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Abstract. In this paper a method is developed for solving hyperbolic initial boundary
value problems in one space dimension using domain decomposition, which can be
extended to problems in several space dimensions. We minimize a functional which is
the sum of squares of the L? norms of the residuals and a term which is the sum of the
squares of the L? norms of the jumps in the function across interdomain boundaries.
To make the problem well posed the interdomain boundaries are made to move back
and forth at alternate time steps with sufficiently high speed. We construct parallel pre-
conditioners and obtain error estimates for the method.

The Schwarz waveform relaxation method is often employed to solve hyperbolic
problems using domain decomposition but this technique faces difficulties if the system
becomes characteristic at the inter-element boundaries. By making the inter-element
boundaries move faster than the fastest wave speed associated with the hyperbolic system
we are able to overcome this problem.

Keywords. Domain decomposition method; finite speed of propagation; pulsating
boundaries; stability estimates; parallel preconditioners.

1. Introduction

In [6] a domain decomposition method for solving the wave equation using the overlapping
Schwarz method is presented. The domain is divided into overlapping subdomains and the
classical Schwarz waveform relaxation technique is used to construct successive approxi-
mations to the solution. However for a general hyperbolic system, the method works only
if the system is noncharacteristic at the boundaries of the subdomains and this is not always
possible.

In [4] a spectral method to solve hyperbolic initial boundary value problems on parallel
computers in one space dimension has been proposed. In [11] these results are generalized
to a domain in several dimensions which is divided into subdomains. We therefore have
to consider the question of whether imposing continuity conditions across an interdomain
boundary is Kreiss well posed in several dimensions. In general, however imposing con-
tinuity conditions across a boundary, even if it is noncharacteristic, is not well posed but
only weakly well posed [5,11].

However, if the boundary moves sufficiently fast it can be ensured that it is non-
characteristic and then imposing continuity conditions at the moving boundary becomes
well posed [11]. In fact, for symmetric hyperbolic systems with maximal dissipative bound-
ary conditions we can prove a stability theorem for a moving element method. To prevent
these moving boundaries from leaving the domain a CFL-like condition on the time step
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relative to the size of the subdomains has to be imposed. In the next time step the bound-
ary moves in the opposite direction with the same speed. Thus the method can be thought
of as a time stepping method as in [7]. Since the boundaries of the elements move back
and forth at alternate time steps we call the proposed method ‘pulsating element method’.
In this paper we restrict ourselves to one space dimension. The method can be extended
to several space dimensions [11].

Domain decomposition methods for hyperbolic problems have been studied in [9,10].
The methods presented there, however, use finite differences in time unlike the approach in
this paper where we use spectral elements in space-time. Moving mesh methods have been
used in [2,3,13]. However, the use of moving elements for applying domain decomposition
to solve hyperbolic problems has not been explored in earlier work to the best of our
knowledge.

We now briefly outline the contents of this paper. In §2 stability estimates for the pulsat-
ing element method are obtained. In §3 error estimates for the method are provided. In §4
the issues of parallelization and pre-conditioning are examined. Computational results for
the one dimensional case are provided in [11] and these demonstrate the effectiveness of
the method.

2. Stability estimates

We shall restrict ourselves here to symmetric hyperbolic systems with maximal dissipative
boundary conditions. The domain is divided into subdomains. We can prove a stability
estimate provided the boundaries of the subdomains move sufficiently fast.

To keep the discussion as simple as possible a stability estimate for moving spectral
elements in one space dimension is first obtained. We then state the stability estimate for
moving spectral element methods in two space dimensions.

Consider therefore the following initial boundary value problem posed in the space time
domain 2 x (0, T'), where Q2 = (0, a):

Lu=F inQx (0,7T),
Mu =g in {0} x (0, T),
Nu =hin {a} x (0, T), and
u=finQ x {0). @2.1)

Here Lu = Pu; — Au, — Bu . Moreover P and A are symmetric matrices and P is
positive definite. It is assumed that the boundary conditions are maximal dissipative and
this is no restriction in one space dimension. We may choose P = I as this can always be
achieved by a change of the dependent variable.

Let p(E) denote the spectral radius of the matrix E. Then we define

c= max p(A) 2.2)
(x,0)eQ2x(0,T)

We now divide the space time domain 2 x (0, T') into elements. Let & = a/N and
xi =ihfori =0,..., N. Choose the time interval T < h/3c so that T/t = M, where
M is an integer. We choose 7 as large as possible subject to these constraints so that t is
approximately 4 /3c.
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Let the point (x;, 0) move with velocity v = 2c to the point (y;, t) fori = 1,..., N —1.

In the next time interval the point (y;, T) moves with velocity —v to the point (x;, 27).
This process is then repeated and the point (x;, 0) traces out the curve /; as shown in
figure 1.

Consider the triangle w; in figure 2 with vertices (x;, 0) and (y;, 7). The sides of the
triangle are /; and s;4; with slopes 1/v and —1/c and a portion of the X-axis. Here by
l; is meant the restriction of /; to {(x,#): 0 < ¢ < t}. We can now prove the following
lemma.

Lemma 2.1. Consider the IBVP
LX =vin Qx(0,71),
MX =0in {0} x (0, 7),
NX=0in{a) x(0,7), and
X =0in Q x {0}. (2.3)

We assume that v is a smooth function of its arguments and vanishes in the neighbour-
hood of the space-time corners (0, 0) and (a, 0). Then there exists a constant n,, such that
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forn > n, the estimate

K
103 XPe2Mds < = / LX) e 2" dx dt (2.4)
LiN{0=<t=t} N JQx(0,7)

vI+A
1+v2’

holds. Here K is a constant and Q =

Now &’ is a smooth function. Let w; be the domain as shown in figure 2. Then integrating
by parts gives

XT Lxe 2" dx dt

Wi
:1/ ((XTIX)C—XTAX) gy L /((XTIX)v+XTAX>62mdS
2 )
Si+1 l

2 V1 +c? V1 +v2
1
-5 f XT (=201 — A, +2B) Xe PMdx dr. (2.5)
wj

Now for (x, 1) € si11,
XT(cI—AX >0

using (2.2). Hence from (2.5) we conclude that

/ |02 X |22 ds
l;

1
<K (-/ |£X|2e_2"’dxdt+n/ |X|%e _2”’dxdt).
n w; wj

Summing the above relation over i yields

Z/|Q2X|2 g

1
<K|(- f |LX|Pe M dx dr + / |XPPedxdr ). (2.6)
n 2x(0,7) Qx(0,7)

Since & is a solution of the IBVP (2.3)

K
n / |X|%e M dx dr < — |LX e ™" dx dr. (2.7)
Qx(0,7)

Qx(0,7)

Here K denotes a generic constant.
Combining (2.6) and (2.7) we obtain the result. |

Let O; be the domain as shown in figure 1, and w; be a continuously differentiable
function defined on O;. Let w be the function defined on 2 x (0, t) such that its restriction to
O; is w;. Then w will, in general, be discontinuous across the lines /; fori = 1,..., N—1.
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Let {w;}1<i<n satisfy
Lw; =F;in O;, fori=1,..., N,
Muw; = g in {0} x (0, 1),
Nuwy =hin {a} x (0, 1),
[w] =wjy1 —w; =gionl; fori=1,...,N—1, and

w; = f; in ; x {0}. (2.8)

Here 2; denotes the interval (x;, x;11). We now prove the following result using a duality
argument.

Lemma 2.2. If {w;}1<i<n are continuously differentiable then the estimate

— 2
Knllwe m”QX(o,f)
N
=2
i=1

+ C(IMwie™ 1Ty 0.0 + INwNe ™ 17y 0.0)) (2.9)

N N-—1
—nt )2 —nt )2 L —nt 2
1Lwie™™ 15, + > lwie " 1G, 0+ D 102 [wle |1}
i=1 i=1

| =

holds. Here Q = \‘}Il—J“_AZ.
+v

Consider the adjoint IBVP
L'¢ =y in Q x (0, 1),
M'¢ =0in {0} x (0, 7),
N'¢ =01in {a} x (0, 7), and
¢ =0in Q x {r}. (2.10)

We assume that v is a smooth function which vanishes in the neighbourhood of the space
time corners (0, ) and (a, 7).

Now the adjoint IBVP is well posed since the original IBVP is well posed. Hence the
estimate

nllée” e 0.0y + 18" 1oy 0.0y + 19€” [fayw 0.0y + 16€™ e o)
K
< ;IIwe"’lléX(O,r) 2.11)

holds. Moreover ¢ is smooth. Hence

N
> (Lwi. $)o,

i=1

= (w, V)ax©.c) — (W, Paxio) + (g, ATdD01x0.1)

N—-1
(vI+ A)g
— (h, AT )00 + ; ([w], Vlﬁ); : (2.12)
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In the above A, ¢T represent the inflow components of A and ¢ at x = 0 and A*! and
¢! represent the inflow component at x = a. Moreover Q = ~I+A

V2
Now we can show just as we did in Lemma 2.1 that there exists a constant 7, such that
for n > n,,

N-1 ) 5 K s
Do lQrge™ |} < ;uwe”ngx(o,r). (2.13)
i=1

Hence using (2.11) and (2.13) gives
[(w, I/f)S2><(0,r)|

N N
—nt t —nt t
<Y lILwie "o, lIge” llo; + D llwie ™ I, xi0) de™ |2 x(0)
i=1 i=1

+ K(llge™ lloyx0,0) loe™ lloyx0,7) + 1he ™ llayx 0,0 19 ll{a)x 0,7))

N-—1
+ 3102 [wle ™ 1,102 pe™ . (2.14)
i=1

Now using the Cauchy—Schwarz inequality we obtain

l(w, ¥)axo.0l*

N N
1 _ —
< [Z;Mwie "G+ D lwie ™" g, 0y

i=1 i=1

N-—1
_ _ 1 _
+ Clige™ oy T 11" Iy 0.0) + D 107 [w]e '”ui}
i=1

x [mwe"’néxm,,) + l1de™ [0y + D€ 0y 0.1)

N-1
1
Flde" Iy + 2 ﬁ||Q2¢e"’||i] (2.15)
i=1

Hence using (2.11) and (2.13) yields the inequality
|(w, ¥)ax©.0l?

2
||1/fe’7’||QX(0,,)

N
=
i=1

+ C(IMwie™ 1) 0.0+ INwNne ™ [1Fy20.0)

Knsu

N

—ntn2 —nt 2
ICwie™ 15, + D llwie ™ I3, (o)
i=1

I | =

N-1
1
+ ) lez[wle "}
i=1
And this gives the result.
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Using the above result we can prove a generalized version of Lemma 2.1 which is stated
below.

Lemma 2.3. Let {w;}1<i<n satisfy (2.8). Then there exists a constant L such that the
estimate

N—1 .
) f |Q7wi1e”™ *ds
—1 Y

N N

1 _ _ _

<L [} j;uﬁwie %, + Y lwie™™ 1%, 0y + IMwie™ o) 0.0)
i=1 i=1

N-1
_ 1 _
FINwye ™ 00 + 3 103 Twle '”n%,} 2.16)
i=1

holds for all n > n,.

The proof is just the same as in Lemma 2.1. In the last step we use Lemma 2.2 to obtain
the result. ]

We can now prove the following stability theorem.

Theorem 2.4. There exist constants f and n, such that for all n > n, the estimate

N
f (n D lwie™ 15, + lwie™ 1oy 0.0) + lwne ™ [Ty
i=1

1 (A _ _
+ (Z(Hwie N2 fwire )17 )) +Z||w, 13, Au=e)

i=1

3|»—t

N
—nt 2
= D lwie™ I3, oy +

i=1

N
—nt 12
Z ILwie |15,

N—-1
+N (nMwle—"’n%o}x(o,,) + INwve ™ T 00 +2 D ||[w1e—"’||%,.) (2.17)

i=l1
holds for N large enough. Here n, > 1,.

Using integeration by parts give

N
2> (Lw;, wie ),

i=1

N
= Z w;i, W;€ )0 Nir=1} Z(wz, w;e )0 N{r=0}

i—1
N

(VI +A) _ —27
ZR ), |l A o

N
+ (w1, Awie™ ) o).y + Y (wi, Dwie™ M), (2.18)
i=1

where D =2nI + A, — 2B.
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In the above

e
RV I;

(. GI+A) S I+A)
= (“”“’ i ) * (“’“ N ”’)

Taking 7 sufficiently large we can make D > 31I/2. Hence there exist constants f, ¢ and
1, such that for n > 5, the estimate

li

N
f (n D lwie™™ 15, + llwye™ o 0.0) + ||wNe—"f||%a}X(o,r)>

i=1

+

N
a2
. ”u)le ”0[ ﬂ{t:r}

i=1

N-1

N
1 _
< Y bt g+ 3 103k
1= 1=

1 (N=] | . N-1 | .
+ 5y (; 1Q2wie™™ |7 + Y 1Q2wip1e” ™|}

i=1
+ C(IMwie™ 1Ty 0.0 + INwNe ™ 17y 0.0))

1 N
+e > lLwie ™, (2.19)

i=1

holds. Here we have used the condition that the boundary conditions are maximal dissipa-
tive. Now from (2.16) it follows that

1 (= 1 _ 1 _
5 (Z(Msz,-e TIE A+ 102 wige "’u,%.))
i=1

3L (L1 _ al _ _
=N (Z , Ewie ", + D Mwie™ I, gy + IMwie™ oy 0.0,

i=1 i=1
2 2= 2
+IN N a0 | + 5 2 Q7 Twle™ I (2.20)
i=1

Adding (2.19) and (2.20) and choosing f small enough gives the estimate

N
f (n D lwie™ 15, + lwie™ 1w 0.0 + lwne ™ I xom

i=1

1 N—1 N
_ e N2 . —nt 2 .a= N2
+ (2(uwle 17+ lwisie ||,l.>>> +2nwle 1%, e
1= 1=
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4 N
( )(Z lwil3, Ao, gzl:ﬂﬁwie*”f"%i

+C(IMwie™ 7y 0.0y + INwye™ "||{a}x(0r)>+ Zn[w —"’u,)

2.21)

holds, where b is a positive constant. In the above we have used the relation

cl 3cI

—— =0 —.
V1 +4c2 V1+4c?

Now there exists a positive constant « such that

b
1+ — =e“".
N

Choosing n, = n, + % the result follows from (2.21). |

Recollect that x; = ih and y; = x; + vt for0 < i < N — 1. Let xo(¢) = 0, and
xy()=afor0 <t <T.Definex;(t) =x;,+vt—( —Dr)for(j -t <t < jr,if j
isoddand, x; () = yi —v(t—(j—Drt)for (j — 1)t <t < jr,if jisevenforl < j < M.
Let /; denote the curve consisting of piecewise straight line segments given by

Li={x,):x=x;(1),0<t<T}, forl<i<N-—1.
By W; we denote the open set
Wi={(x, t):xi—1(t) <x <x;(t), 0<t <T}
Let w;,; denote a function continuously differentiable on Wi,j, where
Wij=Win{x,0):(-Dr<t<jriforl <j=<M,

and w; denote the function whose restriction to W; ; is w;, j and which may be discontinuous
att = jtfor j = 1,..., Q — 1. Then the following theorem follows immediately from
Theorem 2.4.

Theorem 2.5. There exist constants f and n, such that for all n > n, the estimate
—nt 2 —nt 2
f (nz lwi, je ™" g 1ye<t<jey T 11 e Ny =19z, o)
2
+lwy ™" Hayeg-tyego + (Z lwije ™ g -ne<i<j)

N-1
. a2 nt
+Z lwitr,je ||l,-ﬂ{(j—l)r<t<jr}>) +Z”wue ”Wm =j7)
i=1
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N N

= 2 wige ™ gy - mﬁZ 12w e~ B oqi—e <<
— 2 — 2

e (HMwl-je "oy =ty ry F IN Wy e Mgy -y, jo)

N-1
+ Z ||[w]e_m||12,.m{(j1)<,<jf}> (2.22)

i=1

holds for 1 < j < M.

3. The numerical scheme and error estimates

Here we briefly describe the numerical scheme and obtain error estimates in one space
dimension as they can be easily extended to multi-dimensions.

Let W; ; denote the trapezoid W; N {(x,): tj—1 < t < t;} as shown in figure 3.
We map W; ; to the square § = (-1, 1)? and let M; & n) =X & n, T ;& n)
denote the inverse mapping from S to W; ;. Thus M> ;, ..., My_1,; are affine maps. The
maps M1 ; and M ~,j are however bilinear. On each W; ; we shall define the approximate
representation u of u to be a polynomial of degree p in £ and 7 i.e.

p

P
ul & m) =) aiEy

k=0 [=0

Now we examine the case when the mapping, say M ; is bilinear. We then have [1]

1 1
X116, n) = <%€:> (h + 2ct (%))

1
nl@yn—r< ;”). G.1)

N

Xo X X Xig X; X1 Xy

Figure 3.
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Moreover the Jacobian Ji 1 (§ n) satisfies

d+mn
2

Jii€.n) = <h+2 )——®(h )- (3.2

Fori # 1 or N the mapping M; | assumes the form

X =G — nppd =8 4 08, A+
2 2 2
1
TinEm) =7 ;"). (3.3)

Let S? denote the space of polynomials of degree p. Then u belongs to the tensor
product space (S” x S”)k forl <i<N,1<j<M.

Let us assume that we have solved for up ij— y for 1 < i < N. We now choose
{uf’j uN ]} where u 6(S1’ x SPYK for 1 <i < N, to minimize the functional

P p
r](vl’j,...,vN’j)

N
=) / Lol — Fdx dt
i=l ivJ

+2N / Mo} —g|2dt+/ Ny — hlPde
{0} (7j—1.1)) ' fa}x(tj-1.1) ’

N-—1
+ / [[vP1)?ds | + / W’ HPdx (34
; LNty <t<t;} Z Wi Nle=tj_ 1} RIS

over all {v }1<,< ~- Letu; O(x t = 0) = f(x), which is an abuse of notation.
Consider the quadratic form

H;({v] h1=i=n)

N
— Z/ |.cv;’j|2dxdz+21v / |Mv{’j|2dz
i=1 Y Wi ’ {0} (2j—1,1)) '
+/ IR [2de + Z[ I[v”12ds
{a}x(tj-1.t) Linftj—1 <t<tj}

N
+ / [P |2dx. (3.5)
iz:; V_Viﬁ{l:tjfl} "

For the error estimates that follow we shall need to write H ({vip 1}i) in (§, n) variables,
viz.
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Hi({v] hi<i<n)

N
T
= Z/ |£i,1vfl|2dé dn +2N <5/{ IMlvﬁllzdn
=178

—1}x(=1,1)

T

—f N | Pdy
2 Jiyps-1,m ’

1+4c2 A
T 2 -/(‘ 1,1) 11 (L) = vl (=1, ) Pdy
i=1v\h

h N
+ = / lv? |7dE. (3.6)
2; Lhxi-y !

Here M () = M(T1,j(—1,n)) and Nj(n) = N(Ty,;(1, n)). It is easy to show that

+

1 (b4 ct(l + ) 8v7,
tonfi == (5
’ 1,1 n
ct(1+ &)\ v,
<A11§+ 7 ) T —31,1]1,103",1), (3.7a)

where Ji 1(&, n) is defined in (3.2) and A; ; (&, n) = A(X; (&, n), T;,; (&, n)), etc. More-
over fori # lor N

Vit (28] 4e_ 2 vy

Ll = (2 (-2 ) 2L
’ 2 T 0 h h o0&

Recall that T/ h = A, the CFL constant. Letu; ;(§, n) = u(X; j(§,n), T; j (&, n)). We now

prove an approximation result which is similar to Theorem 3.3 in [8].

- Bi,lvl.{’]) . (3.7b)

Lemma 3.6. There exist polynomials 1211’] (€, n)e(SP x SPYK such that:

il =aly, L for lISiSN=1,1=j<0, and (38

al (& )=l (- for1<i<N 1<j<Q-1 (3.8b)
Moreover the error estlmate
(p—9)!
ZZnul, il |17 s < K (chy® —= TETTs w22 ax0.1) (3.9)

j=li=

holds for 0 < s < p. In the above K and c are constants and h = a/N denotes the mesh
width.

Letl = (—1,1) and nép be the operator mapping H 1(i) — SP (i) as in Theorem 3.3
of [8]. Define I17? = Hsp ¥ to be the tensor product operator. Let @ € H**2(S) and
¢P = TP w. Then there holds

PP (£1,n) = n,fa)(:l:l, n), and

PP (€, +1) = tfw(E, £1).
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Moreover the error estimate

(p—9)! 12 2
w— P2 <3 8S+(1) + as+1w
lo =715 =375 09 ol s + 10l 5)
10 (p—9)!

(o5 oywll§ s + 19:95 wll§ )

(3.10)

p(p+1) (p+s)!

holds for any 0 < s < min(p, k).

Note that the estimate (3.10), though slightly different from (3.8) and (3.9) of [8], is
proved in the same way.

Let ﬁf ;= [17u; ;. Then clearly (3.8a), (3.8b) hold. Hence we conclude

Q ( ) /1 1
- p—s)! ‘
DO iy —al il s < ST <§ gt 0w 5 + :uaga,;ﬂui,,-ué,s)
; p “\iZo =0

i=1 j=1

3.11)
for
ui &, n) =ulX; ;& n), T &, n).

From the form of the mappings in (3.1) and (3.3) we have

1 1 1
(Xij)e =0 (N) , Xij)y =0 (ﬁ) , Xij)eng=0 (ﬁ)

and all other derivatives Df , X; ; = 0. Moreover

1
(Ti,j)n =0 (ﬁ)

and all other derivatives Dg"nT,-, j = 0. Hence

r r B _
agu,',j = Z (k) ((Xi,j)n)k((Ti,j)r])r kafatr k”’
k=0

and

dedui ;= (r)(k«X,-, I X Den (T ) 0k u

=0 \k
4 r
+ Z <k>((Xi,j)n)’<((Ti,j)n)rk{(Xi’j)Sa)lchrlalrku T edkar ),
k=0

Now using the bounds for the derivative of X; ; and T; ; we obtain that there are constants
C and B such that

N 0 1 1 ‘3 2s
S AD nat 0bui 5.5 + > N0k ui 113 s 5c<ﬁ) 111?42, 00 0,7)-
=1 =0

=1 \I=0

1

(3.12)
Combining (3.11) and (3.12) we obtain the result. |
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In what follows we shall assume that the coefficients of the IBVP (2.1) are smooth and
the data is smooth and satisfies the compatibility conditions at the space-time corners for
the solution to be smooth.

Theorem 3.7. Letuf = {ij}i,j be the approximate solution of the IBVP (2.1). Then the
following error estimate holds

leeCr, 1) = uP (e, Oy o7y + lu e, T) = u? (e, Tl

s(p—3)!
< K(ch)* mnmu+2 ax©.7) (3.13)

forall0 <s < p.

Since {uipl(é, n)}; minimizes rl({vl.pl},-) we have

Vl({ﬁl(?]}i) = Vl({ufl}i) + Hl({ufl - ftf]}i)- (3.14)
Hence
Hy({u] ) —af ) < rdaf ). (3.15)
Let A = 2max(1, n,). Then by Theorem 2.5 there exists a positive constant « such that
N
Y (] ety = e Oyl o) = @ e DI, )
i=1

A _
=e€ tHl({“f] - ufl}i)

< e ({ﬁfl}i)- (3.16)
Let

N
Fivl b = ri ol 3 = DIl —ufy 15,y for 22,
i=1

Now just as in (3.14)
HZ({ufg - ﬁfz}i) = 7"2({1252})‘
Hence as in (3.16) we get

N
Yo aluly (o t) =il (e Dlly,, + llul G ) = al, e Ol )

N
i (Z haf G, ) = e, I, L+ fz({afz}o) SENCRE)
i=1

Now ﬁfz(x, 1) = ﬁf](x, t1). Multiplying (3.16) by ¢** and adding e*"7({ii} i) to it
gives

N
P _ 2 A P = 2
> alluly e, 0 —al, G, Ol + e luly 0 —af (x5, )
+||ul2('x t)_MIZ(x I)HWQ{I t2}

< Tr((al i) + T Ra((al,)).



Domain decomposition methods for hyperbolic problems 245

We use (3.17) to obtain the above. Continuing in this way yields
allul (x, 1) = P (x, Ollg 0.7y + 11?2, 1) = @ G, D) G,y (3.18)
. Y
<M ndal o+ Fdal )
j=2

Now

N
nd@l ) <€ luiy —al & i g (3.19)

i=1
and
N
Fidal 3 < C Y Nl j —al HE Iy g for j = 2. (3.19b)
i=1
Combining (3.15), (3.18) and (3.19) gives

alluf (x, 1) — a? (x, t)”?zx(oj) + lluf (x, 1) — aP (x, t)”éx{T}

O N

_p o2

SCE E i j —a; ;07 s
j=li=1

The result now follows from Lemma 3.6. |

Remark. We now examine the error estimate (3.13).

We first examine the case when p is fixed and & tends to zero. Then the error in the L?
norm is O (h?) if the solution is smooth enough. Hence the % version of the method is pth.
order accurate.

Next we look at the case when £ is fixed and p tends to infinity. It can be shown by using
arguments as in [8] that if u is analytic then the error in the L? norm satisfies the estimate

||I/l — up”Lz(QX(O,T)) < Ce—ﬁphd[?

for constants 0 < o < 1 and 0 < B.
If u is smooth then the error is bounded by the estimate

pS

lu —ulll 2 @x0,1) < K llulls4+2,2x0,7) for 0 <s < p.

4. Parallelization and pre-conditioning

We now need to solve the normal equations we obtain from minimizing the functional
iy i vy oo vy j)- In [4] it has been shown that the residual in the normal equa-

tions can be computed in O(p?) operations without having to compute mass and stiffness
matrices.
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We now define a quadratic form

AP P p
Qj(v]‘j,vz’j, ...,UNJ)

N N—1
=Y [l Pacan+ 3 [l i
i=17$ ‘ i=1 YLD

j=odd

N-—1

b [ iRt [ Mg LRy
i—1 (=11 ’ (-1,1)

j=even

N
+f |/\fjv,f;,j(1,n>|2dn+2/ o6, =DIPds. (4D
=11 i—1 J(=L1)
Here for j odd

- 1 h+ct(1+n))\ dv T ct(l+§) 8_v
v g () 5 e 452) )

on 2 a&
(4.22)
~ 2 d0v 4c 2 ov .
,Ci,jl):\/h (;%—F(—ZI—EAl]) g) for 1 <i <N, (42b)

and the other terms are similarly defined. Note that in (4.2a) we replace Jp1 in (3.7a) by
ht and drop the lower order terms. It is easy to show that

N
e(Z/S|vfj|2d§dn+/aslvfj|2ds) < Q] sy vy )
i=1

4.3)
for some constant e.
It can be shown as in Theorem 4.2 of [4] that
oNE Qi ;s oy ) S Hj] ;oosuy ) < COf 5, vy )
4.4)
for some constant C.
Let
Al = 30 DE,ALO0,0E ", (4.52)
ap,0p<m
MP = M;(0). (4.5b)
and
NP = N 0). (4.5¢)
Now
1415 = A lloco.s < gy for m =0, (4.62)

1
. A0
1M = M llo.cos = (4.6b)
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and

1
IN; N«))Ilo 0,5 = - (4.6¢)

We shall choose as our preconditioner the quadratic form
Oty = 3 [V P
0
+---+/ IMPWP (=1, ) Pdn
(=11
+ f VOug (1 Pdn + 4.7)
(=1,1)

form = 0, 1. Here E(m) is the differential operator £~,-, j in (4.2a), (4.2b) in which the

matrix A; j is replaced by A( ])
Now using (4.6) we obtam

N
- C
3 /S (G = £t Pagdn < 0 va 125, and

0 C
/u oM = MOf(~ L Pdn < 510813 s
Hence it follows that

O @ ;o vk ) < 2Q,~<v{’j,..., oy )

o (Z I/ 13 s) (Z Io? 13 as) @.38)

Now using (4.3) gives

p4

- 1 -
Qyn)(v{ij, ...,v{\’,’j) <C (1 + TEIES) + W) Qj(vf’j,...,vﬁ’j). 4.9)

In the same way it can be shown that

4
. » P LY 5w, p P
Qi -y ) =C (1 tymzt m) Q) (Wrjoeees vy j)-
(4.10)
Hence we conclude that if p = O(N'/?), then Qj(vfj,...,vf,’j) and Q;O)
(v}, -, vy ;) arespectrally equivalent. Ifhowever, p = O(N), then Qj(vf/., s UN)

and Q;l)(vf’j, cee vﬁ,j) are spectrally equivalent.
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We now briefly indicate the advantage we obtain in replacing Q j(vf’ jree v]’\’,’j) by
Qﬁm)(vf’j, e vf,’j). Asin §3.1.1. of [12] let us define the hierarchic shape functions to be
1l—«a
N = ,
1(@) >
1+«
N = ,
2(e) >
V2 =3 %
Nie) = ’T/ Lia(hdt, 3<i<p.
-1
Clearly
1
dN; dN;
/;ld—alada:(sl] for l,]23
Moreover,
1
Np(@) = ———(Ly—1(a) — L, 3(a for m > 3.
m( ) 2(2m—3)( m l( ) m 3( )) =

Finally, we have the recurrence relation

2m +1
m—+1

) aLy(a) = Lm+1(05) + (#) Ly—1(a).

We choose as our basis the tensor product of hierarchic shape functions arranged in lexi-
cographic order. Thus, let/ = p(j — 1) 4 i. Define

Vi€, m) = Ni(§)N; ().

Thus {{1e}, ..., {wpzer}r denotes the basis we have chosen. Here elT =(,...,1,...,0)

is the vector € R¥ which has one in its /-th position and zero elsewhere. Let I\;I;m) denote the

matrix corresponding to the quadratic form Q j (m). Now M}'") is a block diagonal matrix,
where each block is a matrix of the order kp? and is inverted on a different processor. Let
1\711.(”;) be the block which is inverted on the processor i. Then Mi(’m) is essentially a banded
block matrix consisting of p by p block matrices each of which is a kp by kp matrix.
If we choose m = 0 then the semi-bandwidth is 3 and if m = 1 then the semi-bandwidth
is 5. We should point out that there is some slight additional fill-in but the matrix is sparse
and structured. Hence A;Iisr;’) can be inverted on each processor in O (p*) operations and
the action of its inverse on a vector can be computed in O (p>) operations and this is the
number of operations required to compute the residual vector in the normal equations.

Finally, if we use QO j o as a pre-conditioner then O (N) iterations are required to reduce
the error by an order of magnitude.
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