Z)) > 0 and cos(0(Z, W)) > O.

Proof.

(i) < (ii) < (iv). This follows from Theorem 2.3 of [17].

(i) = (iii). By Corollary 2.8, TgA Tyy, is a bounded operator. Therefore it suffices
to show that T;BTWU is bijective. Let {f;}ie; € RT%Uand let h = Tw,({filier).
If TZ*’ATWU({fi}iGI) =0, then h € Z+, thus & = 0 and it follows that { f;}ic; € Nty -
Since N7y, = R%{}VU hence {f;}ics € RT%UH R%%vz {0}, which implies that T}A Ty, is
injective. Now let { fi}ics € RT?EU . Then there is some f € W such that T}A(f) = {filier
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and by (9) we have
(idier = T2, (5 = T, (Z vimw, s;\}‘u(f))
iel
= T%, Tw, ({vimw; Sy) (N}ien)-

It follows that TZ Ty, is surjective.
(iii) = (i). Suppose that 4 € H. Then h = g; + g» where g € Z and g, € Z*. Put

TZ (1) = {/filier andu = TWU(TZ*,ATWU)’I({ﬁ},'g). Then u € W and we have
Tz (g1 —u) =Tz (1) — Tz, () = {filier — {fitie1 =0,

which implies that g; —u € Z+. Thush = u+ (g1 —u+g) € W+Z+. Let f e WnZ*,

since Ty, Sy, (f) = (vimw, Sy, ())ier, hence {vimw, Sy, (f))ier € Rry,, . Thus by
(9) we compute

T3, T, Quimtw; Sy (NYier) = T3, (Z viTw, S;V‘U(f)> =T (f)=0.
iel
This show that f = 0, and so H = W P zZ+. [ ]

In the next theorem we give a characterization of fusion frames which keeps the infor-
mation about the fusion frame bounds.

Theorem 2.10. A sequence W, is a fusion frame for H with bounds C, D if and only if
the following conditions are satisfied.

(1) W = {W;}ics is complete in 'H.
(ii) The synthesis operator Ty, is well-defined on 02(H, I andforevery{fi}ici € N%W ,

CY AP < 1w, { fikieDl” < DY Il (10)

iel iel

Proof. Let W, be a fusion frame with bounds C and D. Then by Lemma 3.4 of [3], W
is complete in H. Theorem 2.3 shows that the right-handed inequality (10) holds, and
Theorem 2.6 implies that N%W = RT\’va’ that is

Niyy, = Hvimw, (Nlier: f € H).
For every f € H we also have
2
(Z villw, (f)||2> = 1(Sw, () » NI < IS, (OIPIF11?
iel

1
< SIS (DI 3 v lrw, (NI,

iel
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hence

C Y villlmw (O < 18w, (OIP = 1T, Quirw, (NHieD 1.
iel
To prove the converse implication, assume that the conditions (i) and (ii) are satisfied.
Then by the right-handed inequality (10) and Theorem 2.3, W, satisfies the upper fusion
frame condition with bound D. For lower fusion frame condition, we prove that Ty, is
onto. First we show that Ry, is closed. Suppose that {g,}7 | is a sequence in Ry, .
Then we can find a sequence {f,};°, in N#WU such that g, = Ty, (f,) foralln € N.
Now if {g,}7, converges to some g € H, then (10) implies that {f,}°>°, is a Cauchy
sequence. Therefore {f,}°°, converges to some f € ¢2(H, I) which by continuity of
Ty, we have Ty, (f) = g. Thus Ry, is closed. By Theorem 2.6, W, is a fusion frame
for Ry, and hence by Ry, = span{W,};¢,, it follows that H = Rrpy,, . By (6) we know

that the operators TJV Tyy, and Ty, TJV are the orthogonal projections onto N%—W and
Ry, respectively. Thus for each {f;}ies € 02(H, I) we have

C||TJVU Tw, ({filieD | < 1Ty, TJVU Tw, (fiYieD > = ITw, (fitieD I

We also have NTJV = R%WU = {0}, so ”TJVU 1?2 < % From Lemma 2.4 of [8], we obtain

13,1 = 15" = 1T, I hence 1755, ) IP < &. Again by (6) the operator
(T, )TT{/"V is the orthogonal projection onto N%% = Rry,, = H, hence for all f € 'H
we compute '

A2 = 1Ty T 1, (O < 1) TI21T, (O

Lo, 1
< ST, (DI = = 3o} lw, (NI

iel
This show that the lower fusion frame condition satisfies. [ |

In the following theorems we give two more characterizations of fusion frames in terms
of orthonormal fusion bases. First we show that each fusion frame is the image of the
orthonormal fusion basis under the synthesis operator (which is a bounded surjective
operator).

Theorem 2.11. Let W, be a fusion frame for H. Then there is an orthonormal fusion
basis N' = {N;};e for 02(H, I) such that Tw,(N;) = W; foreveryi € I.

Proof. Let € = {e;};es be an orthonormal basis for H, then F; = {mw,(e;)}jes is a
Parseval frame for W; and hence W; = span{mw,(e;)};cs. Let E¢ = {e;j}icr, jes be the
associated orthonormal basis to & = {e;} ey of £=(H, I), and let N; = span{e;;};cy.
Then N = {N;};c; is an orthonormal fusion basis for £2(H, I). Now if f € N;, then we
canwrite f =3, (f , eij)eij, thus

T, (f) = Z(f, eij) Ty, (eij) = Z”i<f’ eij)mw; (ej),

jeJ jeJ
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and this shows that Ty, (f) € W;. Finally if g € W;, then we have

1
g =D (8, mwilemw(ey) = 3 —{g, ¢j)Tw, (ei))

jeJ jeJ

1
=Ty, (Z ;(8 , €j>€ij)-

jeJ
Thus g € Tyy, (N;). Altogether we have Tyy, (N;) = W;. [ |

Theorem 2.12. Let W), be afusion frame for H, and let €; = {e;;} jc; be an orthonormal
basis for W; for all i € 1. Then there exists an orthonormal fusion basis N' = {N;}ic; for
‘H and a bounded, surjective operator U: H —> 'H such that U (N;) = W;

Proof. According to Theorem 3.2 of [3], &, = {vie;j}ier, jey; is a frame for H. Let
U = {ujj}ier, jeJ; be anarbitrary orthonormal basis for 7. By Theorem 5.5.5 of [7], there is
abounded, surjective operator U: H — H such that U (u;;) = v;e;j foralli € I, j € J;.
Write N; = spanfu;j}jeys;, then N' = {N;};ics is an orthonormal fusion basis for H and
U(N;) = W;. ]

3. Fusion frames and operators

In this section we study the relationship between operators and fusion frames for a Hilbert
space H. We first consider the behavior of fusion frames under a bounded linear operator
with closed range.

Theorem 3.1. Let W, be a fusion frame for 'H with fusion frame bounds C and D and
let U: H —> K be a bounded operator with closed range such that U*UW; C W; for all
i €l.ThenUW, = {(UW;, vi)}ics is a fusion frame sequence with fusion frame bounds
CIUTI72|U172 and DU T 2| U |12 respectively.

Proof. Since U*UW; C W;, hence oW, U = Umny,. By (6) the operator UU7L is the
orthogonal projection onto Ry . Therefore for every g € Ry we have

> Rlrgw@l? = vllrgmuu T @)l

iel iel
=Y Uy UT (@)
iel
<101 v lmw,UT ()12

iel
< DIUIPIUT 12118117
For the lower fusion frame condition, suppose that ¢ € Ry. Then (6) implies
g = (UUT)*(g) = (UT)*U*(g). Moreover by Lemma 2.3 of [13], we have ww, U* =
7w, U* gy Therefore we obtain
Igl? = 1w vl
< 1wk
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eark
< = vl U@l
iel
Al
=~ 2 vilmw Ut (o)1
iel
oo
S > Vg "

iel
COROLLARY 3.2

Let W, be a fusion frame for H with fusion frame bounds C and D and let P denote the
orthogonal projection onto a closed subspace V such that PW; C W; foralli € I. Then
PWy = {(PW;, vi)}ier is a fusion frame for V with fusion frame bounds C, D.

Proof. This follows immediately from Theorem 3.1 |

Under the same assumptions as Theorem 3.1, if Syy) and Sz 0y, be fusion frame operators
associated with W,, and UW,,, respectively, then for every f € H we have

USw, () = Y _viUnw,(f) = Y _vinggmU(H) = Suw, U(H. (A1)

iel iel
COROLLARY 3.3

With the same assumptions as in Theorem 3.1, if W,, be a Parseval fusion frame for H,
then UW,, is a Parseval fusion frame sequence in K.

Proof. This follows immediately from (11) and Proposition 3.22 of [3]. ]

In the following result we restrict ourselves to finite fusion frames. Notice that this result
does not hold for an infinite fusion frame (see, Example 7.1 of [16]).

COROLLARY 3.4
Let W, be a fusion frame for H with fusion frame bounds C, D. If U € B(H,K) is a
bounded, surjective operator, then for every g € K we have
ot I21u21g1? < Y- vl (o)l
iel
Hence, if |1| < oo, thenUW,, = {(UW;, v;)}ics is a fusion frame for K.

Proof. This follows from the arguments in Theorem 3.1. |

COROLLARY 3.5

Let W, be a fusion frame for H with fusion frame bounds C, D. If U € B(K,H) is a
bounded, surjective operator, then U*W,, = {(U*W;, vi)}ier is a fusion frame sequence
for KC with fusion frame bounds C||UJr 172U 1~2 and D||UT 121U |1? respectively.

Proof. This follows immediately from Theorem 2.4 of [13]. [ |
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4. Erasures of subspaces

Our purpose in this section is to study conditions for removing an element from a fusion
frame to again obtain a fusion frame. We say that JV,, is an exact fusion frame, if it ceases
to be a fusion frame whenever anyone of its element is removed.

Now we state an useful result of fusion frames that is proved in [2].

Theorem 4.1. Let W, be a fusion frame for H, andleti € I andT; € B(H, W)). If f ¢ H
and f = Ziel v?Tl-(f), then we have
@) Yies VITOI? = iy vHmw Sy () = Ti(OIP + Xiep v7llw; Syy (I
() e 07w, Sy, () = mw, (OIZ + Xiep 7w, Sy, () = T(HI* = g
VT (f) — mow, (D112

Proof. See Theorem 2.2 of [2]. [ |

COROLLARY 4.2

Let W, be a fusion frame for 'H, and let T\, be an associated synthesis operator. Then

the pseudo-inverse operator TJVU: H — 0>(H, I) is given by

1), (f) = limw, Syk (Dlier Vf € H. (12)

Proof. Let f € 'H. Then by Theorem 2.1 of [8], the equation Ty, ({fi}ies) = f has
exactly one solution with minimal norm. This solution is TJV (f). The result now follows
by combining (9) and Theorem 4.1(1). |

If we remove an element from a fusion frame, we obtain either another fusion frame or
an incomplete set. The following theorem shows this result with extra information about
the bounds of fusion frame.

Theorem 4.3. Let W, be a fusion frame for H with fusion frame bounds C, D and let
j € Iand Wy = {(Wi, vi)}ierizj. Then,
(1) if there is some g € W; — {0} such that Slj\/lu (g) = vl—zg, then W = {(Wilierixj
j

is an incomplete set in 'H;
PN 2 -1 . . . . .
@) ifldy — v STw; SWU is a bounded, invertible operator on 'H, then W{ is a fusion

2
rame with fusion frame bounds C and D.
f Jusion f C+v} | Adpe=vimw,; Sb) ~ 12

Proof. (i) Define T;: H — W; by T; = U,-_23ij7TW,- for all i € I, where §;; is the
Kronecker delta. Then we have Y ., v*T;(g) = Yoicr Sijmwi(8) = nw,(8) = g. Now

iel ¥i
by Theorem 4.1(i) we compute
D vl smw (@I =D vilmw, Sy (@) — vy 28w ()1
iel iel

+ Y vFlmw Sy (@117

iel
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Consequently,

1 1 _
—llgl? = < lgl* +2 > v lww; Sy (@17
v~ v~ N
j J i€l

i#]

Hence S;Vlu (g) € (span{ W,'},'EL,-#)J-, since S;VIU (g) # 0, and it follows that W is an
incomplete set in H.
(i) By (9) for every f € 'H, we have f = Zie, vl.zS;vlvnWi (f), hence

ww, () = Y vimw, Sy, 7w, (f)-
iel
Consequently

(Idg — UfNWjS;VlU)ﬂW,- ()= ZU?T[W/-S;V]U”W,-(]C) .
iel

i#j

Now by using the Schwarz inequality we compute

2
1Ad g — vimw; Sy )mw, (NI = || Y vimw, Sy 7w, (f)
el
=y
2
= sup (g, Y vimw; Sy 7w, (f)
llgll=1 iel
i#]
2

= sup | Y vi(mw Sy 7w () s Tw ()
llgll=1 g;[_
i#]

< sup | D vZllww Sy ww; () llw, ()]
llgll=1\ jers
i#]

< sup [ Y v lmw Sy mws @17 | | D v llw (1P
llel=1\ jer iel
i#] i#]

1
= = | vl
icl
i#]
which implies that

CIAIZ = Y o llmw, (DI + vFlw, (O
iel

i#]
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<Y Wl (O + w3y — vimw, S0 ) 7|2

iel
i#j
1
x & 2 vilmw (O
i€l
i#]
v2
=<LFéerWﬁM$&YWﬁ§:ﬁWMUN;
iel
i
Hence Wg satisfies the lower fusion frame condition with lower bound as required. Clearly
W{ also holds the upper fusion frame condition. |
COROLLARY 4.4

Suppose that W, is a fusion frame for H, and let j € 1. If ”S;VIU I < #, then Wg isa
j

fusion frame for H, with same fusion frame bounds in Theorem 4.3(ii).
Proof. This claim follows immediately from the fact that we have

2 -1 2 -1
Io2mw, Syb Il < v lISpb Il < 1. a

The following corollary is proved in Corollary 3.3(iii) of [4]. We give another proof of
this corollary with extra information about the bounds.

COROLLARY 4.5
Let W, be a fusion frame for H with fusion frame bounds C, D and let j € I. va? <C,

then WY is a fusion frame with same fusion frame bounds in Theorem 4.3(ii).

Proof. The result follows from Corollary 4.4 and the following fact that

1

1
IS < = < —. |
Wy C U;

Remark 4.6. In Corollary 4.5 the inequality is strict. To see this, let € = {e;};c; be an

orthonormal basis for H, and define W; = span{e;} foralli € I. Then W = {(W;, D)}ier

is an orthonormal fusion basis for H, and so WV is an exact Parseval fusion frame. Indeed
. 1y _ 1 _

for each j € I we have ||SWl I = 2= 1.

COROLLARY 4.7
Suppose that W, is a fusion frame for H, and let j € 1. If W; = 'H and ”517\11 | # ‘ULZ’
J

then W;? is a fusion frame for H, with same fusion frame bounds as in Theorem 4.3(ii).

Proof. Since W; = 'H, we have Tw; = Idy. Define

T.:H — W, T;(f) = vi_z&'ﬂtw,-(f) VfeH.
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Then by Theorem 4.1(i) we also have

Sy () £y =Y w7l Sy (HIP

iel

1
= 2 VITNIR =11,
J

iel
which implies that ||S]7Vl I < ULQ This shows that the proof holds.
J

COROLLARY 4.8

Let W, be an exact fusion frame for 'H. Then for every i € I we have || S;Vlu I = 7}7
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