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Abstract. The purpose of the present article is to investigate some relations between
the Lie algebra of the infinitesimal fibre-preserving conformal transformations of the
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1. Introduction

Let M be an n-dimensional manifold with a Riemannian metric g and V be a vector field
on M. Let us consider the local one-parameter group {¢; }of local transformations of M
generated by V. The vector field V is called an infinitesimal projective transformation if
each ¢, is a local projective transformation of M. As is well-known, V is an infinitesimal
projective transformation if and only if there exist a covariant vector field £ on M with the
components &; such that Ly F;’i = 6;’ &+ 8?‘ &j, where Ly denotes the Lie derivation with

respect to V and F}?i the components of the Riemannian connection of M.

Let T (M) be the tangent bundle over M and ® be a transformation of 7'(M). If the trans-
formation ® preserves the fibres, it is called a fibre-preserving transformation. Consider a
vector field X on T (M) and the local one-parameter group {®;} of local transformations of
T (M) generated by X. The vector field X is called an infinitesimal fibre-preserving trans-
formation if each ®; is a local fibre-preserving transformation of 7 (M). An infinitesimal
fibre-preserving transformation X on 7'(M) is called an infinitesimal fibre-preserving con-
formal transformation if each ®; is a local fibre-preserving conformal transformation of
T (M). Let g be a Riemannian or a pseudo-Riemannian metric on 7' (M). It is well-known
that X is an infinitesimal conformal transformation of T (M) if and only if there exist a
scalar function € on 7' (M) such that L ;g = 2Qg, where L 3 denotes the Lie derivation
with respect to X.

The purpose of the present paper is to prove the following theorem:

Theorem. Let M be an n-dimensional Riemannian manifold, and let T (M) be its tangent
bundle with the synectic lift of a Riemannian metric. Every infinitesimal fibre-preserving
conformal transformation X on T (M) naturally induces an infinitesimal projective trans-
formation V on M. Moreover the correspondence X — V gives a homomorphism of the
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Lie algebra of infinitesimal fibre-preserving conformal transformations on T (M) onto the
Lie algebra of infinitesimal projective transformations on M.

2. Preliminaries

In this section, we shall summarize all the basic definitions and results on T (M)
that are needed later. Most of them are well-known and details can be found in [8].

Indices a, b, c, i, j, ... have range_in {1, ..., n} while indices «, A, i, ... have range in
{1,...,n;n+1,...,2n}. We puti = n + i. Summation over repeated indices is always
implied.

Coordinate systems in M are denoted by (U, xh), where U is the coordinate neighbor-
hood and x” the coordinate functions. Components in (U, x") of geometric objects on M
will be referred to simply as components. We denote partial differentiation 3/3x" by dy,.

Let (M, g) be a Riemannian manifold, V the Riemannian connection of g and F].“l. the
coefficients of V, i.e., Vi, 0 = F]?i d, with respect to the natural frame {9, }. The curvature

tensor R of V has components R,i’j i

With the Riemannian connection V given on M, we can introduce on each induced
coordinate neighborhood 7~ Y(U) of T(M) a frame field which is very useful in our
computation. It is called the adapted frame on 7 ! (U) and consists of the following 2n
linearly independent vector fields {E,} =} = {E;, E;} on 7~ (U):

E; =0; — be,‘;,.B,;, E; = 05,

where {x”, y"} is the induced coordinates of T(M). {dx",8y"} is the dual frame of
{E;, E;}, where § = dy" + yb Fgadx“. By the straightforward calculation, we have the
following:

Lemma 2.1. The Lie brackets of the adapted frame of T (M) satisfy the following identities:

[Ej. Ei] = y" R, Ea.
[E), Ei] =T Ea, @1

[E;. E;] =0,
where Rl.“j , denotes the components of the curvature tensor of M [1,8].

Let X be a vector field on T (M) with components ", v}_’) with respect to the adapted
frame {E,, Ej,}. The vector field X is a fibre-preserving vector field on 7' (M) if and only
if v" depend only on the variables (x"). Therefore, every fibre-preserving vector field X

on T (M) induces a vector field V = vhai—h on M.

Let L ; be the Lie derivation with respect to X. Then we have the following lemma.

Lemma 2.2 (see [6]). The Lie derivations of the adapted frame and its dual basis are
given as follows:

(1) LyEp = —04v"Eq + {yb_vCR,;;b - uEth — Ep(v®))E;.
(2) LEj; = {'T¢, — E;(v")}Ea.

(3) Lgdx" = ,v"dx".

@) Lgsy" = —{yPv°R)"

mch

— 0PIt E,(M)}dx™ — (PT) — Eq(h))sym.
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Let g be a Riemannian metric with components g ;;, then we see that
§ =ajidx/dx' +2g;idx’ sy’ (2.2)

is non-singular and can be regarded as pseudo-Riemannian metric on 7' (M), where a =
(aj;) is a symmetric tensor field of the type (0, 2) on M. The metric (2.2) has components

5 5.y — [%ii 8ji

with respect to the adapted frame on 7' (M), that s, it coincides with g = c g +Va, where € g
and Va denote the complete and vertical lifts of g and a to T (M), respectively. The metric
g, which is called a synectic lift of the Riemannian metric g, was introduced by Talantova
and Shirokov [4] to study the differential geometry of tangent bundles of Riemannian
manifolds (for details, also see [5]). Their paper is concerned with the geometry of the
space of n dual variables. The concept of a dual number is the analogue of a complex
number x 4 jy, with j = 0. Since the set of dual numbers is represented geometrically by
R?, the set of n dual variables is represented by R?* = R" x R" = T R". They showed that
the space T'R" with a certain metric represents a space of n dual variables with purely dual
constant curvature. This special metric on 7' R" is related projectively to the complete lift of
the standard metric on R". Also, Shirokov [3] investigated infinitesimal holomorphically
projective transformations on 7 (M) with respect to the synectic lift of the metric tensor.
Afterwards, Pavlov [2] studied the tangent bundles with a metric ACg +V @ and also proved
that the substitution of the metric ©g — ACg +V a is a necessary and sufficient condition
on preserving the ‘angles’ between holomorphic planes.

Remark. In the case of a = g, the synectic lift of the Riemannian metric g to T (M)
coincides with the lift metric I+ 1l on T'(M), where a = (a;;) is a symmetric tensor field of
the type (0, 2) on M and g = (g;;) is a Riemannian metric on M. In [7], Yamauchi proved
that every infinitesimal fibre-preserving conformal transformation X on T(M) with the
lift metric I 4- II naturally induces an infinitesimal projective transformation V on M and
also showed that the correspondence X — V gives a homomorphism of the Lie algebra
of infinitesimal fibre-preserving conformal transformations on 7 (M) onto the Lie algebra
of infinitesimal projective transformations on M.

Lemma 2.3. The Lie derivative of § with respect to the fibre-preserving vector field X is
given as follows:

L& = {Lvaji —2gm(y"veR™ — v"T'1, — E;(v™)}dx dx'
+2{Lygji — gjm(Viv" — E;(v"™)}dx’ )",

where Ly gj; and Lyaj; denote the components of the Lie derivative Ly g and Ly a, and
also V;v™ denote the components of the covariant derivative of V.

3. Infinitesimal conformal transformations of the tangent bundles with
the synectic lift of a Riemannian metric

Let T (M) be the tangent bundle over M with the synectic lift of the metric on Riemannian
manifold M, and let X be an infinitesimal fibre-preserving conformal transformation on
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T (M) such that L 3 g = 2Q2g. From Lemma 2.3, we have

{Lyaji —2gm(YPv°R™ — vEFZ’I- — E;(v™))}dx/ dx’

+2{Lvgji — gjm(Viv" — E;(v™)}dx’ 8y’
= ZQajidxjdxi + 4ngidxj8yi

from which we get

Lygji —29Qgji = gjm(Viv" — E;™) 3.1
and

Lyaj —2aj; = gjm(yvaRiZ’b — UBFI"fi — E;(v™))

+ gmi(yhch o

=T — Ej (™). (3.2)

PROPOSITION 3.1

The scalar function 2 on T(M) depends only on the variables (x") with respect to the
induced coordinates (x", yh).

Proof. Applying Ej to both sides of eq. (3.1), we have
2E;(Q)gji = gjmEfE; (™)

from which we get
Ep(Q)gji = E;(2)gjk-

It follows that
(n—1DE(Q) =0.

This shows that the scalar function €2 on 7' (M) depends only on the variables (x™) with
respect to the induced coordinates (xh, yh), thus we can regard 2 as a function on M and
in the following we write p instead of 2.

From (3.1) and Proposition 3.1, E;(v”—l) depend only on the variables (xh), thus we can
put

vt = y“AZ + B", 3.3)

where Aha and B" are certain functions which depend only on the variable (x").
Furthermore we can show that Aha and B" are the components of a (1,1) tensor field and
a contravariant vector field on M, respectively.

Substituting (3.3) into (3.1) and (3.2), we have

Lygji —2pgji — &imViv" + gimA"} =0, (3.4)

Lyaji —2paji + gjmViB™ + gimV;B" =0 (3.5)
and

v (Raikj + Rajki) + &jmViA} + gmiVjA =0, (3.6)

where V; B™ and ViAZ’ denote the components of the covariant derivative of the vector
field B = (B") and the (1,1) tensor field A = (Af’) on M.
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PROPOSITION 3.2

The vector field V with components (v") is an infinitesimal projective transformation on M.
Proof. Applying the covariant derivative Vi to both sides of eq. (3.4), we obtain

gimViA"l = ViQRpgji + gjmViv" — Ly gji)

=20&ji + &jmViViv" — Vi(Lygji).

From this formula: Ly I'j; = Vi Viv™ + R, v, we can write

gjim Vi A =2pkgji + gjm(Lv Tl — Ry v*)

— (LvVigji + LvT{;8ai + LvT{;8)a)

from which, we get

gjm VKAl =2pigji — Rakijv" — LvI'{;8ai- (3.7
Substituting (3.7) into (3.6), we have

LyT% =88 pi + 8] pj, (3.8)
where p; = V;p. Hence, V is an infinitesimal projective transformation on M.

Now we consider the converse problem, that is, let M admit an infinitesimal projective

transformation V = v” %. Then we have the following proposition:

PROPOSITION 3.3
The vector field X on T (M) defined by

X =v"Ej, + y“(A" + B"E;
is an infinitesimal fibre-preserving conformal transformation on T (M), where A}; =
8" Aui, Aji =2pgji +Viv; — Lvgji and gj; B’ = B;, V;B; = paj; — %Lva,/i-
Proof. By Lemma 2.3, it follows that
L3g = Ly(ajidx/dx" +2g;;dx’§y")
= X(a;))dx'dx" + aj;i(Lgdx')dx' + ajidx! (L zdx")
+2X(g;i)dx!8y" +2g;i(Lgdx?)8y' + 2gjidx! (L38y")
= [Lyaj; + gjmViB™ + gmi Vi B™ + Y (v (Rairj + Rajki)
+ gimViA} + gmi Vi A" ldx!dx"+(Lygji — Vivj + Aj)dx’8y'.
On the other hand, by means of (3.7) and (3.8)
VjAia = gimV;Viv" +2pjgia — (LyvI'})gma — (LvT7} )gim
= —v’ Rojai +20j8ia — (87 pi + 8] ) gma

= v Rojai + 0} 8ia — Pigja-
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from which we obtain

L3§ =2pajidx’dx" +4pgjidx'sy’ =2pg.

Hence, X is an infinitesimal fibre-preserving conformal transformation on 7 (M).

Proof of Theorem. Let M be an n-dimensional Riemannian manifold, and let 7 (M) be its
tangent bundle with the synectic lift of a Riemannian metric. Summing up Propositions 3.1—
3.3, it is clear that the correspondence X—>V gives a homomorphism of the Lie algebra
of infinitesimal fibre-preserving conformal transformations on 7 (M) onto the Lie algebra
of infinitesimal projective transformations on M.
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