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Abstract. LetR be a (not necessarily local) Noetherian ring andM a finitely generated
R-module of finite dimension d . Let a be an ideal of R and M denote the intersection
of all prime ideals p ∈ SuppR H

d
a (M). It is shown that

Hd
a (M) � Hd

M(M)/
∑

n∈N
〈M〉(0:

Hd
M
(M)

an),

where for an Artinian R-module A we put 〈M〉A = ∩n∈NMnA. As a consequence, it
is proved that for all ideals a of R, there are only finitely many non-isomorphic top
local cohomology modules Hd

a (M) having the same support. In addition, we establish
an analogue of the Lichtenbaum–Hartshorne vanishing theorem over rings that need not
be local.

Keywords. Artinian modules; attached prime ideals; cohomological dimension; form-
ally isolated; local cohomology; secondary representations.

1. Introduction

Throughout this paper, let R denote a commutative Noetherian ring. Let M be a finitely
generated R-module of finite dimension d and a an ideal of R. The present article is con-
cerned with the top local cohomology moduleHd

a (M). We refer the reader to [3] for more
details about local cohomology. By Grothendieck’s vanishing theorem (Theorem 6.1.2 of
[3]), it is known that Hi

a(M) = 0 for all i > dimM . So Hd
a (M) is the last possible non-

vanishing local cohomology module of M . Also, by Exercise 7.1.7 of [3] the top local
cohomology module Hd

a (M) is Artinian. There are many papers concerning the top local
cohomology modules of finitely generated modules over local rings. But, as per the know-
ledge of the author, [2] and [4] are the only existing articles studying such local cohomology
modules over general Noetherian rings. In this paper, we investigate the structure of the
top local cohomology modules of finitely generated modules over rings that need not be
local.

When R is local with maximal ideal m, it is proved that there is a natural iso-
morphism Hd

a (M) � Hd
m(M)/�n∈N〈m〉(0:Hd

m(M)
an), see Theorem 3.2 of [10]. As a

result, in [10] a new proof is provided for the Lichtenbaum–Hartshorne vanish-
ing theorem. In §2, we establish an analogue of the above isomorphism over rings
that are not necessarily local. To be more precise, we will prove that if M denotes
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the intersection of all prime ideals p ∈ SuppR H
d
a (M), then there is a natural

isomorphism

Hd
a (M) � Hd

M(M)/
∑

n∈N
〈M〉(0:Hd

M(M)
an).

This will be proved in Theorem 2.3.
Knowing more about AttR Hd

a (M), the set of attached primes of Hd
a (M), could lead

to a better understanding of the structure of the top local cohomology module Hd
a (M).

In particular, knowing AttR Hd
a (M) implies vanishing results for Hd

a (M). In case R is
local, the set AttR Hd

a (M) is already determined (see e.g. [18, 10, 6]). In Theorem 2.5
below, we determine the set AttR Hd

a (M) without the assumption that R is local, namely
we show that

AttR H
d
a (M) = {p ∈ AsshR M: cdR(a, R/p) = d}.

(Here for an R-module N , cdR(a, N) denotes the cohomological dimension of N with
respect to the ideal a.) Then as an application, we provide an improvement of the main
result of [2]. Next, for a finitely generated R-module N so that Hc

a (N), c := cdR(a, N),
is representable, we examine the set AttR Hc

a (N).
In §3, first we show that for all ideals a ofR, there are only finitely many non-isomorphic

top local cohomology modules Hd
a (M) having the same support. Next, as an application

of Theorems 2.3 and 2.5, we extend the Lichtenbaum–Hartshorne vanishing theorem to
(not necessarily local) Noetherian rings. Namely, we prove that if M is as above and T
denotes the M-adic completion of R, then the following are equivalent:

(i) Hd
a (M) = 0.

(ii) Hd
M(M) = ∑

n∈N〈M〉(0:Hd
M(M)

an).

(iii) For any integer l ∈ N, there exists an n = n(l) ∈ N such that

0:Hd
M(M)

al ⊆ 〈M〉(0:Hd
M(M)

an).

(iv) dim T/aT + p > 0 for all p ∈ AsshT (M ⊗R T ).
(v) cdR(a, R/p) < d for all p ∈ AsshR M .

Throughout the paper, for an R-module M , AsshR M denotes the set of all associated
prime ideals p of M such that dimR/p = dimM . Also, for an Artinian R-module A, we
denote

⋂
n∈N anA by 〈a〉A.

2. Attached prime ideals

A nonzero R-module S is called secondary if for each x ∈ R the multiplication map
induced by x on S is either surjective or nilpotent. If S is secondary, then the ideal p :=
Rad(AnnR S) is a prime ideal andS is called p-secondary. For anR-moduleM , a secondary
representation ofM is an expression forM as a sum of finitely many secondary submodules
of M . An R-module M is said to be representable if it has a secondary representation.
From any secondary representation for an R-module M , one can obtain other one, say
M = S1 + · · · + Sn such that the prime ideals pi := Rad(AnnR Si), i = 1, . . . , n are all
distinct and Sj � �i 	=j Si for all j = 1, . . . , n. Such a secondary representation for M is
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said to be minimal. It is shown that set {p1, . . . , pn} is independent of the chosen minimal
secondary representation for M . This set is denoted by AttR M and each element of this
set is said to be an attached prime ideal ofM . It is known that a representableR-moduleM
is zero if and only if AttR M = ∅ and that if 0 −→ N −→ M −→ L −→ 0 is an exact
sequence of representable R-modules and R-homomorphisms, then AttR L ⊆ AttR M ⊆
AttR N ∪ AttR L. Also, it is known that any Artinian R-module is representable. For
more information about the theory of secondary representations, see [12] or §6, Appendix
of [14].

Lemma 2.1.

(i) Let f : R −→ U be a ring homomorphism and M a representable U -module. Then
M is also representable as an R-module and AttR M = {f−1(p): p ∈ AttU M}.

(ii) LetA be an ArtinianR-module. Then SuppR A equals AssR A and is a finite subset of
MaxR. Moreover, if SuppR A = {m1, . . . ,mt }, then the natural R-homomorphism
ψ : A −→ ⊕t

i=1Ami is an isomorphism. In particular, AttR A = ⋃t
i=1 AttR Ami .

(iii) Let m1, . . . ,mt be distinct maximal ideals of R and A1, . . . , At Artinian R-modules
such that SuppR Ai = {mi} for all i = 1, . . . , t . Let A = ⊕t

i=1Ai . Then for any ideal
a of R such that a ⊆ M := ∩ti=1mi , there is a natural isomorphism

A∑
n∈N〈M〉(0:Aan)

�
t⊕

i=1

Ai∑
n∈N〈mi〉(0:Aia

n)
.

Proof.

(i) holds by Proposition 4.1 of [15].
(ii) The first assertion of (ii) holds by Exercises 8.49 and 9.43 of [17]. Now, we are

going to prove the second assertion of (ii). It follows by Exercise 8.49 of [17], that
A = ⊕t

i=1�mi (A). This yields that for each i, Ami � �mi (A), and so Ami , as an
R-module, is supported only at the maximal ideal mi . So ψm: Am −→ (⊕t

i=1Ami )m
is an isomorphism for any maximal ideal m of R. Thus ψ is an isomorphism, as
claimed. Finally, the last assertion of (ii) is immediate by (i) and the fact that for any
given finitely many secondary representable R-modules M1, . . . ,Mt , the direct sum
⊕t
i=1Mi is also representable and

AttR

(
t⊕

i=1

Mi

)
=

t⋃

i=1

AttR Mi.

(iii) First note that Ami � Ai for all i = 1, . . . , t . If {Bi}i∈N is an ascending chain of
submodules of an R-module B, then the direct limit of {B/Bi}i∈N is B/

∑
i∈N Bi .

Thus in view of (ii), we have the following isomorphisms:

A∑
n∈N〈M〉(0:Aan)

� lim−→
n

A

〈M〉(0:Aan)

� lim−→
n

[(
A

〈M〉(0:Aan)

)

m1

⊕ · · · ⊕
(

A

〈M〉(0:Aan)

)

mt

]



26 Kamran Divaani-Aazar

� lim−→
n

[
A1

〈m1〉(0:A1a
n)

⊕ · · · ⊕ At

〈mt 〉(0:At an)

]

�
t⊕

i=1

[
lim−→
n

Ai

〈mi〉(0:Aia
n)

]

�
t⊕

i=1

Ai∑
n∈N〈mi〉(0:Aia

n)
.

�

Remark 2.2.

(i) Let a be an ideal of R. For a prime ideal p of R, we say that a is formally isolated at
p if a ⊆ p and if there is some prime ideal p∗ of R̂p such that dim R̂p/p

∗ = ht(p) and
dim R̂p/aR̂p + p∗ = 0. Assume that R has finite dimension d, and let Pa denote the
set of all prime ideals p such that ht(p) = d and such that a is formally isolated at p.
Then, by Theorem 3.3(b) of [2] for any finitely generated faithful R-module M , we
have SuppR H

d
a (M) = Pa.

(ii) Let M be a finitely generated R-module of finite dimension d. Let Pa,M denote the
set of all p ∈ Var(AnnR M + a) such that there is some prime p∗ ∈ Supp

R̂p
M̂p such

that dim R̂p/p
∗ = d and dim R̂p/aR̂p + p∗ = 0. Then, by adapting the method of the

proof of Theorem 3.3(b) of [2], one can easily deduce that SuppR H
d
a (M) = Pa,M .

Also, in Corollary 4.1 below, we establish another characterization of Pa,M .

In the remainder of the paper, for a finitely generated R-module M of finite dimension
d and an ideal a of R, let Pa,M be as in Remark 2.2(ii).

Theorem 2.3. Let a be an ideal ofR,M a finitely generatedR-module of finite dimension
d and M = ⋂

p∈Pa,M
p. There is a natural isomorphism

Hd
a (M) � Hd

M(M)

/∑

n∈N
〈M〉(0:Hd

M(M)
an).

Proof. By Remark 2.2(ii), we have SuppR H
d
a (M) = Pa,M . Let SuppR H

d
a (M) =

{m1, . . . ,mt } and for each i denote the local ring Rmi by Ri .
Let a be an ideal of a local ring (U, n). By Theorem 3.2 of [10], it turns out that for any

finitely generated U -module M , there is a natural isomorphism

Hd
a (M) � Hd

n (M)

/∑

n∈N
〈n〉(0:Hd

n (M)
an),

where d = dimM . Observe that by the flat base change theorem (Theorem 4.3.2 of [3])
and Lemma 2.1(ii) the modulesHd

miRi
(Mmi ) andHd

mi
(M) are isomorphic for all 1 ≤ i ≤ t .

Therefore applying Lemma 2.1(ii) again, provides the following isomorphisms:

Hd
a (M) �

t⊕

i=1

Hd
aRi
(Mmi )
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�
t⊕

i=1

Hd
miRi

(Mmi )∑
n∈N〈miRi〉(0:Hd

miRi
(Mmi

)a
nRi)

�
t⊕

i=1

Hd
mi
(M)

∑
n∈N〈mi〉(0:Hd

mi
(M)a

n)
.

On the other hand, the Mayer–Vietoris sequence for local cohomology (Theorem 3.2.3 of
[3]) yields the following isomorphism:

Hd
M(M) �

t⊕

i=1

Hd
mi
(M).

This finishes the proof, by Lemma 2.1(iii). �

Recall that for an R-module M , the cohomological dimension of M with respect to
an ideal a of R is defined as cdR(a,M) := sup{i ∈ N0: Hi

a(M) 	= 0}. It is appro-
priate to list some basic properties of this notion. First of all note that, it is immediate
by Grothendieck’s vanishing theorem, that cdR(a,M) ≤ dimM . Next, note that if V
is a multiplicative subset of R, then it becomes clear by the flat base change theorem,
that cdV−1R(aV

−1R,V −1M) ≤ cdR(a,M). Also, if M and L are two finitely gene-
rated R-modules such that SuppR L ⊆ SuppR M , then Theorem 2.2 of [9] implies that
cdR(a, L) ≤ cdR(a,M). For further details concerning this notion, we refer the reader to
[11] and [9].

Lemma 2.4. Let a be an ideal of a local ring (R,m) and d a natural number. For any
prime ideal p of R such that dimR/p ≤ d , the following are equivalent:

(i) cdR(a, R/p) = d .
(ii) p is the contraction to R of a prime ideal p∗ of R̂ such that dim R̂/p∗ = d and

dim R̂/aR̂ + p∗ = 0.

Proof. LetM be a finitely generatedR-module of dimension d. Then by the Lichtenbaum–
Hartshorne vanishing theorem, it turns out that Hd

a (M) 	= 0 if and only if there exists
p∗ ∈ Assh

R̂
M̂ such that dim R̂/aR̂ + p∗ = 0 (see e.g. Corollary 3.4 of [10]). Assume

that (i) holds. Then Hd
a (R/p) 	= 0, and so there exists p∗ ∈ Assh

R̂
(R̂/pR̂) such that

dim R̂/aR̂+p∗ = 0. SinceHd
a (R/p) 	= 0, by Grothendieck’s vanishing theorem, we have

dimR/p = d. Thus

dim R̂/p∗ = dim R̂/pR̂ = d.

On the other hand, by Theorem 23.2(i) of [14], we have

{p} = AssR(R/p) = {Q ∩ R: Q ∈ Ass
R̂
(R̂/pR̂)}.

Hence p = p∗ ∩ R, and so (ii) follows.
Now, assume that (ii) holds. We have

d ≥ dimR/p = dim R̂/pR̂ ≥ dim R̂/p∗ = d.

So dimR/p = d . In particular, p∗ is minimal over pR̂, and so p∗ ∈ Assh
R̂
(R̂/pR̂). Thus

Hd
a (R/p) 	= 0, by the Lichtenbaum–Hartshorne vanishing theorem (its statement being

commented in the beginning of the proof). Therefore cdR(a, R/p) = d, as required. �
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The following extends the main result of [6] to general Noetherian rings.

Theorem 2.5 (see Theorem 1.2 of [4]). Let a be an ideal ofR andM a finitely generated
R-module of finite dimension d . Then

AttR H
d
a (M) = {p ∈ AsshR M: cdR(a, R/p) = d}.

Proof. Assume that SuppR H
d
a (M) = {m1, . . . ,mt }. Then by the flat base change theorem

and Lemma 2.1(ii), it follows that

AttR H
d
a (M) =

t⋃

i=1

AttR H
d
aRmi

(Mmi ).

In the remainder of the proof, we will use this equality without further comment.
Let M be a finitely generated module over a local ring (U, n). Then by Corollary 3.3

of [10] for any ideal a of U , Att
Û
H dimM

a (M) consists of all p ∈ Assh
Û
M̂ such that

dim Û/aÛ + p = 0. Fix 1 ≤ i ≤ t . Since

Hd
aRmi

(Mmi ) � (Hd
a (M))mi 	= 0,

we have dimMmi = d . It now follows, by Lemma 2.1(i) and Lemma 2.4 that

AttRmi
H d

aRmi
(Mmi )

= {Q ∩ Rmi : Q ∈ Assh
R̂mi

M̂mi , dim R̂mi /aR̂mi +Q = 0}

= {pRmi ∈ AsshRmi
Mmi : cdRmi

(aRmi , Rmi /pRmi ) = d}.
Because dimMmi = dimM = d and

AssRmi
Mmi = {pRmi : p ⊆ mi and p ∈ AssR M},

it follows that AsshRmi
Mmi consists of all prime ideals pRmi ∈ AssRmi

Mmi such that

p ∈ AsshR M . Hence, if p ∈ AttR Hd
a (M), then p ∈ AsshR M and cdR(a, R/p) = d.

Conversely, assume that p ∈ AsshR M is such that cdR(a, R/p) = d. Let m ∈
SuppR H

d
a (R/p). Then Hd

aRm
(Rm/pRm) 	= 0, and so dimRm/pRm = d. Hence, we have

cdRm(aRm, Rm/pRm) = d and pRm ∈ AsshRm Mm. By Lemma 2.4, pRm is the contrac-
tion toRm of a prime ideal p∗ of R̂m such that dim R̂m/p

∗ = d and dim R̂m/aR̂m +p∗ = 0.
It is easy to see that p∗ ∈ Assh

R̂m
M̂m, and so by Lemma 2.1(i) and the above mentioned

result of [10], it turns out that pRm ∈ AttRm H
d
aRm

(Mm). Hence p ∈ AttR Hd
a (M), by

using Lemma 2.1(i) again. Note that, since AttR Hd
a (M)m is not empty, it follows that

m ∈ SuppR H
d
a (M). �

Example 2.6. In Corollary 3.3 of [8], the fact that the top local cohomology modules of
finitely generated modules of finite dimension are Artinian is extended to a strictly larger
class of modules. Namely, it is shown that if a is an ideal of R and M a ZD-module
of finite dimension d such that the a-relative Goldie dimension of any quotient of M is
finite, then Hd

a (M) is Artinian. It would be interesting to know whether the conclusion
of Theorem 2.5 remains valid for this larger class of modules. Unfortunately, this is not
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the case, even if R is local. To this end, let (R,m) be a local ring with dimR > 0. Take
a = m and M = E(R/m), the injective envelope of the residue field of R. Then M is a
ZD-module and the a-relative Goldie dimension of any quotient of M is finite. We have

AttR H
0
a (M) = AttR M = AssR R,

while the maximal ideal m is the only element of the set

{p ∈ AsshR M: cdR(a, R/p) = 0}.
As a corollary to Theorem 2.5, we present an improvement of the main result of [2].

In the sequel, let Pa be as in Remark 2.2(i).

COROLLARY 2.7

Let a and b be two ideals of R and assume that R/b has finite dimension d. Then

(i) Pa,R/b = {m ∈ MaxR: ∃p ∈ AsshR(R/b) such that p ⊆ m and cdRm(aRm, Rm/

pRm) = d}. In particular, if R has finite dimension d, then

Pa = {m ∈ MaxR: ∃p ∈ AsshR R such that p ⊆ m and

cdRm(aRm, Rm/pRm) = d}.
(ii) For any finitely generated R-moduleM such that AsshR M = AsshR(R/b), we have

SuppR H
d
a (M) = Pa,R/b. In particular, Pa,R/b is a finite set.

(iii) If d > 0 (see Theorem 1.3(g) of [4]), then for any M as in (ii), the Rm-module
(Hd

a (M))m is not finitely generated for all m ∈ Pa,R/b.

Proof. First, it should be noted that Pa = Pa,R . By Remark 2.2(ii), we have
SuppR H

d
a (R/b) = Pa,R/b. Hence, to prove (i) and (ii), it will be enough to show that

for any finitely generated R-module M with AsshR M = AsshR(R/b), SuppR H
d
a (M)

consists of all maximal ideals m of R such that there exists a prime ideal p ∈ AsshR(R/b)
with p ⊂ m and cdRm(aRm, Rm/pRm) = d. Assume that M is a finitely gene-
rated R-module with AsshR M = AsshR(R/b), and let m ∈ SuppR H

d
a (M). Then

Hd
aRm

(Mm) 	= 0, and so by Theorem 2.5, there exists a prime idealQ ∈ AsshRm Mm such
that cdRm(aRm, Rm/Q) = d . But, then there exists a prime ideal p ⊆ m of R such that
Q = pRm. As we have seen in the proof of Theorem 2.5, Q ∈ AsshRm Mm, implies that

p ∈ AsshR M = AsshR(R/b).

Conversely, let m be a maximal ideal of R such that there exists a prime ideal p ∈
AsshR(R/b)with p ⊂ m and cdRm(aRm, Rm/pRm) = d. Since Var(pRm) ⊆ SuppRm

Mm,
by Theorem 2.2 of [9], it turns out that cdRm(aRm,Mm) = d. But, this implies that
m ∈ SuppR H

d
a (M).

To prove (iii), let m ∈ Pa,R/b. Then by part (ii), we deduce thatHd
aRm

(Mm) 	= 0. Hence,

Lemma 2.1 of [2] yields that the Rm-module (Hd
a (M))m is not finitely generated. �

Remark 2.8.

(i) Let M and N be two finitely generated R-modules of finite dimension d so
that AsshR N = AsshR M . Having in mind Theorem 2.5, it becomes clear
that AttR Hd

a (N) = AttR Hd
a (M). Also, it follows by Corollary 2.7(ii) that

SuppR H
d
a (N) = SuppR H

d
a (M). In particular, Hd

a (N) = 0 if and only if
Hd

a (M) = 0.
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(ii) Let R be a ring of finite dimension d and a an ideal of R. Also, let M be a finitely
generated R-module. If M is faithful, then it follows by Theorem 3.3(b) of [2] that
SuppR H

d
a (M) = Pa. It is perhaps worth pointing out that by part (i), this conclusion

for M remains valid under the weaker assumption that AsshR M = AsshR R.

The following lemma will be needed in the proof of our last result in this section.

Lemma 2.9. Let a and b be two ideals of R and c a natural number. Assume that M is a
finitely generatedR-module such that cdR(a,M) ≤ c. Then there is a natural isomorphism

Hc
a (M/bM) � Hc

a (M)/bH
c
a (M).

Proof. Let U = R/AnnR M . Since SuppR U = SuppR M , it follows by Theorem 2.2 of
[9], that Hi

aU(U) = 0 for all i > c. Hence Hc
aU(·) is a right exact functor on the category

of U -modules and U -homomorphisms. Thus

Hc
a (M/bM) � Hc

aU(U)⊗U M/bM

� (Hc
aU(U)⊗U M)⊗R R/b

� Hc
a (M)/bH

c
a (M). �

Theorem 2.10. Let a be an ideal of R and M a finitely generated R-module such that
c := cdR(a,M) 	= −∞. Let W be the set of all p ∈ SuppR M such that dimR/p =
cdR(a, R/p) = c and X := W ∩ AssR M .

(i) If b := ∩p∈Xp, then Pa,R/b ⊆ SuppR H
c
a (M).

(ii) If Hc
a (M) is representable, then X ⊆ AttR Hc

a (M).
(iii) Assume that Hc

a (M) is representable. If p ∈ AttR Hc
a (M) is such that dimR/p = c,

then p ∈ W.

Proof. By p. 263, Proposition 4 of [1], there is a submodule N of M such that
AssR(M/N) = X. In particular, dimM/N = c. Since SuppR N ⊆ SuppR M , by Theo-
rem 2.2 of [9], we have Hi

a(N) = 0 for all i > c. Thus, the exact sequence

0 −→ N −→ M −→ M/N −→ 0

provides the following exact sequence of local cohomology modules

· · · −→ Hc
a (N) −→ Hc

a (M) −→ Hc
a (M/N) −→ 0.

Thus SuppR H
c
a (M/N) ⊆ SuppR H

c
a (M), and so (i) follows by Corollary 2.7(ii).

If Hc
a (M) is representable, then the above exact sequence implies that AttR Hc

a (M/N) ⊆
AttR Hc

a (M), and so (ii) follows by Theorem 2.5.
Next, we prove (iii). Let p ∈ AttR Hc

a (M) be such that dimR/p = c. By 2.5 of [12],
there is a submoduleN ofHc

a (M) such that p = N :RHc
a (M). Hence pHc

a (M) ⊆ N , and so
by Lemma 2.9, it turns out thatHc

a (M)/N is isomorphic to a quotient ofHc
a (M/pM). Now,

by the independence theorem (Theorem 4.2.1 of [3]), we have the following isomorphisms:

Hc
a (M/pM) � Hc

aR/p(M/pM)

� Hc
aR/p(R/p)⊗R/p M/pM

� Hc
a (R/p)⊗R M.
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ThusHc
a (M/pM) is Artinian and p ∈ AttR Hc

a (M/pM). Because, by Corollary 3.3 of [7]
for an Artinian R-module A and a finitely generated R-module N , we have

AttR(A⊗R N) = AttR A ∩ SuppR N,

the conclusion follows by Theorem 2.5. �

3. Lichtenbaum–Hartshorne vanishing theorem

Let the situation be as in Theorem 2.5. In the case that the ideal a is the intersection of
finitely many maximal ideals ofR, we can find a better description of the set AttR Hd

a (M).
We do this in the next result. The last assertion of this result might be considered as the
generalization of Grothendieck’s non-vanishing theorem to semi-local rings.

PROPOSITION 3.1

Assume that m1, . . . ,mt are maximal ideals of R and M a finitely generated nonzero
R-module of finite dimension d . Let a = ⋂t

i=1 mi . Then

AttR H
d
a (M) =

{
p ∈ AsshR M: ∃ 1 ≤ i ≤ t such that p ⊆ mi and ht

mi

p
= d

}
.

In particular, if R is semi-local with the only maximal ideals m1, . . . ,mt , then
AttR Hd

a (M) = AsshR M , and so Hd
a (M) 	= 0.

Proof. Let 1 ≤ i ≤ t . Since SuppR H
d
mi
(M) ⊆ {mi}, by Lemma 2.1(ii) and the flat base

change theorem, it turns out that Hd
mi
(M) � Hd

miRmi
(Mmi ). Hence, applying the Mayer–

Vietoris sequence for local cohomology provides the following natural isomorphisms

Hd
a (M) �

t⊕

i=1

Hd
mi
(M) �

t⊕

i=1

Hd
miRmi

(Mmi ).

By Theorem 2.2 of [13], for a finitely generated moduleM over a local ring (U, n), we have
AttU Hd

n (M) = AsshU M , where d = dimM . Thus by Lemma 2.1(i), we conclude that

AttR H
d
a (M) =

t⋃

i=1

{p ∈ AsshR M: pRmi ∈ AsshRmi
Mmi and dimRmi /pRmi = d}

=
{
p ∈ AsshR M: ∃ 1 ≤ i ≤ t such that p ⊆ mi and ht

mi

p
= d

}
.

The last assertion is immediate by the first one. �

Remark 3.2. Let A be an Artinian R-module. Suppose that SuppR A = {m1, . . . ,mt } and
put M = ∩ti=1mi . Let T denote the M-adic completion of R.

(i) Sharp [16] showed thatA has a natural structure as a module over T . Let θ : R −→ T

denote the natural ring homomorphism. The T -module structure of A is such that
for any element r ∈ R the multiplication by r on A has the same effect as the
multiplication of θ(r) ∈ T . Furthermore, a subset of A is an R-submodule of A if
and only if it is a T -submodule of A.
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(ii) Let a ⊆ b denote two ideals of R and B := �n∈N〈b〉(0:Aan). By Theorem 2.4 of
[10], the following are equivalent:
(a) For any l ∈ N, there is an integer n = n(l) such that 0:AMl ⊆ 〈b〉(0:Aan).
(b) B = A.
(c) Rad(p + aT ) � Rad(p + bT ) for all p ∈ AttT A.

(iii) Let a, b and B be as in (ii), and let A = S1 + · · · + Sn be a minimal secondary repre-
sentation of A as a T -module. We can order the elements of AttT A = {p1, . . . , pn}
such that for an integer 0 ≤ l ≤ n, Rad(pi + aT ) � Rad(pi + bT ) for all 1 ≤ i ≤ l,
while Rad(pi + aT ) = Rad(pi + bT ) for all l + 1 ≤ i ≤ n. Then S1 + · · · + Sl is a
minimal secondary representation of B. This follows by Theorem 2.8 of [10]. Also, it
is a routine check to see that�ni=l+1(Si+B)/B is a minimal secondary representation
of A/B as a T -module.

Theorem 3.3. LetM be a finitely generatedR-module of finite dimension d and P a finite
subset of MaxR. Let M = ∩m∈Pm and T denote the M-adic completion of R.

(i) Let a and b be two ideals of R such that Pa,M = Pb,M = P . If either a ⊆ b or
AttT Hd

a (M) ⊆ AttT Hd
b (M), then Hd

a (M) is isomorphic to a quotient of Hd
b (M).

(ii) Let a and b be as in (i). If AttT Hd
a (M) = AttT Hd

b (M), then Hd
a (M) � Hd

b (M).
(iii) For all ideals c of R, there are at most 2| AsshT (M⊗RT )| non-isomorphic top local

cohomology modules Hd
c (M) such that SuppR H

d
c (M) = P .

Proof. Let A = Hd
M(M),

B1 =
∑

n∈N
〈M〉(0:Aan)

and

B2 =
∑

n∈N
〈M〉(0:Abn).

Then, Theorem 2.3 yields the natural isomorphisms Hd
a (M) � A/B1 and Hd

b (M) �
A/B2. Let A = S1 + · · · + Sn be a minimal secondary representation of A as a T -module
and set

Zj := AttT A\ AttT (A/Bj )

for j = 1, 2. Then by Remark 3.2(iii),Bj = �pi∈Zj Si for j = 1, 2. Thus, if either a ⊆ b or

AttT Hd
a (M) ⊆ AttT Hd

b (M), thenB2 ⊆ B1, and soHd
a (M) is isomorphic to a quotient of

Hd
b (M). Also, if AttT Hd

a (M) = AttT Hd
b (M), then B1 = B2, and soHd

a (M) � Hd
b (M).

Next, we are going to prove (iii). Since T and�m∈PR̂m are isomorphic as R-modules,
by the flat base change theorem and Remark 3.2(i) we have the following isomorphisms
of T -modules:

Hd
MT (M ⊗R T ) � Hd

M(M)⊗R T � Hd
M(M).

Next, as MT is the intersection of all maximal ideals of the semi-local ring T , it follows
by Proposition 3.1 that

AttT H
d
M(M) = AttT H

d
MT (M ⊗R T ) = AsshT (M ⊗R T ).

Now, the claim follows by part (ii). �
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As an immediate application of Theorem 3.3, we deduce Theorem 1.6 and Proposi-
tion 1.5 of [5].

COROLLARY 3.4

Let a and b be two ideals of a local ring (R,m) andM a finitely generated R-module. Let
d = dimM .

(i) If either a ⊆ b or Att
R̂
Hd

a (M) ⊆ Att
R̂
Hd

b (M), then Hd
a (M) is isomorphic to a

quotient of Hd
b (M).

(ii) If Att
R̂
Hd

a (M) = Att
R̂
Hd

b (M), then Hd
a (M) � Hd

b (M).
(iii) The number of non-isomorphic top local cohomology modules Hd

c (M) is at most

2| Assh
R̂
M̂| for all ideals c of R.

Example 3.5. It might be of interest to ask whether one can replace R̂ by R in Coro-
llary 3.4(ii). But, as we show in the sequel, this is not the case. To this end, we use an example
of Brodmann and Sharp (see Exercise 8.2.9 of [3]). Let K be a field of characteristic 0.
Let R′ := K[X, Y,Z], m′ := (X, Y, Z) and b = (Y 2 − X2 − X3). Set R := (R′/b)m′/b
and let p denote the extension of the ideal

(X + Y − YZ, (Z − 1)2(X + 1)− 1)

of R′ to R. As it is mentioned in Exercise 8.2.9 of [3], it follows that R is a 2-dimensional
local domain and that pR̂ is a prime ideal of R̂ with dim R̂/pR̂ = 1. Also, it follows that
H 2

p (R) 	= 0 (see again Exercise 8.2.9 of [3]). So Att
R̂
H 2

p (R) is not empty. Now, let p∗

be a minimal associated prime ideal of R̂ such that p∗ ⊆ pR̂. Then the inclusion must be
strict, because otherwise we would have

p = pR̂ ∩ R = p∗ ∩ R ∈ AssR R̂ = {(0)},

a contradiction. This yields that dim R̂/p∗ = 2, and so p∗ ∈ Assh
R̂
R̂. On the other hand,

we have

dim R̂/pR̂ + p∗ = dim R̂/pR̂ = 1.

Hence p∗ does not belong to Att
R̂
H 2

p (R). Thus, if m denotes the maximal ideal of the
local ring R, then

∅ 	= Att
R̂
H 2

p (R) � Att
R̂
H 2

m(R) = Assh
R̂
R̂.

In particular, it becomes clear that H 2
p (R) and H 2

m(R) are not isomorphic. On the other
hand, we have

AttR H
2
p (R) = AttR H

2
m(R) = {(0)}.

We therefore conclude that it is not possible to replace R̂ by R in Corollary 3.4(ii).

The following is an analogue of the Lichtenbaum–Hartshorne vanishing theorem for
general Noetherian rings.
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Theorem 3.6. Let a be an ideal of R and M a finitely generated R-module of finite
dimension d. Let M = ⋂

m∈Pa,M
m and T denote the M-adic completion of R. Then the

following are equivalent:

(i) Hd
a (M) = 0.

(ii) Hd
M(M) = ∑

n∈N〈M〉(0:Hd
M(M)

an).

(iii) For any integer l ∈ N, there exists an n = n(l) ∈ N such that

0:Hd
M(M)

al ⊆ 〈M〉(0:Hd
M(M)

an).

(iv) dim T/aT + p > 0 for all p ∈ AsshT (M ⊗R T ).
(v) cdR(a, R/p) < d for all p ∈ AsshR M .

Proof. Let p ∈ AsshT (M⊗R T ). Then, it is easy to see that dim T/aT +p > 0 if and only
if Rad(p+ aT ) � Rad(p+MT ). Therefore, the equivalence of the conditions (i), (ii) and
(iv) is clear by Theorem 2.3 and Remark 3.2(ii). Note that in the proof of Theorem 3.3,
we have seen that AttT Hd

M(M) = AsshT (M ⊗R T ).
Since a ⊆ M, any element ofHd

M(M) is annihilated by some power of a. Thus (iii) ⇒
(ii) becomes clear.

(ii) ⇒ (iii). Let A = Hd
M(M) and l a fixed natural number. Then (0:Aal )/〈M〉(0:Aal )

is a Noetherian R-module and so the sequence {(0:Aal ) ∩ 〈M〉(0:Aan)}n∈N satisfies the
ascending chain condition. Thus, it follows by Lemma 2.1 of [10] that (ii) implies (iii).

By Grothendieck’s vanishing theorem, it turns out that cdR(a, R/p) ≤ d for all p ∈
SuppR M . Therefore, the equivalence (i) and (v) is immediate by Theorem 2.5. �

References

[1] Bourbaki N, Commutative algebra, Chapters 1–7, Elements of Mathematics (Berlin:
Springer-Verlag) (1998)

[2] Brodmann M P, A rigidity result for highest order local cohomology modules, Arch.
Math. (Basel) 79(2) (2002) 87–92

[3] Brodmann M P and Sharp R Y, Local cohomology – An algebraic introduction with
geometric applications (Cambridge Univ. Press) (1998)

[4] Dibaei M T and Yassemi S, Some rigidity results for highest order local cohomology
modules, Algebra Colloq. 14(3) (2007) 497–504

[5] Dibaei M T and Yassemi S, Top local cohomology modules, Algebra Colloq. 14(2) (2007)
209–214

[6] Dibaei M T and Yassemi S, Attached primes of the top local cohomology modules with
respect to an ideal, Arch. Math. (Basel) 84(4) (2005) 292–297

[7] Divaani-Aazar K, On associated and attached prime ideals of certain modules, Colloq.
Math. 89(1) (2001) 147–157

[8] Divaani-Aazar K and Esmkhani M A, Artinianness of local cohomology modules of
ZD-modules, Commun. Algebra 33(8) (2005) 2857–2863

[9] Divaani-Aazar K, Naghipour R and Tousi M, Cohomological dimension of certain
algebraic varieties, Proc. Amer. Math. Soc. 130(12) (2002) 3537–3544

[10] Divaani-Aazar K and Schenzel P, Ideal topologies, local cohomology and connectedness,
Math. Proc. Cambridge Philos. Soc. 131(2) (2001) 211–226

[11] Hartshorne R, Cohomological dimension of algebraic varieties, Ann. Math. 88 (1968)
403–450



Vanishing of the top local cohomology modules over Noetherian rings 35

[12] MacDonald I G, Secondary representation of modules over a commutative ring, Symposia
Mathematica, XI (London: Academic Press) (1973) pp. 23–43

[13] MacDonald I G and Sharp R Y, An elementary proof of the non-vanishing of certain local
cohomology modules, Quart. J. Math. Oxford Ser. (2) 23 (1972) 197–204

[14] Matsumura H, Commutative ring theory, Second edition, Cambridge Studies in Advanced
Mathematics (Cambridge: Cambridge University Press) (1989) vol. 8

[15] Melkersson L, On asymptotic stability of prime ideals connected with the powers of an
ideal, Math. Proc. Camb. Philos. Soc. 107 (1990) 267–271

[16] Sharp R Y, Artinian modules over commutative rings, Math. Proc. Cambridge Philos.
Soc. 111(1) (1992) 25–33

[17] Sharp R Y, Steps in commutative algebra, London Mathematical Society Student Texts
(Cambridge: Cambridge University Press) (1990) vol. 19

[18] Sharp R Y, On the attached prime ideals of certain Artinian local cohomology modules,
Proc. Edinburgh Math. Soc. (2) 24(1) (1981) 9–14



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /&_NearSighted-Normal
    /AbadiMT-CondensedLight
    /AdobePiStd
    /AdobeSansMM
    /AdobeSerifMM
    /AGaramond-Italic
    /AGaramond-Regular
    /AGaramond-Semibold
    /AGaramond-SemiboldItalic
    /Aldine401BT-BoldA
    /Aldine401BT-BoldItalicA
    /Aldine401BT-ItalicA
    /Aldine401BT-RomanA
    /AmerTypewriterITCbyBT-Bold
    /AmerTypewriterITCbyBT-Medium
    /AMUDHAM
    /Anna
    /AntiqueOlive-Bold
    /AntiqueOlive-Compact
    /AntiqueOlive-Italic
    /AntiqueOlive-Roman
    /ArchitecturePlain
    /ArialAlternative
    /ArialAlternativeSymbol
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /AvantGarde-Book
    /AvantGarde-BookOblique
    /AvantGarde-Demi
    /AvantGarde-DemiOblique
    /AvantGardeITCbyBT-Book
    /AvantGardeITCbyBT-BookOblique
    /AvantGardeITCbyBT-Demi
    /AvantGardeITCbyBT-DemiOblique
    /AvantGardeITCbyBT-MediumOblique
    /BaaBookHmk
    /BaaBookHmkBold
    /BaskervilleBE-Italic
    /BaskervilleBE-Medium
    /BaskervilleBE-MediumItalic
    /BaskervilleBE-Regular
    /Baskerville-Bold
    /Baskerville-Normal
    /Baskerville-Normal-Italic
    /Benguiat-Bold
    /Benguiat-Light
    /BernhardBoldCondensedBT-Regular
    /BernhardFashionBT-Regular
    /BernhardFashionHmk
    /BernhardModernBT-Bold
    /BernhardModernBT-BoldItalic
    /BernhardModernBT-Italic
    /BernhardModernBT-Roman
    /BernhardMordern
    /BethsCuteHmkBold
    /BoogieWoogieHmk
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /Bookman-Demi
    /Bookman-DemiItalic
    /Bookman-Light
    /Bookman-LightItalic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolFive
    /BookshelfSymbolFour
    /BookshelfSymbolOne-Regular
    /BookshelfSymbolThree-Regular
    /Boton-Italic
    /Boton-Medium
    /Boton-MediumItalic
    /Boton-Regular
    /Boulevard
    /Broadway-Normal
    /CaflischScript-Bold
    /CaflischScript-Regular
    /CalistoMT
    /CarmineTango
    /CaslonNo540SwaD-Ital
    /CaslonOpenfaceBT-Regular
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchL-Bold
    /CenturySchL-BoldItal
    /CenturySchL-Ital
    /CenturySchL-Roma
    /CenturySchoolbook-Thin
    /Chancery-Bold-Bold
    /Chancery-MediumItalic-Medium-Italic
    /Chancery-Medium-Medium
    /CheltenhamBT-Bold
    /CheltenhamBT-BoldItalic
    /CheltenhamBT-Italic
    /CheltenhamBT-Roman
    /ChrisHmk
    /CMB10
    /CMBSY10
    /CMBSY5
    /CMBSY6
    /CMBSY7
    /CMBSY8
    /CMBSY9
    /CMBX10
    /CMBX12
    /CMBX5
    /CMBX6
    /CMBX7
    /CMBX8
    /CMBX9
    /CMBXSL10
    /CMBXTI10
    /CMCSC10
    /CMCSC8
    /CMCSC9
    /CMDUNH10
    /CMEX10
    /CMEX7
    /CMEX8
    /CMEX9
    /CMFF10
    /CMFI10
    /CMFIB8
    /CMINCH
    /CMITT10
    /CMMI10
    /CMMI12
    /CMMI5
    /CMMI6
    /CMMI7
    /CMMI8
    /CMMI9
    /CMMIB10
    /CMMIB5
    /CMMIB6
    /CMMIB7
    /CMMIB8
    /CMMIB9
    /CMR10
    /CMR12
    /CMR17
    /CMR5
    /CMR6
    /CMR7
    /CMR8
    /CMR9
    /CMSL10
    /CMSL12
    /CMSL8
    /CMSL9
    /CMSLTT10
    /CMSS10
    /CMSS12
    /CMSS17
    /CMSS8
    /CMSS9
    /CMSSBX10
    /CMSSDC10
    /CMSSI10
    /CMSSI12
    /CMSSI17
    /CMSSI8
    /CMSSI9
    /CMSSQ8
    /CMSSQI8
    /CMSY10
    /CMSY5
    /CMSY6
    /CMSY7
    /CMSY8
    /CMSY9
    /CMTCSC10
    /CMTEX10
    /CMTEX8
    /CMTEX9
    /CMTI10
    /CMTI12
    /CMTI7
    /CMTI8
    /CMTI9
    /CMTT10
    /CMTT12
    /CMTT8
    /CMTT9
    /CMU10
    /CMVTT10
    /ComicSansMS
    /ComicSansMS-Bold
    /CopperplateGothic-Bold
    /CopperplateGothicBT-Bold
    /CopperplateGothicBT-BoldCond
    /CopperplateGothicBT-Heavy
    /CopperplateGothicBT-Roman
    /CopperplateGothicBT-RomanCond
    /CopperplateGothic-Light
    /Cottonwood
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Courier-Oblique
    /CourierStd
    /CourierStd-Bold
    /CourierStd-BoldOblique
    /CourierStd-Oblique
    /Critter
    /CS-CharterBT-Bold
    /DesertDogHmk
    /Dingbats
    /EnglischeSchT-Bold
    /EnglischeSchT-Regu
    /EstrangeloEdessa
    /EUEX10
    /EUFB10
    /EUFB5
    /EUFB7
    /EUFM10
    /EUFM5
    /EUFM7
    /EURB10
    /EURB5
    /EURB7
    /EURM10
    /EURM5
    /EURM7
    /EuroMono-Bold
    /EuroMono-BoldItalic
    /EuroMono-Italic
    /EuroMono-Regular
    /EuroSans-Bold
    /EuroSans-BoldItalic
    /EuroSans-Italic
    /EuroSans-Regular
    /EuroSerif-Bold
    /EuroSerif-BoldItalic
    /EuroSerif-Italic
    /EuroSerif-Regular
    /EUSB10
    /EUSB5
    /EUSB7
    /EUSM10
    /EUSM5
    /EUSM7
    /ExPonto-Regular
    /FirstGrader
    /FrancineHmk
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /FultoonHmk
    /FuturaBlackBT-Regular
    /FuturaBT-Bold
    /FuturaBT-BoldCondensed
    /FuturaBT-BoldCondensedItalic
    /FuturaBT-BoldItalic
    /FuturaBT-Book
    /FuturaBT-BookItalic
    /FuturaBT-ExtraBlack
    /FuturaBT-ExtraBlackCondensed
    /FuturaBT-ExtraBlackCondItalic
    /FuturaBT-ExtraBlackItalic
    /FuturaBT-Heavy
    /FuturaBT-HeavyItalic
    /FuturaBT-Light
    /FuturaBT-LightCondensed
    /FuturaBT-LightItalic
    /FuturaBT-Medium
    /FuturaBT-MediumCondensed
    /FuturaBT-MediumItalic
    /Futura-CondensedExtraBold-Thin
    /Futura-CondensedLight-Thin
    /Futura-Condensed-Thin
    /FUTURAK
    /FuturaLtCnBT-Italic
    /FuturaMdCnBT-Italic
    /FUTURAS
    /Futura-Thin
    /Gallery
    /Garamond
    /Garamond-Bold
    /Garamond-BoldCondensed
    /Garamond-BoldCondensedItalic
    /Garamond-BookCondensed
    /Garamond-BookCondensedItalic
    /Garamond-Italic
    /GaramondITCbyBT-Bold
    /GaramondITCbyBT-BoldItalic
    /GaramondITCbyBT-Book
    /GaramondITCbyBT-BookItalic
    /Garamond-LightCondensed
    /Garamond-LightCondensedItalic
    /Garamond-Medium-Italic
    /Garamond-Normal
    /Gautami
    /GenoaRoman
    /Geometric231BT-BoldC
    /Geometric231BT-RomanC
    /Geometric415BT-BlackA
    /Geometric415BT-BlackItalicA
    /Geometric415BT-LiteA
    /Geometric415BT-LiteItalicA
    /Geometric415BT-MediumA
    /Geometric415BT-MediumItalicA
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Giddyup
    /Giddyup-Thangs
    /GillSans
    /GillSans-Bold
    /GillSans-BoldItalic
    /Goudy
    /Goudy-Bold
    /Goudy-BoldItalic
    /Goudy-ExtraBold
    /Goudy-Italic
    /GraphicLight
    /GREEKC__
    /GRMK10
    /GRMK12
    /GRMK8
    /GRMK9
    /GweetHmkBold
    /HavixHmk
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Hobo-Thin
    /Humanist521BT-ExtraBold
    /Humanist521BT-Light
    /Humanist521BT-Roman
    /Humanist521BT-RomanCondensed
    /Humanist521BT-UltraBold
    /Humanist521BT-XtraBoldCondensed
    /ICMEX10
    /ICMMI8
    /ICMSY8
    /ICMTT8
    /ILASY8
    /ILCMSS8
    /ILCMSSB8
    /ILCMSSI8
    /Impact
    /JPBR8R
    /KuenstlerScript-Black
    /LASY10
    /LASY5
    /LASY6
    /LASY7
    /LASY8
    /LASY9
    /LASYB10
    /Latha
    /LCIRCLE10
    /LCIRCLEW10
    /LCMSS8
    /LCMSSB8
    /LCMSSI8
    /LINE10
    /LINEW10
    /Lithos-Black
    /Lithos-Regular
    /LOGO10
    /LOGO8
    /LOGO9
    /LOGOBF10
    /LOGOSL10
    /LSANSUNI
    /LucidaConsole
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Bold
    /LucidaSans-BoldItalic
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MatisseITC-Regular
    /MezzMM
    /MicrosoftSansSerif
    /Minion-BoldCondensed
    /Minion-BoldCondensedItalic
    /Minion-Condensed
    /Minion-CondensedItalic
    /Minion-Ornaments
    /MinionPro-Bold
    /MinionPro-BoldIt
    /MinionPro-It
    /MinionPro-Regular
    /MSAM10
    /MSAM5
    /MSAM6
    /MSAM7
    /MSAM8
    /MSAM9
    /MSBM10
    /MSBM10A
    /MSBM5
    /MSBM6
    /MSBM7
    /MSBM8
    /MSBM9
    /MTEX
    /MTEXB
    /MTEXH
    /MT-Extra
    /MTGU
    /MTGUB
    /MTMI
    /MTMIB
    /MTMIH
    /MTMS
    /MTMSB
    /MTMUB
    /MTMUH
    /MTSY
    /MTSYB
    /MTSYH
    /MTSYN
    /MVBoli
    /Myriad-Bold
    /Myriad-BoldItalic
    /Myriad-Italic
    /MyriadPro-Bold
    /MyriadPro-BoldIt
    /MyriadPro-It
    /MyriadPro-Regular
    /Myriad-Roman
    /Myriad-Tilt
    /NeedALilly
    /NewBaskerville-Light
    /NewsGothic
    /News-Gothic-Bold
    /NewsGothicMT
    /NewsGothicMT-Bold
    /NewsGothicMT-Italic
    /News-Gothic-Normal
    /NimbusMonL-Bold
    /NimbusMonL-BoldObli
    /NimbusMonL-Regu
    /NimbusMonL-ReguObli
    /NimbusRomNo9L-Medi
    /NimbusRomNo9L-MediItal
    /NimbusRomNo9L-Regu
    /NimbusRomNo9L-ReguItal
    /NimbusSanL-Bold
    /NimbusSanL-BoldCond
    /NimbusSanL-BoldCondItal
    /NimbusSanL-BoldItal
    /NimbusSanL-Regu
    /NimbusSanL-ReguCond
    /NimbusSanL-ReguCondItal
    /NimbusSanL-ReguItal
    /Nueva-BoldExtended
    /Nueva-Roman
    /NuptialScript
    /OCRAbyBT-Regular
    /OCRAExtended
    /OCRB10PitchBT-Regular
    /OfficinaSans-Bold
    /OfficinaSans-BoldItalic
    /OfficinaSans-Book
    /OfficinaSans-BookItalic
    /OfficinaSerif-Bold
    /OfficinaSerif-BoldItalic
    /OfficinaSerif-Book
    /OfficinaSerif-BookItalic
    /OkrienHmk
    /Optima
    /Optima-Bold
    /Optima-BoldItalic
    /Optima-Italic
    /OriginalGaramondBT-BoldItalic
    /OUP1
    /Palatino-Bold
    /Palatino-BoldItalic
    /Palatino-Italic
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Palatino-Roman
    /ParisNormal
    /Poetica-ChanceryI
    /PopplLaudatio-Italic
    /PopplLaudatio-Medium
    /PopplLaudatio-MediumItalic
    /PopplLaudatio-Regular
    /Raavi
    /RMTMIB
    /RMTMIH
    /RMTMUB
    /RMTMUH
    /rsfs10
    /rsfs5
    /rsfs7
    /Sanvito-Light
    /Sanvito-Roman
    /Shruti
    /SouvenirITCbyBT-Demi
    /SouvenirITCbyBT-DemiItalic
    /SouvenirITCbyBT-Light
    /SouvenirITCbyBT-LightItalic
    /Souvenir-Light
    /SplintHmk
    /StandardSymL
    /StarbabeHmk
    /SuccotashHmk
    /SurferItalic
    /SurferNormal
    /Sylfaen
    /SYLFAEN
    /Symbol
    /SymbolMT
    /SymbolProportionalBT-Regular
    /Tahoma
    /Tahoma-Bold
    /Technical
    /TechnicalItalic
    /TechnicalPlain
    /TektonMM
    /TempusSansITC
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Italic
    /TimesNewRomanPS
    /TimesNewRomanPS-Bold
    /TimesNewRomanPS-BoldItalic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-Italic
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Oblique
    /Times-Roman
    /Times-RomanSmallCaps
    /Times-Sc
    /Times-SCB
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /TrotsLight-HMK
    /TT0140M
    /TT0141M
    /Tunga-Regular
    /TwizotHmk
    /Univers
    /Univers-Bold
    /Univers-BoldItalic
    /Univers-Italic
    /Upsilon
    /URWBookmanL-DemiBold
    /URWBookmanL-DemiBoldItal
    /URWBookmanL-Ligh
    /URWBookmanL-LighItal
    /URWChanceryL-MediItal
    /URWGothicL-Book
    /URWGothicL-BookObli
    /URWGothicL-Demi
    /URWGothicL-DemiObli
    /URWPalladioL-Bold
    /URWPalladioL-BoldItal
    /URWPalladioL-Ital
    /URWPalladioL-Roma
    /Utopia-Italic
    /Utopia-Regular
    /Utopia-Semibold
    /Utopia-SemiboldItalic
    /VAGRounded-Black
    /VAGRounded-Bold
    /VAGRounded-Light
    /VAGRounded-Thin
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Viva-BoldExtraExtended
    /Viva-Regular
    /WallowHmk
    /Webdings
    /Westminster
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /WNCYB10
    /WNCYI10
    /WNCYR10
    /WNCYSC10
    /WNCYSS10
    /WoodtypeOrnaments-One
    /XYATIP10
    /XYBSQL10
    /XYBTIP10
    /XYCIRC10
    /XYCMAT10
    /XYCMBT10
    /XYDASH10
    /XYEUAT10
    /XYEUBT10
    /YearbookSolid
    /zapfchancery-Thin-Italic
    /ZapfDingbats
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


