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1. Introduction

In [4], Dales, Ghahramani and Gronbaek introduced the concept of n-weak amenability
for Banach algebras for n € N. They determined some relations between m- and n-weak
amenability for general Banach algebras and for Banach algebras in various classes, and
proved that, for each n € N, (n+2)-weak amenability always implies n-weak amenability.
Let A be a weakly amenable Banach algebra. Then it is also proved in [4] that in the
case where A is an ideal in its second dual (A”, O), A is necessarily (2m — 1)-weakly
amenable for each m € N. The authors of [4] asked the following questions: (i) Is a weakly
amenable Banach algebra necessarily 3-weakly amenable? (ii) Is a 2-weakly amenable
Banach algebra necessarily 4-weakly amenable? A counter-example resolving question
(i) was given by Zhang in [11], but it seems that question (ii) is still open.

It is also shown in Corollary 5.4 of [4] that for certain Banach space E the Banach
algebra N (E) of nuclear operators on E is n-weakly amenable if and only if n is
odd.

A class of Banach algebras that was not considered in [4] is the Banach algebras on
semigroups. In this work, we shall consider this class of Banach algebras. We examine the
n-weak amenability of some semigroup algebras, and give an easier example of a Banach
algebra which is n-weakly amenable if » is odd.

Let L' (G) be the group algebra of a locally compact group G (§3.3 of [3]). Then Johnson
has proved that L'(G) is amenable if and only if G is amenable ([8], Theorem 5.6.42 of
[3]) and that L 1 (G) is always weakly amenable ([9], Theorem 5.6.48 of [3]). It is proved in
Theorem 4.1 of [4] that each group algebra is n-weakly amenable whenever n is odd, and
it is conjectured that L' (G) is n-weakly amenable for each n € N; this is true whenever
G is amenable, and it is true when G is a free group [10].

2. Preliminaries

First, we recall some standard notions; for further details, see [3].
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Let A be an algebra. The character space of A is denoted by ® 4. Let X be an A-bimodule.
A derivation from A to X is a linear map D: A — X such that

D(ab) =Da-b+a-Db (a,beA).

For example, 6,: a — a - x — x - a is a derivation; derivations of this form are the inner
derivations.

Let X be a Banach space. Then the spaces X for n € Z7 are the iterated duals of X,
where we take X(@ = X. Let » € X’. We denote by 12 € X"+ the 2n-th dual of A
forn € ZF, where (9 = A. Clearly A*”)|X = A, where we regard X as a closed subspace
of XCm,

Let A be a Banach algebra, and let X be an A-bimodule. Then X is a Banach A-bimodule
if X is a Banach space and if there is a constant k > 0 such that

la-xll <kllalllxll, lx-al <kllallx] (a€A, xeX).

By renorming X, we can suppose that k = 1. For example, A itselfis a Banach A-bimodule,
and X', the dual space of a Banach A-bimodule X, is a Banach A-bimodule with respect
to the module operations specified for by

(x,a-A)={x-a,A), (x,A-a)={a-x,)) (xeX)

fora € A and A € X'; we say that X’ is the dual module of X. Successively, the duals
X are Banach A-bimodules; in particular A is a Banach A-bimodule for each n € N.
We take X (@ = X.

Let A be a Banach algebra, and let X be a Banach A-bimodule. Then Z L(A, X) is the
space of all continuous derivations from A into X, N 1(A, X)) is the space of all inner
derivations from A into X, and the first cohomology group of A with coefficients in X is
the quotient space

HY (A, X) = Z' (A, X)/N(A, X).

The Banach algebra A is amenable if HY(A, X’) = {0} for each Banach A-bimodule X
and weakly amenable if HYA, A = {0}. Further, as in [4], A is n-weakly amenable for
n e Nif H'(A, A™) = {0}, and A is permanently weakly amenable if it is n-weakly
amenable for each n € N. For instance, each C*-algebra is permanently weakly amenable
(Theorem 2.1 of [4]). As we stated, each group algebra is n-weakly amenable whenever n
is odd.

Arens in [1] defined two products, O and <, on the bidual A” of Banach algebra A;
A" is a Banach algebra with respect to each of these products, and each algebra contains
A as a closed subalgebra. The products are called the first and second Arens products on
A", respectively. For the general theory of Arens products, see [3, 5]. We recall briefly the
definitions. For ® € A”, we set

(a, - ®) =(d,a-A), (@, ® A= (P,r-a) (@A, recA),
sothat L - ®, ® -1 e A. Let &, ¥ € A”. Then

(POW, L) = (®, W 1), (POW,A) = (U, A-D) (heA).
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Suppose that ®, ¥ € A” and that ® = lim, ay and W = limg bg for certain nets (ay) and
(bg)in A. Then ® O W = lim, limg agbg and ® O W = limg limy, aybg, where all limits
are taken in the weak-* topology o (A”, A”) on A”.

We define the product 0 on A" forn € Ninductively. Indeed, assume that O is defined
on A and set B = (A®", 0). Then (A®"*2,0) = (B”,0). Let ¢ € ®4. Then it is
clear that ¢® is a character on (A®", O).

Let S be a non-empty set. Then

e(s) = {f eC% ) If &)l < oo} :

seS

with the norm || - ||; given by || f|l; = Zses |f(s)] for f € 21(S). We write 8 for the
characteristic function of {s} when s € S.
Now suppose that S is a semigroup. For f, g € £!(S), we set

Fr)0={> fge)rseSrs=t} es)

sothat f+g € £1(S). Itis standard that (¢! (S), *) is a Banach algebra, called the semigroup
algebra on S. For further discussion of this algebra, see [3, 5], for example. In particular,
with A = ¢1(S), we identify A’ with C(8.S), where B is the Stone—Cech compactification
of S, and (A”, O) with (M (8S), O), where M (BS) is the space of regular Borel measures
on BS of §; in this way, (8S, 0) is a compact, right topological semigroup that is a
subsemigroup of (M (BS), O) after the identification of u € 8S with §, € M(BS).

There is at least one character on the Banach algebra £!(S): this is the augmentation
character

os: f > fs), 1) —>C.

seS

Let S be a semigroup, and let 0 € S be such that so = 0s = 0; (s € S). Then o is a zero
for the semigroup S. Suppose thato ¢ S; set S° = SU{o}, and define so = os =0 (s € S)
and 0> = o. Then S° is a semigroup containing S as a subsemigroup; we say that S is
formed by adjoining a zero to S.

We recall that S is a right zero semigroup if the product in § is such that

st=t (s,te€d).

In this case, f * g = ¢s(f)g (f, g € £1(S)).

3. Munn algebras

Let A be a unital algebra, m,n € N and P = (p,,) be a matrix in M, ,,(A). Then
M, 2 (A) is an algebra for the product

aob=aPb (a,be My, (A))

(in the sense of matrix products). This is the Munn algebra over A with sandwich matrix
P, and it is denoted by

A= M(A, P,m,n).
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Now suppose that A is a unital Banach algebra and that each non-zero element in P has
norm 1. Then M(A, P, m, n) is also a Banach algebra for the norm given by

@ipll =" fllaijll: i € Ny, j € Ny} (@) € Myn(A)). (3.1)

These Banach algebras are special cases of those defined by Esslamzadeh in Definition 3.1
of [6].

‘We may make the following assumptions if necessary: each non-zero element of P is
invertible, and P has no zero rows or columns.

Next let E be a Banach A-bimodule, and define & = M, ,(E). We shall regard £ as a
Banach .4-bimodule in the following way:

a-x=aPx, x-a=xPa (acAxef),
again in the sense of matrix products. We now make the following conjecture.

Conjecture. Suppose that each continuous derivation from A to E is inner. Then each
continuous derivation from A to £ is inner.

The question is; of what use would this be? Well, it would give a result about Rees
semigroup algebras (see below). Also it has some interest in its own right.

Consider the special case in which A has an identity, so that, by Proposition 2.16 of [5],
m = n and P is invertible in M, ,(A)). Then the argument of Theorem 2.7(iii) of [5]
gives the result.

Let A be a Banach algebra, n, m € N, and set 4 = M, (A). A the m-th dual of A is
aBanach A-bimodule. As in [5], we shall identify A" the m-th dual of A with M,,(A™),
using the duality

(a, A) = Z ajj - Aij (a = (a;j) € A(m_l), A= (Ajj) € .A(m)).
=1

We note that
n n
(@ A)yij =) aj-hix and (A-a)y =) i - ai. (3:2)
k=1 k=1

for (a = (a;j) € A, A = (A;j) € A™).

Let D: A — A" be a continuous derivation, and define D: A — A" by setting
D(a)ij = (D(aj;)), where we note the transposition of i and j. Clearly D is a continuous
linear map. We claim that for m € N, m odd, D is a derivation, by showing that

(¢, D(ab)) = {(ca, Db) + (bc,Da) (a,b e A,ce A™ D). (3.3)

By definition, we have

n

> " leij. D((ab) i)

ij=1

(c, D(ab))

n
> Aeijraji - D(b) + Daji) - bii)
i,j k=1
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n

= Y (eijajr. D)) + (bricij. D(ajp)))

i,j,k=1
n n
(ca, Dby = (cixarj. D(bji)) = Y (cijaji. D(bi)).
i,j,k=1 i,j,k=1

Similarly,

n

(be,Da) = Y (bucij, D(aji))-
i,j k=1

Thus D is a derivation for m € N, m odd.

PROPOSITION 3.1

Let A be a unital Banach algebra. Then the Banach algebra A = M, (A) is 2k + 1)-
weakly amenable if and only if A is 2k + 1)-weakly amenable.

Proof. Suppose A is (2k + 1)-weakly amenable. Let D: A — A+ be a continuous
derivation. Define D: A — APKFD by setting D(a);j = (D(aj;)), where we note the
transposition of i and j. Then D is a continuous derivation where a = (g;;) € A. Since
Ais (2k + 1)-weakly amenable, there exists A = (A;;) € AP*+D such that

D@ =a-A—A-a (acA.

Take a € A and identify a with the matrix that has a in the (1, 1)-th position and 0
elsewhere. Then A1 1 € AG%+D and

D@)=D@hg=@-A—A-a)1=a-A1—r1-a (aeA)

and so D: A - A@*D is inner. Hence A is 2k + 1)-weakly amenable.

For the converse, we identify A with M, ® A where M, = M, (C). Now suppose
A is (2k + 1)-weakly amenable, and let D: 4 — ACK+D pe a continuous derivation.
M, is regarded as a subalgebra of A and since M,, is amenable, there exists an element
A = (Aij) € AZHD = M, (APHD) with D|M,, = ds|M,,. By replacing Dby D—d,,
we may suppose that D|M,, = 0. Leta € A and for r, s € N,,, consider the elements
(@)rs = Es ®a € Aso

D((@)r) = @11, j € N) € Mu(A%HD),
with d{}" = d(a). We have
D((a)rs) = D(Er1(@)11E1s) = Er1 - D((@)11) - Exg

because D(E,1) = D(E1s) = 0, and so by using (3.2), d,.(/.r’s) =0 (i,j € N) except

where (i, j) = (s, r) and in this case ds(;’s) = d(a). We may regard the map d: a — d(a)
as amap from A into A+ and clearly d is a continuous derivation. Since A is (2k + 1)-
weakly amenable, there exists A € AGK+D quch that

dl@y=a-A—Xx-a (acA).
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Take A € ACHD = M, (APk+D) to be the matrix that has A in each diagonal position
and 0 elsewhere. Then using eq. (3.2),

D((aij)) = (aij) - A = A (aij) (@) € A, A € M, (APTD))

and so D is inner. Thus A is (2k + 1)-weakly amenable. O

4. n-Weak amenability of Rees semigroup algebras

Let S be a semigroup. Itis not known in general when the semigroup algebra £! (§) is weakly
amenable; partial results and a conjecture are given in [2]. Thus we cannot determine
when £!(S) is n-weakly amenable. Here we give some special cases; we describe Rees
semigroups, and show that, for each such semigroup S, £!(S) is (2k 4 1)-weakly amenable
foreach k € Z*.

Rees semigroups are described in §3.2 of [7] and Chapter 3 of [S]. Indeed, let G be
a group, and m,n € N; the zero adjoined to G is 0. A Rees semigroup has the form
S = M(G, P, m,n); here P = (a;;) € M, »(G), the collection of n x m matrices with
components in G. For x € G,i € Ny, and j € Ny, let (x);; be the element of M, ,(G°)
with x in the (i, j)-th place and o elsewhere. As a set, S consists of the collection of all
these matrices (x);;. Multiplication in S is given by the formula

®)ijWMke = (xajiy)ie (x,y € G,i,k € Ny, j, £ € Ny);

it is shown in Lemma 3.2.2 of [7] that S is a semigroup.

Similarly, we have the semigroup M°(G, P, m, n), where the elements of this semi-
group are those of M(G, P, m, n), together with the element o, identified with the matrix
that has o in each place (so that o is the zero of M°(G, P, m, n)), and the components of
P are now allowed to belong to G°. The matrix P is called the sandwich matrix in each
case. The semigroup M?(G, P, m, n) is a Rees matrix semigroup with a zero over G.

We write M°(G, P, n) for M°(G, P, n, n) in the case where m = n.

The above sandwich matrix P is regular if every row and column contains at least one
entry in G; the semigroup M°(G, P, m, n) is regular as a semigroup if and only if the
sandwich matrix is regular.

Let § = M°(G, P,m,n). For x € G, (x);; is identified with the element of
Mm,,,(ﬁ1 (G)) which has é, in the (i, j)-th position and O elsewhere, and o is identified
with 8,. Thus an element of £1(S) is identified with an element of M0 (¢! (G)) U Cs,.
The sandwich matrix P € M, ,,(G?) is identified with a matrix P € M,,,m(ﬁl(G)) as
follows: if the first matrix P has a € G in the (i, j)-th position, then the new matrix P
has the point mass §, in the (i, j)-th position; if the first matrix P has the element o in
the (i, j)-th position, then the new matrix P has the element 0 € 21(G) in the (i, j)-th
position. Thus, as in [5], we can write

21(8) = M°(N(G), P,m,n) = M((G), P,m,n) & Cs,;

the multiplication is given explicitly in pp. 61, 62 of [5]. With this identification, we have
the next result.

Theorem 4.1. ['(S) is (2k + 1)-weakly amenable for each Rees matrix semigroup S =
MO(G, P,n) n,keN.
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Proof. By [4],1'(G) is (2k + 1)-weakly amenable. Take A = [1(G), then A = [1(S), and
so the result follows from Proposition 3.1. O

Let S be a semigroup. We recall that S is regular if, for each s € §, there exists t € S
with sts = 5. Anelement p € S is an idempotent if p> = p; the set of idempotents of S is
denoted by E(S). Let S be a semigroup with a zero 0. Then an idempotent p is primitive
if p # 0 or ¢ = 0 whenever g € E(S) with ¢ < p, where < is partially ordered on E(S)
defined as p < q if p = pg = gp for every p,q € E(S). S is O-simple if Sjp; # {0}
and the only ideals in S are {0} and S, and S is completely O-simple if it is O-simple and
contains a primitive idempotent.

COROLLARY 4.2

Let S be an infinite, completely 0-simple semigroup with finitely many idempotents. Then
11(S) is 2k + 1)-weakly amenable for k € N.

Proof. By Theorem 3.13 of [5], S is isomorphic as a semigroup to a regular Rees matrix
semigroup with a zero MO(G, P, n), thus by Theorem 4.1, 1(S) is 2k + 1)-weakly
amenable.

We recall from Definition 2.8.65 of [3] that a closed ideal I of a Banach algebra A has
the trace extension property if, for each A € I’ witha - A = A -a (a € A), there is a
continuous trace T on A such that T | I = A. Also, a linear functional T on A is a trace if
t(ab) = t(ba) (a, b € A). With this, we have the following result. O

PROPOSITION 4.3

Let A be a Banach algebra with a closed ideal 1. Suppose that A is n-weakly amenable
forn € N,n odd and I has the trace extension property. Then A /I is n-weakly amenable.

Proof. We use the fact that A € A™ for n even and A’ C A™ for n odd in the proof.

Let 7: A — A/I be the quotient map and m,: (A/1)™ — A™ be the n-th adjoint
of w forn € N, n odd. Let D: A/I — (A/I )(") be a continuous derivation, and let
D = m,0Domn Then D: A — A™ is a continuous derivation, and so there exists
A e A™ with Da =a-X —A-a (a € A) since A is n-weakly amenable. Since I has
the trace extension property, there exists T € A’ C A®™ (n odd) and v | I = A | I. Then
A—1 e (A/DH™ and

Da+I)=a-A—1)—A—1)-a (acAl).
Thus D is inner. Hence A /I is n-weakly amenable. o

PROPOSITION 4.4

Let A be a Banach algebra with a closed ideal 1. Suppose I and A/I are 2k + 1)-weakly
amenable. Then A is (2k + 1)-weakly amenable, k € 7T .

Proof. Leti:I — A be the natural embedding, i ox+1): AK+D — 1Ck+D be the (2k+1)-
th adjoint of i and 7: A — A/I be the quotient map. Let D: A — AP¥+D be a continuous
derivation. Then i(pp41y o Doi: I — I (k+1) i a continuous derivation, and since I is
(2k+ 1)-weakly amenable, there exists A € 1k+D with (ick+noD)(a) = bx(a) (a € I);
extending A to be an element of APK*tD By replacing D by D — 85, we may suppose
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that (ix41) o D)|I = 0. Fora,b € I and c € ACH (where A® = A and A C A®V),
we have

{c, D(ab)) = (ca, (iar+1) © D)(D)) + {bc, (ik+1) 0 D)(a)) =0

and so, D|I? = 0.

Since I is (2k 4+ 1)-weakly amenable, using the idea of Proposition 2.8.63(i) of [3], we
have that / is essential, thatis /2 = 1. Then D | I = 0.

We set F = IA@Y + ACO [ Then F is a closed A-submodule of A®Y) | and AZX) /F
is clearly a Banach A/I-bimodule.

Foreacha € Aand b € I, we have a - D(b) = D(ab) = 0 since D|I = 0, and so
D(a) - b = 0. Take ¢ € A®®), Then

(b-c, D)) ={c,D(a)-b)y=0

and so D(a)|I - A®Y = 0. Similarly, D(a)|A®® . T = 0, and so D(a)|F = 0.
Thus D(A) C (A/D)™, and that map D;: a + I — D(a), A/l — (A/DH™,
is a continuous derivation. By hypothesis, A/l is (2k + 1)-weakly amenable, and
so there exists Ay € (A/1)™ with D; = 8y, It follows that A is (2k + 1)-weakly
amenable. O

Let S be a semigroup. A principal series of ideals for § is a chain
S=LD>L>---DIl_1 DI, =K(S)

where Iy, I, ..., I, areideals in S and there is no ideals of S strictly between /; and /1
for each j € N,,_1 and K (§) is the minimum ideal of S.

Let S be a regular semigroup with finitely many idempotents. Then by Theorem 3.12
and Theorem 3.13 of [5], K (S) exists and S has a principal series. In this case each quotient
I;/1j11 is a Rees matrix semigroup of the form MO(G, P,n), where n € N, and the
sandwich matrix P is invertible in M,, (/' (G)). With this idea, we have the following
theorem.

Theorem 4.5. Let S be a regular semigroup with finitely many idempotents. Then ['(S)
is (2k + 1)-weakly amenable for k € 7.™.

Proof. By Theorem 3.12 and Theorem 3.13 of [5], S has the principal series and each
quotient /; /1, is a Rees matrix semigroup of the form T = MO(G, P, n). Thus by
Theorem 4.1, 11 (T) is (2k + 1)-weakly amenable for each quotient T = /141 as above.
Hence I'(S) is (2k + 1)-weakly amenable by Proposition 4.4. O
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