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Abstract. Let R be a (not necessarily local) Noetherian ring and M a finitely generated
R-module of finite dimension d. Let a be an ideal of R and 99 denote the intersection
of all prime ideals p € Suppy HS (M). It is shown that

H{ (M) 2 Hig (M)} () (O0: g yy,0")
neN

where for an Artinian R-module A we put (M)A = N,xIN"A. As a consequence, it
is proved that for all ideals a of R, there are only finitely many non-isomorphic top
local cohomology modules HY (M) having the same support. In addition, we establish
an analogue of the Lichtenbaum—Hartshorne vanishing theorem over rings that need not
be local.

Keywords. Artinian modules; attached prime ideals; cohomological dimension; form-
ally isolated; local cohomology; secondary representations.

1. Introduction

Throughout this paper, let R denote a commutative Noetherian ring. Let M be a finitely
generated R-module of finite dimension d and a an ideal of R. The present article is con-
cerned with the top local cohomology module Hé’ (M). We refer the reader to [3] for more
details about local cohomology. By Grothendieck’s vanishing theorem (Theorem 6.1.2 of
[3]), it is known that Hé(M) =0foralli > dim M. So Hg (M) is the last possible non-
vanishing local cohomology module of M. Also, by Exercise 7.1.7 of [3] the top local
cohomology module H‘f (M) is Artinian. There are many papers concerning the top local
cohomology modules of finitely generated modules over local rings. But, as per the know-
ledge of the author, [2] and [4] are the only existing articles studying such local cohomology
modules over general Noetherian rings. In this paper, we investigate the structure of the
top local cohomology modules of finitely generated modules over rings that need not be
local.

When R is local with maximal ideal m, it is proved that there is a natural iso-
morphism HI (M) =~ Hrﬁ(M)/EneN(m)(O:Hé{(M)a”), see Theorem 3.2 of [10]. As a
result, in [10] a new proof is provided for the Lichtenbaum—-Hartshorne vanish-
ing theorem. In §2, we establish an analogue of the above isomorphism over rings
that are not necessarily local. To be more precise, we will prove that if 9t denotes
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the intersection of all prime ideals p € Suppp Hgl (M), then there is a natural
isomorphism

HY (M) ~ H%(M)/Z(W)(O:H%(M)a”).
neN

This will be proved in Theorem 2.3.

Knowing more about Attg Hgl (M), the set of attached primes of Hé’ (M), could lead
to a better understanding of the structure of the top local cohomology module Hgl (M).
In particular, knowing Attg Hg (M) implies vanishing results for Hc‘f(M ). In case R is
local, the set Attg Hc‘f(M ) is already determined (see e.g. [18, 10, 6]). In Theorem 2.5
below, we determine the set Attg Hf (M) without the assumption that R is local, namely
we show that

Attg HY (M) = {p € Asshg M: cdg(a, R/p) = d}.

(Here for an R-module N, cdg(a, N) denotes the cohomological dimension of N with
respect to the ideal a.) Then as an application, we provide an improvement of the main
result of [2]. Next, for a finitely generated R-module N so that H{(N), ¢ := cdg(a, N),
is representable, we examine the set Attg HS(N).

In §3, first we show that for all ideals a of R, there are only finitely many non-isomorphic
top local cohomology modules Hgl (M) having the same support. Next, as an application
of Theorems 2.3 and 2.5, we extend the Lichtenbaum—Hartshorne vanishing theorem to
(not necessarily local) Noetherian rings. Namely, we prove that if 91 is as above and T
denotes the 1-adic completion of R, then the following are equivalent:

() HZ(M) =0.
(i) HL(M) =3, cn(O)(0: 1 () &")-
(iii) For any integer / € N, there exists an n = n(l) € N such that

O:Hgn(M)al S (O O: g (41 a").

@(iv) dimT/aT 4+ p > Oforall p € Asshy (M Qg T).
(v) cdg(a, R/p) < d forall p € Asshg M.

Throughout the paper, for an R-module M, Asshg M denotes the set of all associated
prime ideals p of M such that dim R/p = dim M. Also, for an Artinian R-module A, we
denote [,y @ A by (a)A.

2. Attached prime ideals

A nonzero R-module S is called secondary if for each x € R the multiplication map
induced by x on S is either surjective or nilpotent. If S is secondary, then the ideal p :=
Rad(Anng §) isaprimeideal and S is called p-secondary. For an R-module M, a secondary
representation of M is an expression for M as a sum of finitely many secondary submodules
of M. An R-module M is said to be representable if it has a secondary representation.
From any secondary representation for an R-module M, one can obtain other one, say
M = S; + --- 4+ S, such that the prime ideals p; := Rad(Anng S;),i = 1,...,n are all
distinct and S 5Z ;xS forall j =1,...,n. Such a secondary representation for M is
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said to be minimal. It is shown that set {p1, ..., p,} is independent of the chosen minimal
secondary representation for M. This set is denoted by Attg M and each element of this
set is said to be an attached prime ideal of M. It is known that a representable R-module M
is zero if and only if Attg M = & and that if 0 — N — M — L —> 0 is an exact
sequence of representable R-modules and R-homomorphisms, then Attg L C Attg M C
Attg N U Attg L. Also, it is known that any Artinian R-module is representable. For
more information about the theory of secondary representations, see [12] or §6, Appendix
of [14].

Lemma 2.1.

(i) Let f: R —> U be a ring homomorphism and M a representable U-module. Then

M is also representable as an R-module and Attg M = {f_l(p): p € Atty M}.

(ii) Let A be an Artinian R-module. Then Suppy A equals Assg A and is a finite subset of
Max R. Moreover, if Suppr A = {my, ..., m;}, then the natural R-homomorphism
Vi A — @®)_ A, is an isomorphism. In particular, Attg A = U§=1 Attg Ap,.

(iii) Let my, ..., m; be distinct maximal ideals of R and Ay, ..., A; Artinian R-modules
such that Suppp A; = {m;} foralli =1,...,t. Let A = @leAi. Then for any ideal
a of R such that a C 9 := ﬂ?zlmi, there is a natural isomorphism

A ! A;

~

onen (M) (0:a07) ,-G:?Z%N(mﬂ(om,- an)’

Proof.

(1) holds by Proposition 4.1 of [15].

(i1) The first assertion of (ii) holds by Exercises 8.49 and 9.43 of [17]. Now, we are
going to prove the second assertion of (ii). It follows by Exercise 8.49 of [17], that
A= @l’.:lr‘mi (A). This yields that for each i, Ay, >~ I'm,;(A), and so Ay, as an
R-module, is supported only at the maximal ideal m;. So Y: Ay —> (69;: 1Am)m
is an isomorphism for any maximal ideal m of R. Thus ¥ is an isomorphism, as
claimed. Finally, the last assertion of (ii) is immediate by (i) and the fact that for any
given finitely many secondary representable R-modules My, ..., M;, the direct sum
@®!_, M, is also representable and

t t
Attp (@Ml> = UAttR M;.
i=1 i=1

(iii) First note that Ay,, >~ A; foralli = 1,...,¢. If {B;};cn is an ascending chain of
submodules of an R-module B, then the direct limit of {B/B;}ien is B/ ) _; N Bi
Thus in view of (ii), we have the following isomorphisms:

A . A

~ i

Y onen (M) (0:4a7) =7 (M) (0:4a™)

3

%%

3

li

(L) @._.@<L>
2 | LI O:a0m) /iy (M) (0:40") ),

|
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12

lim [—Al P ]
=7 L{m1)(0:4,a") (m;)(0:4,0™)

Gj[h (m;) (OA a”)]

n

IZ

A
Y e (mi)(0:4,am)

[

i=1

Remark 2.2.

(i) Let a be an ideal of R. For a prime ideal p of R, we say that a is formally isolated at
pif a C p and if there is some prime ideal p* of ﬁp such that dim }?p/p* = ht(p) and
dim I?,, / ulép + p* = 0. Assume that R has finite dimension d, and let P, denote the
set of all prime ideals p such that it (p) = d and such that a is formally isolated at p.
Then, by Theorem 3.3(b) of [2] for any finitely generated faithful R-module M, we
have Suppy Hcfl (M) =P,

(i1) Let M be a finitely generated R-module of finite dimension d. Let Pq s denote the
set of all p € Var(Anng M + a) such that there is some prime p* € Supp A, Mp such

that dim Iép /p* = d and dim Iép / alép + p* = 0. Then, by adapting the method of the
proof of Theorem 3.3(b) of [2], one can easily deduce that Suppp Hf(M ) = Pam.
Also, in Corollary 4.1 below, we establish another characterization of Pq p.

In the remainder of the paper, for a finitely generated R-module M of finite dimension
d and an ideal a of R, let Pq pr be as in Remark 2.2(i1).

Theorem 2.3. Let a be anideal of R, M a finitely generated R-module of finite dimension
d and M = ﬂpePu P There is a natural isomorphism

HY (M) ~ Hm(M)/ M) (0: ya (410"
neN

Proof. By Remark 2.2(ii), we have Suppg HY(M) = Py u. Let Suppgr HI (M) =
{my, ..., m;} and for each i denote the local ring Ry, by R;.

Let a be an ideal of a local ring (U, n). By Theorem 3.2 of [10], it turns out that for any
finitely generated U-module M, there is a natural isomorphism

HY (M) ~ Hd(M)/ ) (0: a4, 0™,
neN

where d = dim M. Observe that by the flat base change theorem (Theorem 4.3.2 of [3])
and Lemma 2.1(ii) the modules Hd R (My,) and Hd (M) are isomorphic forall1 <i <t.
Therefore applying Lemma 2.1(11) again, prov1des the following isomorphisms:

H (M) ~ @H (M)
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~ T HndliRi (Mmi)
i=1 ZneN (mi Ri)(OZHT!Tii R: (Mml_)a" Rl)

A HE (M)

e ZneN(mi)(O:Hgi an"

On the other hand, the Mayer—Vietoris sequence for local cohomology (Theorem 3.2.3 of
[3]) yields the following isomorphism:

t
HG (M) ~ @D H, (M).
i=1

This finishes the proof, by Lemma 2.1(iii). |

Recall that for an R-module M, the cohomological dimension of M with respect to
an ideal a of R is defined as cdr(a, M) := sup{i € Np: Hé(M) # 0}. It is appro-
priate to list some basic properties of this notion. First of all note that, it is immediate
by Grothendieck’s vanishing theorem, that cdg(a, M) < dim M. Next, note that if V
is a multiplicative subset of R, then it becomes clear by the flat base change theorem,
that cdy—1x(aV~'R, V=IM) < cdg(a, M). Also, if M and L are two finitely gene-
rated R-modules such that Suppp L < Suppp M, then Theorem 2.2 of [9] implies that
cdgr(a, L) < cdgr(a, M). For further details concerning this notion, we refer the reader to
[11] and [9].

Lemma 2.4. Let a be an ideal of a local ring (R, m) and d a natural number. For any
prime ideal p of R such that dim R/p < d, the following are equivalent:

() cdg(a, R/p) =d. . R
(i) p is the contraction to R of a prime ideal p* of R such that dim R/p* = d and
dim R/aR +p* = 0.

Proof. Let M be afinitely generated R-module of dimension d. Then by the Lichtenbaum-—
Hartshorne vanishing theorem, it turns out that Hgl (M) # 0 if and only if there exists

p* € Assh, M such that dim I%/a]% + p* = 0 (see e.g. Corollary 3.4 of [10]). Assume
that (i) holds. Then HY(R/p) # 0, and so there exists p* € Asshz(R/pR) such that

dim R / aR+ p* = 0. Since H;’ (R/p) # 0, by Grothendieck’s vanishing theorem, we have
dim R/p = d. Thus

dim R/p* = dim R/pR = d.
On the other hand, by Theorem 23.2(i) of [14], we have
{p) = Assr(R/p) = (Q N R: Q € Assz(R/pR)).
Hence p = p* N R, and so (ii) follows.
Now, assume that (ii) holds. We have

d > dim R/p = dim R/pR > dim R/p* = d.

So dim R/p = d. In particular, p* is minimal over pﬁ, and so p* € Asshﬁ(lé/plé). Thus
Hf(R /p) # 0, by the Lichtenbaum—Hartshorne vanishing theorem (its statement being
commented in the beginning of the proof). Therefore cdg(a, R/p) = d, as required. W
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The following extends the main result of [6] to general Noetherian rings.

Theorem 2.5 (see Theorem 1.2 of [4]). Let a be an ideal of R and M a finitely generated
R-module of finite dimension d. Then

Attg HY (M) = {p € Asshg M: cdg(a, R/p) = d}.

Proof. Assume that Supp g Hc‘f (M) = {my, ..., m;}. Then by the flat base change theorem
and Lemma 2.1(ii), it follows that

t
Attg HY (M) = |_J Attg Hiji (My,).
i=1
In the remainder of the proof, we will use this equality without further comment.

Let M be a finitely generated module over a local ring (U, n). Then by Corollary 3.3
of [10] for any ideal a of U, Atty Hc‘lhmM(M) consists of all p € Assh; M such that

dimU/aU +p=0.Fix 1 <i < 1. Since
Hilp, (Mw,) = (H (M), # 0,
we have dim My,, = d. It now follows, by Lemma 2.1(i) and Lemma 2.4 that
Attg,, Hip, (Mw,)
={QNRm;: Q € Asshy My, dim Ry, /a R, + O = 0}
= {pRm, € AsshRmi My, : CdRmi (aRw;, Rm;/PRw,) = d}.
Because dim My, = dim M = d and
AssRmi My, = {pRm,:p S m; and p € Assg M},

it follows that Asshg,, Mm, consists of all prime ideals pRm; € Assg,, M, such that
p € Asshr M. Hence, if p € Attg Hg(M), then p € Asshg M and cdg(a, R/p) =d.
Conversely, assume that p € Asshg M is such that cdg(a, R/p) = d. Let m €
Suppgr Hg(R/p). Then Hng (Rm/pRyw) # 0, and so dim Ry, /pRm = d. Hence, we have
cdr, (aRy, Ru/pRw) = d and pRy, € Asshp, My. By Lemma 2.4, pRy, is the contrac-
tion to Ry, of a prime ideal p* of IémAsuch that dim Ry /p* = d and dim Ry /a Ry +p* = 0.
It is easy to see that p* € Assh Ru M, and so by Lemma 2.1(i) and the above mentioned
result of [10], it turns out that pRy, € Attg,, Hme(Mm). Hence p € Attg Hg!(M), by

using Lemma 2.1(i) again. Note that, since Attg Héi (M), is not empty, it follows that
m € Suppg HI(M). [

Example 2.6. In Corollary 3.3 of [8], the fact that the top local cohomology modules of
finitely generated modules of finite dimension are Artinian is extended to a strictly larger
class of modules. Namely, it is shown that if a is an ideal of R and M a Z D-module
of finite dimension d such that the a-relative Goldie dimension of any quotient of M is
finite, then Hg (M) is Artinian. It would be interesting to know whether the conclusion
of Theorem 2.5 remains valid for this larger class of modules. Unfortunately, this is not
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the case, even if R is local. To this end, let (R, m) be a local ring with dim R > 0. Take
a =mand M = E(R/m), the injective envelope of the residue field of R. Then M is a
Z D-module and the a-relative Goldie dimension of any quotient of M is finite. We have

Attg HO(M) = Attg M = Assg R,
while the maximal ideal m is the only element of the set
{p € Asshg M: cdgr(a, R/p) = 0}.

As a corollary to Theorem 2.5, we present an improvement of the main result of [2].
In the sequel, let P, be as in Remark 2.2(i).

COROLLARY 2.7
Let a and b be two ideals of R and assume that R /b has finite dimension d. Then

(i) Pa,r/p = {m € Max R: 3p € Asshg(R/b) such that p € m andcdg, (aRy, Rm/
pRw) = d}. In particular, if R has finite dimension d, then

Po = {m € Max R: Ip € Asshg R such that p Cm and
cdg, (aRm, Rm/pRn) = d}.

(i) For any finitely generated R-module M such that Asshg M = Asshgr(R/b), we have
Suppp Hf(M) = Pa,r/6- In particular, Py gy is a finite set.

(i) If d > 0O (see Theorem 1.3(g) of [4]), then for any M as in (ii), the Ry-module
(Hél (M))w is not finitely generated for all m € Pqy g/p.

Proof. First, it should be noted that P, = P, r. By Remark 2.2(ii), we have
Suppr Hg (R/b) = Py rse. Hence, to prove (i) and (ii), it will be enough to show that
for any finitely generated R-module M with Asshg M = Asshg(R/b), Suppp Hél (M)
consists of all maximal ideals m of R such that there exists a prime ideal p € Asshg(R/b)
with p C m and cdg,(aRm, Rm/pPRn) = d. Assume that M is a finitely gene-
rated R-module with Asshg M = Asshgr(R/b), and let m € Suppg Hf(M). Then
H me (My) # 0, and so by Theorem 2.5, there exists a prime ideal Q € Asshg,, My, such
that cdg,, (aRm, Rm/Q) = d. But, then there exists a prime ideal p € m of R such that
QO = pRy. As we have seen in the proof of Theorem 2.5, Q € Asshg,, My, implies that

p € Asshg M = Asshgr(R/b).

Conversely, let m be a maximal ideal of R such that there exists a prime ideal p €
Asshp(R/b) withp C mandcdg, (aRn, Rn/pRm) = d.Since Var(pRy,) < SuppRm My,
by Theorem 2.2 of [9], it turns out that cdg, (aRm, Mw) = d. But, this implies that
m € Suppp Hgl(M).

To prove (iii), let m € Pq g/p. Then by part (ii), we deduce that H me (My,) # 0. Hence,
Lemma 2.1 of [2] yields that the Ry,-module (Hc‘f(M ))m is not finitely generated. |

Remark 2.8.

(i) Let M and N be two finitely generated R-modules of finite dimension d so
that Asshg N = Asshg M. Having in mind Theorem 2.5, it becomes clear
that Attg HY(N) = Attg HY(M). Also, it follows by Corollary 2.7(ii) that
Suppp Hf(N) = Suppp Hc‘f(M). In particular, Hg(N) = 0 if and only if
HY (M) = 0.
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(i) Let R be a ring of finite dimension d and a an ideal of R. Also, let M be a finitely
generated R-module. If M is faithful, then it follows by Theorem 3.3(b) of [2] that
Suppp Hgl (M) = Pq. It is perhaps worth pointing out that by part (i), this conclusion
for M remains valid under the weaker assumption that Asshg M = Asshg R.

The following lemma will be needed in the proof of our last result in this section.

Lemma 2.9. Let a and b be two ideals of R and ¢ a natural number. Assume that M is a
finitely generated R-module suchthat cdg(a, M) < c. Then there is a natural isomorphism

HE(M/bM) ~ HE(M)/bHE(M).

Proof. Let U = R/ Anng M. Since Suppp U = Suppg M, it follows by Theorem 2.2 of
[9], that HC"U(U) = 0foralli > c. Hence H;'U(~) is a right exact functor on the category
of U-modules and U-homomorphisms. Thus

HE(M/bM) ~ HS, (U) ®y M/bM
~ (HSy(U) ®y M) ® R/b

~ H{(M)/bH(M). -
Theorem 2.10. Let a be an ideal of R and M a finitely generated R-module such that
¢ := cdp(a, M) # —oo. Let 20 be the set of all p € Suppr M such that dim R/p =
cdr(a, R/p) =cand X := W N Assg M.

(i) If b := Npexb, then Po g/p S Suppg HS(M).
(ii) If H (M) is representable, then X C Attg H{(M).
(iil) Assume that H{ (M) is representable. If p € Attg HS (M) is such that dim R/p = c,
then p € 20.

Proof. By p. 263, Proposition 4 of [1], there is a submodule N of M such that
Assg(M/N) = X. In particular, dim M/N = c. Since Suppg N C Suppg M, by Theo-
rem 2.2 of [9], we have H (N) = 0 for all i > c. Thus, the exact sequence

O—N—M— M/N—0
provides the following exact sequence of local cohomology modules
-vo—> H{(N) — H;(M) — H;(M/N) — 0.

Thus Suppp H{(M/N) < Suppp H{(M), and so (i) follows by Corollary 2.7(ii).
If HS (M) is representable, then the above exact sequence implies that Attg H{(M/N) C
Attg H{(M), and so (ii) follows by Theorem 2.5.

Next, we prove (iii). Let p € Attg HS (M) be such that dim R/p = c. By 2.5 of [12],
there is a submodule N of HS (M) suchthatp = N:g H{(M).Hence pH;(M) € N, and so
by Lemma 2.9, it turns out that HS (M) /N is isomorphic to a quotient of HS (M /pM). Now,
by the independence theorem (Theorem 4.2.1 of [3]), we have the following isomorphisms:

HE(M/pM) = Hep, (M /pM)
~ Hpy(R/P) @y M/pM

~ Hy(R/p) ®r M.
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Thus HS (M /pM) is Artinian and p € Attg HS (M /pM). Because, by Corollary 3.3 of [7]
for an Artinian R-module A and a finitely generated R-module N, we have

Attp(A ®gr N) = Attg AN Suppp N

the conclusion follows by Theorem 2.5. ]

3. Lichtenbaum-Hartshorne vanishing theorem

Let the situation be as in Theorem 2.5. In the case that the ideal a is the intersection of
finitely many maximal ideals of R, we can find a better description of the set Attg H, gl (M).
We do this in the next result. The last assertion of this result might be considered as the
generalization of Grothendieck’s non-vanishing theorem to semi-local rings.

PROPOSITION 3.1
Assume that my, ..., m; are maximal ideals of R and M a finitely generated nonzero
R-module of finite dimension d. Let a = ﬂ§=1 m;. Then

m
Attp Hf(M) = {p € Asshg M:31 <i <t suchthat p Cm; and ht?’ =d}.
In particular, if R is semi-local with the only maximal ideals my, ..., m;, then
Attg HY (M) = Asshg M, and so HS (M) # 0.

Proof. Let1 < i < t. Since Suppp Hn‘{i (M) € {m;}, by Lemma 2.1(ii) and the flat base
change theorem, it turns out that Hndw (M) ~ Hrﬁi Ry, (Mm;). Hence, applying the Mayer—
Vietoris sequence for local cohomology provides the following natural isomorphisms

13
HY (M) ~ EPHG, (M) ~ @ s Ry (M.
i=1

By Theorem 2.2 of [13], for a finitely generated module M over alocal ring (U, n), we have
Atty Hf (M) = Asshy M, where d = dim M. Thus by Lemma 2.1(i), we conclude that

Attg HY (M) = U{p € Asshg M: PRy, € Asshg, My, and dim Ry, /pRu, = d)
i=1

:{peAsshRM:Ellfigt such that p € m; and ht%:d}.

The last assertion is immediate by the first one. |

Remark 3.2. Let A be an Artinian R-module. Suppose that Suppr A = {my, ..., m;} and
put 9 = N!_ m;. Let T denote the 9-adic completion of R.

(i) Sharp [16] showed that A has a natural structure as amodule over T.Let0: R — T
denote the natural ring homomorphism. The 7T-module structure of A is such that
for any element r € R the multiplication by r on A has the same effect as the
multiplication of 6(r) € T. Furthermore, a subset of A is an R-submodule of A if
and only if it is a T-submodule of A.
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(i) Let a € b denote two ideals of R and B := X, cN(b)(0:4a™). By Theorem 2.4 of
[10], the following are equivalent:

(a) For any / € N, there is an integer n = n([) such that 0: 49" € (b)(0: 4a™).
(b) B =A.
(c) Rad(p 4+ aT) & Rad(p + bT) for all p € Attr A.

(iii) Leta, b and B be as in (ii), and let A = S| + - - - + S, be a minimal secondary repre-
sentation of A as a T-module. We can order the elements of Attr A = {py, ..., P}
such that for an integer 0 </ < n, Rad(p; +aT) & Rad(p; +bT) forall 1 <i </,
while Rad(p; +aT) = Rad(p; + bT) forall/+1 <i <n.Then S; +---+ Sjisa
minimal secondary representation of B. This follows by Theorem 2.8 of [10]. Also, it
is aroutine check to see that X/, | (S; + B)/ B is a minimal secondary representation

of A/B as a T-module.

Theorem 3.3. Let M be a finitely generated R-module of finite dimension d and P a finite
subset of Max R. Let MM = Npepm and T denote the M-adic completion of R.

(i) Let a and b be two ideals of R such that Po,y = Po.m = P. If either a C b or
Atty Hg (M) C Attr Hg(M), then Hgl(M) is isomorphic to a quotient obed (M).
(i) Let a and b be as in (i). If Atty HS (M) = Atty HY (M), then HZ (M) ~ H{ (M).
(iii) For all ideals ¢ of R, there are at most 223"t MOrDI pon_isomorphic top local
cohomology modules th(M) such that Suppp Hcd (M) ="P.

Proof. Let A = Hg (M),
B = (M)(0:4a")
neN
and
By =) (M) (0:4b").
neN

Then, Theorem 2.3 yields the natural isomorphisms H;’ (M) ~ A/B; and Hg M) ~
A/By.Let A = S1 +---+ S, be a minimal secondary representation of A as a T-module
and set
3; = Atty A\ Attr (A/B;)

for j =1, 2. Then by Remark 3.2(iii), B; = 2p1€3,~ S; for j = 1, 2. Thus, if eithera € b or
Atty Hf(M) C Atty Hél(M), then B, C By, and so Hf(M) is isomorphic to a quotient of
HE(M). Also, if Atty HI (M) = Atty HY (M), then By = B,, and so HY (M) ~ HZ(M).

Next, we are going to prove (iii). Since 7 and Hmepfém are isomorphic as R-modules,

by the flat base change theorem and Remark 3.2(i) we have the following isomorphisms
of T-modules:

Hr (M @g T) =~ Hipy(M) ®g T =~ HE (M).

Next, as 9T is the intersection of all maximal ideals of the semi-local ring 7', it follows
by Proposition 3.1 that

Attr H{y(M) = Atty Hyr (M ®g T) = Asshr (M ®g T).

Now, the claim follows by part (ii). |
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As an immediate application of Theorem 3.3, we deduce Theorem 1.6 and Proposi-
tion 1.5 of [5].

COROLLARY 3.4

Let a and b be two ideals of a local ring (R, m) and M a finitely generated R-module. Let
d =dim M.

(i) If either a € b or Aty HI (M) € Aty HI (M), then HE(M) is isomorphic to a
quotient of H[fl (M).
(i) If Atty HI(M) = Aty HE (M), then H (M) ~ H{ (M)
(iii) The number of non-isomorphic top local cohomology modules Hcd (M) is at most
2l Asshiz ] for all ideals ¢ of R.

Example 3.5. It might be of interest to ask whether one can replace R by R in Coro-
llary 3.4(ii). But, as we show in the sequel, this is not the case. To this end, we use an example
of Brodmann and Sharp (see Exercise 8.2.9 of [3]). Let K be a field of characteristic 0.
Let R := K[X,Y,Z],w' := (X,Y,Z)and b = (Y2 — X? — X?). Set R := (R'/b)w/p
and let p denote the extension of the ideal

X+Y—-YZ, (Z-1D*X+1D -1

of R'to R. Asitis mentipned in Exercise 8.2.9 of [3], it foAllowAs that R is a 2-dimensional
local domain and that pR is a prime ideal of R with dim R/pR = 1. Also, it follows that
sz(R) # 0 (see again Exercise 8.2.9 of [3]). So Att, HpZ(R) is not empty. Now, let p*

be a minimal associated prime ideal of R such that p* C pﬁ. Then the inclusion must be
strict, because otherwise we would have

p=pRNR=p*"NReAssg R={0)},

a contradiction. This yields that dim R /p* =2, and so p* € Asshp R. On the other hand,
we have

dim R/pR + p* = dim R/pR = 1.

Hence p* does not belong to Att B Hp2(R). Thus, if m denotes the maximal ideal of the
local ring R, then

2 2 D
0 # Aty HX(R) G Attz HZ(R) = Asshy R.

In particular, it becomes clear that HPZ(R) and Hn%(R) are not isomorphic. On the other
hand, we have

Attg Hy (R) = Attg H(R) = {(0)}.
We therefore conclude that it is not possible to replace R by R in Corollary 3.4(ii).

The following is an analogue of the Lichtenbaum—Hartshorne vanishing theorem for
general Noetherian rings.
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Theorem 3.6. Let a be an ideal of R and M a finitely generated R-module of finite
dimension d. Let MM = nmePu , mand T denote the 9M-adic completion of R. Then the
following are equivalent:

(i) HI(M) = 0.
(i) HE.M) =3, (0)(0: Hg on @)
(iii) For any integerl € N, there exists an n = n(l) € N such that

O:H%(M)al - (Sﬁ)(O:H%z(M)a").

@(iv) dimT/aT +p > Oforallp € Asshy (M Qg T).
(v) cdg(a, R/p) < d forall p € Asshr M.

Proof. Letyp € Asshr (M @g T). Then, itis easy to see that dim 7'/aT +p > 0 if and only
if Rad(p+a7) & Rad(p +9NT). Therefore, the equivalence of the conditions (i), (ii) and
(iv) is clear by Theorem 2.3 and Remark 3.2(ii). Note that in the proof of Theorem 3.3,
we have seen that Atty Hgﬁ(M) = Asshy (M ®r T).

Since a C 91, any element of Hz)%t(M ) is annihilated by some power of a. Thus (iii) =
(ii) becomes clear.

(i) = (iii). Let A = Hg.(M) and [ a fixed natural number. Then (0:4a’)/(9) (0:4a')
is a Noetherian R-module and so the sequence {(0: 4 ah) N (M) (0: 4a™)}nen satisfies the
ascending chain condition. Thus, it follows by Lemma 2.1 of [10] that (ii) implies (iii).

By Grothendieck’s vanishing theorem, it turns out that cdg(a, R/p) < d for all p €
Suppr M. Therefore, the equivalence (i) and (v) is immediate by Theorem 2.5. [ |
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