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Abstract. Using elementary comparison geometry, we prove: Let (M, g) be a simply-
connected complete Riemannian manifold of dimension ≥ 3. Suppose that the sectional
curvature K satisfies −1 − s(r) ≤ K ≤ −1, where r denotes distance to a fixed point
in M . If limr→∞ e2r s(r) = 0, then (M, g) has to be isometric to H

n.
The same proof also yields that if K satisfies −s(r) ≤ K ≤ 0 where limr→∞ r2

s(r) = 0, then (M, g) is isometric to R
n, a result due to Greene and Wu.

Our second result is a local one: Let (M, g) be any Riemannian manifold. For a ∈ R,
if K ≤ a on a geodesic ball Bp(R) in M and K = a on ∂Bp(R), then K = a on Bp(R).

Keywords. Riemannian manifold; sectional curvature; volume comparison; hyper-
bolic space.

1. Introduction

The question of when a Riemannian manifold which asymptotically ‘resembles’ R
n is

actually isometric to R
n is a classical topic in differential geometry. Broadly speaking,

attention has been focused on two notions of resemblance. In the first, one makes a weak
curvature assumption, such as the nonpositivity of scalar curvature, but one also assumes the
existence of a coordinate system (outside a compact set) in which the metric approximates
the standard Euclidean metric. The positive mass theorem of Schoen and Yau [4] is the
prototype of such a result. In the second class, it is assumed that the sectional curvature
has a definite sign and approaches zero at a certain rate. One of the early results in this
direction was by Siu and Yau [5]. A by-product of this paper is a completely elementary
and short proof of the main result in [5]. A host of theorems was also proved by Greene
and Wu in [2]. In particular, they proved:

Theorem 1 [2]. Let (M, g) be a simply-connected complete Riemannian manifold of
dimension ≥ 3. Suppose that −s(r) ≤ K ≤ 0, where r denotes distance to a fixed point
in M .

If limr→∞ r2s(r) = 0 when dim M is odd or
∫ ∞

0 s(r)dr < ∞ when dim M is even,
then (M, g) is isometric to R

n.

Results of both kinds have been extended to characterizing hyperbolic manifolds. For
instance, Min-Oo [3] proved that a spin n-manifold with scalar curvature ≥ −n(n − 1)

and asymptotic to the hyperbolic metric in a strong sense must be isometric to hyperbolic
n-space. In the other direction, Tian and Shi recently proved [6].
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Theorem 2 [6]. Let (M, g) be a simply-connected complete Riemannian manifold of
dimension ≥ 3 with K ≤ 0 and Ricci ≥ −(n − 1). If |K + 1| = O(e−αr ) as r → ∞, for
some α > 2, then (M, g) is isometric to H

n.

In this note, we prove two rigidity results by means of a simple but versatile technique.
The first result, Theorem A, is a direct analogue of Theorem 1 above for characterizing
hyperbolic space. In fact, the same arguments will also give a quick proof of Theorem 1
(for yet another proof of Theorem 1 involving the Tits metric, see [1]).

Theorem A. Let (M, g) be a simply-connected complete Riemannian manifold of dimen-
sion ≥ 3. Suppose that −1 − s(r) ≤ K ≤ −1, where r denotes distance to a fixed point
in M .

If limr→∞ e2r s(r) = 0, then (M, g) is isometric to H
n.

Theorem A complements Theorem 2 in the following sense: While Theorem 2 implies
rigidity for the lower bound K ≥ −1, Theorem A gives rigidity for the upper bound
K ≤ −1. Similarly, in the case of R

n, some results for K ≥ 0 were also proved in [2].
The second result, Theorem B, applies to geodesic balls in Riemannian manifolds. It is

valid in the presence of positive sectional curvature. If (M, g) is a Riemannian manifold
and S any subset of M , we write ‘K = a on S’ to mean the following: For any q ∈ S and
any 2-plane P ⊂ TqM , one has K(P ) = a, where K is the sectional curvature of g.

Theorem B. Let (M, g) be a Riemannian manifold of dimension ≥ 3. Suppose that K ≤ a

on Bp(R). If a > 0, assume that R ≤ min
{

π
2
√

a
, inj(p)

}
.

If K = a on ∂Bp(R), then K = a on Bp(R).

Note that when a > 0, we do not need to assume that sectional curvature has a fixed
sign in the interior of the geodesic ball. Note also that we are not only demanding that the
sectional curvatures achieve their maxima on ∂Bp(R) but also that all curvatures are equal
(to a) on ∂Bp(R). Finally, we remark that the above theorem fails to hold if we assume
that K ≥ a instead of K ≤ a. An example is given in §3.

The proof of these theorems is based on relative volume comparison for distance spheres.
The upper curvature bound implies that the relative volume of distance spheres is increasing
and ≥ 1. On the other hand, this bound also gives lower bounds for the principal curvatures
of the distances spheres. Combining this with the lower bound on K one sees that the
intrinsic curvature of the distance spheres is bounded below. Another application of volume
comparison shows that the relative volume approaches 1 as r → ∞ (in Theorem A).
Hence the relative volume is equal to 1 for all r and one gets the required conclusion.

2. Proofs

We begin by recalling two standard results of comparison geometry. Let (M, g) be a simply-
connected Riemannian manifold, not necessarily complete. For p ∈ M and r ≤ inj(p),
let V (r) and A(r) denote the volumes of the ball Bp(r) and the sphere Sp(r) = ∂Bp(r)

in M and let V a(r), Sa(r) denote the corresponding quantities in the simply-connected
space-form of curvature a, respectively. Let ρ(x) := d(p, x).

Hessian comparison. Let (Mn, g), n ≥ 2, be a Riemannian manifold and p ∈ M . Assume
that K ≤ a on Bp(R), where R ∈ (0, ∞] if a ≤ 0 and R ≤ min

{
π

2
√

a
, inj(p)

}
if a > 0.
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If λ is any eigenvalue of Hess(ρ), then λ ≥ λa, where

λa(r) =

⎧
⎪⎪⎨

⎪⎪⎩

√|a| coth(
√|a|r) if a < 0,

r−1 if a = 0,
√

a cot(
√

ar) if a > 0.

Volume comparison. Let (Mn, g), n ≥ 2, be a Riemannian manifold and p ∈ M .

(i) Let r ≤ R ≤ inj(p). If K ≤ a on Bp(R), then A(r)
Aa(r)

is an increasing function of r .

If limr→R
A(r)
Aa(r)

= 1, then K = a on Bp(R).
(ii) If Ricci ≥ (n − 1)a, then V (r) ≤ Va(r) for any r > 0.

The proof begins with the following linear algebra lemma:

Lemma 2.1. Let S: V → V be a positive semi-definite symmetric linear operator on an
inner-product space V . Let

T (X, Y ) := 〈S(X), X〉〈S(Y ), Y 〉 − 〈S(X), Y 〉2

‖X‖2‖Y‖2 − 〈X, Y 〉2

for linearly independent vectors X and Y . Then

λ2 ≤ T (X, Y ) ≤ μ2,

where λ and μ are the smallest and largest eigenvalues of S, respectively.

Proof. It can be checked that the T (X, Y ) depends only on the plane spanned by X and
Y , i.e., T (X, Y ) = T (X′, Y ′) if X′, Y ′ is another basis for P = Span{X, Y }.

We claim that we can find orthogonal vectorsv, w ∈ P such that 〈S(v), w〉 = 0. This will
clearly prove the lemma. In fact, let e1, e2 be an orthonormal basis for P . We can assume
that 〈S(e1), e2〉 
= 0, otherwise there is nothing to prove. Let v = e1 + ce2, w = e1 + de2,
where c, d are to be chosen. We want

〈v, w〉 = 1 + cd = 0, 〈S(v), w〉 = a22cd + (c + d)a12 + a11 = 0,

where aij = 〈S(ei), ej 〉. These equations give

c2 +
(

a11 − a22

a12

)

c − 1 = 0,

which can be solved to give the required v and w. �

The main ingredient in our proof is the following.

Key Lemma. Let (Mn, g), n ≥ 3, be a Riemannian manifold. Suppose that a − s(r) ≤
K ≤ a on Bp(R), where R ∈ (0, ∞] if a ≤ 0 and R ≤ min

{
π

2
√

a
, inj(p)

}
if a > 0. Then

A(r)

Aa(r)
≤ (1 − fa(r)

2s(r))−
n−1

2 ,
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for all r such that 1 − fa(r)
2s(r) > 0. Here

fa(r) =

⎧
⎪⎪⎨

⎪⎪⎩

1√|a| sinh(
√|a|r) if a < 0,

r if a = 0,

1√
a

sin(
√

ar) if a > 0.

Proof. Let ωn denote the volume of the unit sphere in R
n. We then have

Aa(r) = fa(r)
n−1ωn. (2.1)

We first consider the a < 0 case. By the Gauss–Codazzi equations for the curvature of
the submanifold Sp(r) at a point q ∈ Sp(r),

K̃(P ) = K(P ) + 〈S(X), X〉〈S(Y ), Y 〉 − 〈S(X), Y 〉2, (2.2)

for any 2-plane P ⊂ TqSp(r). Here {X, Y } is any orthonormal basis of P .
Now, since 〈S(X), Y 〉 = Hess(ρ)(X, Y ), we can apply the Hessian comparison theorem

to estimate the eigenvalues of S. Combining these estimates with Lemma 2.1 and using
the condition K ≥ a − s(r) in (2.2) we get

K̃ ≥ a − s(r) + |a| coth(
√

|a|r)2.

This implies that

fa(r)
2K̃ ≥ k(r) := 1 − |a|−1 sinh(

√
|a|r)2s(r). (2.3)

Let us fix an r with k(r) > 0. By ( 2.3), we can apply the Bonnet–Myers theorem to the
Riemannian manifold (N, h) = (Sp(r), fa(r)

−2g) to get

diam N ≤ πk(r)−
1
2 .

From (ii) of the volume comparison theorem, we have: volume of N = volume of

BN
p (πk(r)−

1
2 ) ≤ k(r)−

n−1
2 ωn. Here BN denotes balls in (N, h).

Since volume of N = fa(r)
−(n−1)A(r), we have A(r) ≤ fa(r)

n−1k(r)−
n−1

2 ωn. Com-
bining this with (2.1) gives the required inequality.

The proof goes through without any changes for a = 0. When a > 0, note that λ ≥
λa ≥ 0 as long as r ≤ min{ π

2a
, inj(p)}. Hence Lemma 2.1 can be applied and the rest of

the proof goes through. �

Proof of Theorems A and B. We start with the proof of Theorem A.
Since K ≤ −1, by the volume comparison theorem, the ratio F(r) = A(r)

A−1(r)
≥ 1 is a

non-decreasing function of r . By the key lemma and the hypothesis that e2r s(r) → 0 as
r → ∞, we see that limr→∞ F(r) ≤ 1. Hence F(r) = 1 for all r > 0. By the equality
part of the volume comparison theorem we obtain K = −1 on M .

The proof of Theorem B is similar. In this case the function F(r) = A(r)
Aa(r)

≥ 1 is
increasing for r ≤ R. Since K = a on ∂Bp(r), we have K ≥ a − s(r) where s(r) → 0
as r → R. Combining this with the key lemma and arguing as before, we get K = a for
r ≤ R. �
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3. Remarks

The remarks below concern the validity of the theorems under lower bounds on K .
(i) As mentioned earlier, an analogue of Theorem A for the bounds −1 ≤ K ≤

−1 + Ce−αr ≤ 0 with C > 0, α > 2 is implied by the result in [6].
(ii) Theorem B is no longer true under the bound K ≥ a. Indeed, consider the metric

g = dr2 + f (r)2g0 on the ball D = {
x: r = ‖x‖ < π

2

}
in R

n, where g0 is the standard
round metric on Sn−1 and

f (r) =

⎧
⎪⎪⎨

⎪⎪⎩

sin(r) if r < c − ε,

h(r) if c − ε ≤ r ≤ c + ε,

−r + π
2 if c + ε < r < π

2 .

Here h, ε and c are to be chosen. Let c ∈ (
0, π

2

)
be the solution to sin(r) = −r + π

2 .
Choose ε so that [c − ε, c + ε] ⊂ (

0, π
2

)
.

Let h: [c − ε, c + ε] → (0, ∞) be a smooth function with

h′′ ≤ 0 and − 1 ≤ h′ ≤ 1

which agrees (up to second order) with sin(r) at c − ε and with −r + π
2 at c + ε. Since

the sectional curvatures of the metric g = dr2 + f (r)2g0 lie between the values of

−f ′′(r)
f (r)

and
1 − f ′(r)2

f (r)2
,

we see that g has K ≥ 0 everywhere and K = 0 on ∂B0(c + ε). On the other hand, K = 1
on B0(c − ε). Hence Theorem B fails to hold.
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in Mathematics (Boston, MA: Birkhäuser Boston, Inc.) (1985) vol. 61

[2] Greene R E and Wu H, Gap theorems for noncompact Riemannian manifolds, Duke
Math. J. 49(3) (1982) 731–756

[3] Min-oo M, Scalar curvature rigidity of asymptotically hyperbolic spin manifolds, Math.
Ann. 285(4) (1989) 527–539

[4] Schoen R and Yau S-T, On the proof of the positive mass conjecture in general relativity,
Comm. Math. Phys. 65(1) (1979) 45–76

[5] Siu Y T and Yau S-T, Complete Kähler manifolds with nonpositive curvature of faster
than quadratic decay, Ann. Math. (2) 105(2) (1977) 225–264.

[6] Tian G and Shi Y, Rigidity of asymptotically hyperbolic manifolds, Comm. Math. Phys.
259(3) (2005) 545–559



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /&_NearSighted-Normal
    /AbadiMT-CondensedLight
    /AdobePiStd
    /AdobeSansMM
    /AdobeSerifMM
    /AGaramond-Italic
    /AGaramond-Regular
    /AGaramond-Semibold
    /AGaramond-SemiboldItalic
    /Aldine401BT-BoldA
    /Aldine401BT-BoldItalicA
    /Aldine401BT-ItalicA
    /Aldine401BT-RomanA
    /AmerTypewriterITCbyBT-Bold
    /AmerTypewriterITCbyBT-Medium
    /AMUDHAM
    /Anna
    /AntiqueOlive-Bold
    /AntiqueOlive-Compact
    /AntiqueOlive-Italic
    /AntiqueOlive-Roman
    /ArchitecturePlain
    /ArialAlternative
    /ArialAlternativeSymbol
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /AvantGarde-Book
    /AvantGarde-BookOblique
    /AvantGarde-Demi
    /AvantGarde-DemiOblique
    /AvantGardeITCbyBT-Book
    /AvantGardeITCbyBT-BookOblique
    /AvantGardeITCbyBT-Demi
    /AvantGardeITCbyBT-DemiOblique
    /AvantGardeITCbyBT-MediumOblique
    /BaaBookHmk
    /BaaBookHmkBold
    /BaskervilleBE-Italic
    /BaskervilleBE-Medium
    /BaskervilleBE-MediumItalic
    /BaskervilleBE-Regular
    /Baskerville-Bold
    /Baskerville-Normal
    /Baskerville-Normal-Italic
    /Benguiat-Bold
    /Benguiat-Light
    /BernhardBoldCondensedBT-Regular
    /BernhardFashionBT-Regular
    /BernhardFashionHmk
    /BernhardModernBT-Bold
    /BernhardModernBT-BoldItalic
    /BernhardModernBT-Italic
    /BernhardModernBT-Roman
    /BernhardMordern
    /BethsCuteHmkBold
    /BoogieWoogieHmk
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /Bookman-Demi
    /Bookman-DemiItalic
    /Bookman-Light
    /Bookman-LightItalic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolFive
    /BookshelfSymbolFour
    /BookshelfSymbolOne-Regular
    /BookshelfSymbolThree-Regular
    /Boton-Italic
    /Boton-Medium
    /Boton-MediumItalic
    /Boton-Regular
    /Boulevard
    /Broadway-Normal
    /CaflischScript-Bold
    /CaflischScript-Regular
    /CalistoMT
    /CarmineTango
    /CaslonNo540SwaD-Ital
    /CaslonOpenfaceBT-Regular
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchL-Bold
    /CenturySchL-BoldItal
    /CenturySchL-Ital
    /CenturySchL-Roma
    /CenturySchoolbook-Thin
    /Chancery-Bold-Bold
    /Chancery-MediumItalic-Medium-Italic
    /Chancery-Medium-Medium
    /CheltenhamBT-Bold
    /CheltenhamBT-BoldItalic
    /CheltenhamBT-Italic
    /CheltenhamBT-Roman
    /ChrisHmk
    /CMB10
    /CMBSY10
    /CMBSY5
    /CMBSY6
    /CMBSY7
    /CMBSY8
    /CMBSY9
    /CMBX10
    /CMBX12
    /CMBX5
    /CMBX6
    /CMBX7
    /CMBX8
    /CMBX9
    /CMBXSL10
    /CMBXTI10
    /CMCSC10
    /CMCSC8
    /CMCSC9
    /CMDUNH10
    /CMEX10
    /CMEX7
    /CMEX8
    /CMEX9
    /CMFF10
    /CMFI10
    /CMFIB8
    /CMINCH
    /CMITT10
    /CMMI10
    /CMMI12
    /CMMI5
    /CMMI6
    /CMMI7
    /CMMI8
    /CMMI9
    /CMMIB10
    /CMMIB5
    /CMMIB6
    /CMMIB7
    /CMMIB8
    /CMMIB9
    /CMR10
    /CMR12
    /CMR17
    /CMR5
    /CMR6
    /CMR7
    /CMR8
    /CMR9
    /CMSL10
    /CMSL12
    /CMSL8
    /CMSL9
    /CMSLTT10
    /CMSS10
    /CMSS12
    /CMSS17
    /CMSS8
    /CMSS9
    /CMSSBX10
    /CMSSDC10
    /CMSSI10
    /CMSSI12
    /CMSSI17
    /CMSSI8
    /CMSSI9
    /CMSSQ8
    /CMSSQI8
    /CMSY10
    /CMSY5
    /CMSY6
    /CMSY7
    /CMSY8
    /CMSY9
    /CMTCSC10
    /CMTEX10
    /CMTEX8
    /CMTEX9
    /CMTI10
    /CMTI12
    /CMTI7
    /CMTI8
    /CMTI9
    /CMTT10
    /CMTT12
    /CMTT8
    /CMTT9
    /CMU10
    /CMVTT10
    /ComicSansMS
    /ComicSansMS-Bold
    /CopperplateGothic-Bold
    /CopperplateGothicBT-Bold
    /CopperplateGothicBT-BoldCond
    /CopperplateGothicBT-Heavy
    /CopperplateGothicBT-Roman
    /CopperplateGothicBT-RomanCond
    /CopperplateGothic-Light
    /Cottonwood
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Courier-Oblique
    /CourierStd
    /CourierStd-Bold
    /CourierStd-BoldOblique
    /CourierStd-Oblique
    /Critter
    /CS-CharterBT-Bold
    /DesertDogHmk
    /Dingbats
    /EnglischeSchT-Bold
    /EnglischeSchT-Regu
    /EstrangeloEdessa
    /EUEX10
    /EUFB10
    /EUFB5
    /EUFB7
    /EUFM10
    /EUFM5
    /EUFM7
    /EURB10
    /EURB5
    /EURB7
    /EURM10
    /EURM5
    /EURM7
    /EuroMono-Bold
    /EuroMono-BoldItalic
    /EuroMono-Italic
    /EuroMono-Regular
    /EuroSans-Bold
    /EuroSans-BoldItalic
    /EuroSans-Italic
    /EuroSans-Regular
    /EuroSerif-Bold
    /EuroSerif-BoldItalic
    /EuroSerif-Italic
    /EuroSerif-Regular
    /EUSB10
    /EUSB5
    /EUSB7
    /EUSM10
    /EUSM5
    /EUSM7
    /ExPonto-Regular
    /FirstGrader
    /FrancineHmk
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /FultoonHmk
    /FuturaBlackBT-Regular
    /FuturaBT-Bold
    /FuturaBT-BoldCondensed
    /FuturaBT-BoldCondensedItalic
    /FuturaBT-BoldItalic
    /FuturaBT-Book
    /FuturaBT-BookItalic
    /FuturaBT-ExtraBlack
    /FuturaBT-ExtraBlackCondensed
    /FuturaBT-ExtraBlackCondItalic
    /FuturaBT-ExtraBlackItalic
    /FuturaBT-Heavy
    /FuturaBT-HeavyItalic
    /FuturaBT-Light
    /FuturaBT-LightCondensed
    /FuturaBT-LightItalic
    /FuturaBT-Medium
    /FuturaBT-MediumCondensed
    /FuturaBT-MediumItalic
    /Futura-CondensedExtraBold-Thin
    /Futura-CondensedLight-Thin
    /Futura-Condensed-Thin
    /FUTURAK
    /FuturaLtCnBT-Italic
    /FuturaMdCnBT-Italic
    /FUTURAS
    /Futura-Thin
    /Gallery
    /Garamond
    /Garamond-Bold
    /Garamond-BoldCondensed
    /Garamond-BoldCondensedItalic
    /Garamond-BookCondensed
    /Garamond-BookCondensedItalic
    /Garamond-Italic
    /GaramondITCbyBT-Bold
    /GaramondITCbyBT-BoldItalic
    /GaramondITCbyBT-Book
    /GaramondITCbyBT-BookItalic
    /Garamond-LightCondensed
    /Garamond-LightCondensedItalic
    /Garamond-Medium-Italic
    /Garamond-Normal
    /Gautami
    /GenoaRoman
    /Geometric231BT-BoldC
    /Geometric231BT-RomanC
    /Geometric415BT-BlackA
    /Geometric415BT-BlackItalicA
    /Geometric415BT-LiteA
    /Geometric415BT-LiteItalicA
    /Geometric415BT-MediumA
    /Geometric415BT-MediumItalicA
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Giddyup
    /Giddyup-Thangs
    /GillSans
    /GillSans-Bold
    /GillSans-BoldItalic
    /Goudy
    /Goudy-Bold
    /Goudy-BoldItalic
    /Goudy-ExtraBold
    /Goudy-Italic
    /GraphicLight
    /GREEKC__
    /GRMK10
    /GRMK12
    /GRMK8
    /GRMK9
    /GweetHmkBold
    /HavixHmk
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Hobo-Thin
    /Humanist521BT-ExtraBold
    /Humanist521BT-Light
    /Humanist521BT-Roman
    /Humanist521BT-RomanCondensed
    /Humanist521BT-UltraBold
    /Humanist521BT-XtraBoldCondensed
    /ICMEX10
    /ICMMI8
    /ICMSY8
    /ICMTT8
    /ILASY8
    /ILCMSS8
    /ILCMSSB8
    /ILCMSSI8
    /Impact
    /JPBR8R
    /KuenstlerScript-Black
    /LASY10
    /LASY5
    /LASY6
    /LASY7
    /LASY8
    /LASY9
    /LASYB10
    /Latha
    /LCIRCLE10
    /LCIRCLEW10
    /LCMSS8
    /LCMSSB8
    /LCMSSI8
    /LINE10
    /LINEW10
    /Lithos-Black
    /Lithos-Regular
    /LOGO10
    /LOGO8
    /LOGO9
    /LOGOBF10
    /LOGOSL10
    /LSANSUNI
    /LucidaConsole
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Bold
    /LucidaSans-BoldItalic
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MatisseITC-Regular
    /MezzMM
    /MicrosoftSansSerif
    /Minion-BoldCondensed
    /Minion-BoldCondensedItalic
    /Minion-Condensed
    /Minion-CondensedItalic
    /Minion-Ornaments
    /MinionPro-Bold
    /MinionPro-BoldIt
    /MinionPro-It
    /MinionPro-Regular
    /MSAM10
    /MSAM5
    /MSAM6
    /MSAM7
    /MSAM8
    /MSAM9
    /MSBM10
    /MSBM10A
    /MSBM5
    /MSBM6
    /MSBM7
    /MSBM8
    /MSBM9
    /MTEX
    /MTEXB
    /MTEXH
    /MT-Extra
    /MTGU
    /MTGUB
    /MTMI
    /MTMIB
    /MTMIH
    /MTMS
    /MTMSB
    /MTMUB
    /MTMUH
    /MTSY
    /MTSYB
    /MTSYH
    /MTSYN
    /MVBoli
    /Myriad-Bold
    /Myriad-BoldItalic
    /Myriad-Italic
    /MyriadPro-Bold
    /MyriadPro-BoldIt
    /MyriadPro-It
    /MyriadPro-Regular
    /Myriad-Roman
    /Myriad-Tilt
    /NeedALilly
    /NewBaskerville-Light
    /NewsGothic
    /News-Gothic-Bold
    /NewsGothicMT
    /NewsGothicMT-Bold
    /NewsGothicMT-Italic
    /News-Gothic-Normal
    /NimbusMonL-Bold
    /NimbusMonL-BoldObli
    /NimbusMonL-Regu
    /NimbusMonL-ReguObli
    /NimbusRomNo9L-Medi
    /NimbusRomNo9L-MediItal
    /NimbusRomNo9L-Regu
    /NimbusRomNo9L-ReguItal
    /NimbusSanL-Bold
    /NimbusSanL-BoldCond
    /NimbusSanL-BoldCondItal
    /NimbusSanL-BoldItal
    /NimbusSanL-Regu
    /NimbusSanL-ReguCond
    /NimbusSanL-ReguCondItal
    /NimbusSanL-ReguItal
    /Nueva-BoldExtended
    /Nueva-Roman
    /NuptialScript
    /OCRAbyBT-Regular
    /OCRAExtended
    /OCRB10PitchBT-Regular
    /OfficinaSans-Bold
    /OfficinaSans-BoldItalic
    /OfficinaSans-Book
    /OfficinaSans-BookItalic
    /OfficinaSerif-Bold
    /OfficinaSerif-BoldItalic
    /OfficinaSerif-Book
    /OfficinaSerif-BookItalic
    /OkrienHmk
    /Optima
    /Optima-Bold
    /Optima-BoldItalic
    /Optima-Italic
    /OriginalGaramondBT-BoldItalic
    /OUP1
    /Palatino-Bold
    /Palatino-BoldItalic
    /Palatino-Italic
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Palatino-Roman
    /ParisNormal
    /Poetica-ChanceryI
    /PopplLaudatio-Italic
    /PopplLaudatio-Medium
    /PopplLaudatio-MediumItalic
    /PopplLaudatio-Regular
    /Raavi
    /RMTMIB
    /RMTMIH
    /RMTMUB
    /RMTMUH
    /rsfs10
    /rsfs5
    /rsfs7
    /Sanvito-Light
    /Sanvito-Roman
    /Shruti
    /SouvenirITCbyBT-Demi
    /SouvenirITCbyBT-DemiItalic
    /SouvenirITCbyBT-Light
    /SouvenirITCbyBT-LightItalic
    /Souvenir-Light
    /SplintHmk
    /StandardSymL
    /StarbabeHmk
    /SuccotashHmk
    /SurferItalic
    /SurferNormal
    /Sylfaen
    /SYLFAEN
    /Symbol
    /SymbolMT
    /SymbolProportionalBT-Regular
    /Tahoma
    /Tahoma-Bold
    /Technical
    /TechnicalItalic
    /TechnicalPlain
    /TektonMM
    /TempusSansITC
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Italic
    /TimesNewRomanPS
    /TimesNewRomanPS-Bold
    /TimesNewRomanPS-BoldItalic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-Italic
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Oblique
    /Times-Roman
    /Times-RomanSmallCaps
    /Times-Sc
    /Times-SCB
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /TrotsLight-HMK
    /TT0140M
    /TT0141M
    /Tunga-Regular
    /TwizotHmk
    /Univers
    /Univers-Bold
    /Univers-BoldItalic
    /Univers-Italic
    /Upsilon
    /URWBookmanL-DemiBold
    /URWBookmanL-DemiBoldItal
    /URWBookmanL-Ligh
    /URWBookmanL-LighItal
    /URWChanceryL-MediItal
    /URWGothicL-Book
    /URWGothicL-BookObli
    /URWGothicL-Demi
    /URWGothicL-DemiObli
    /URWPalladioL-Bold
    /URWPalladioL-BoldItal
    /URWPalladioL-Ital
    /URWPalladioL-Roma
    /Utopia-Italic
    /Utopia-Regular
    /Utopia-Semibold
    /Utopia-SemiboldItalic
    /VAGRounded-Black
    /VAGRounded-Bold
    /VAGRounded-Light
    /VAGRounded-Thin
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Viva-BoldExtraExtended
    /Viva-Regular
    /WallowHmk
    /Webdings
    /Westminster
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /WNCYB10
    /WNCYI10
    /WNCYR10
    /WNCYSC10
    /WNCYSS10
    /WoodtypeOrnaments-One
    /XYATIP10
    /XYBSQL10
    /XYBTIP10
    /XYCIRC10
    /XYCMAT10
    /XYCMBT10
    /XYDASH10
    /XYEUAT10
    /XYEUBT10
    /YearbookSolid
    /zapfchancery-Thin-Italic
    /ZapfDingbats
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


