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Positive linear operators generated by analytic functions
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Abstract. Let ¢ be a power series with positive Taylor coefficients {a }7-, and non-zero
radius of convergence r < oco. Let§,, 0 < x < r be a random variable whose values
ar, k=0,1,..., are independent of x and taken with probabilities ax/o(x), k =
0,1,....

The positive linear operator (A, f)(x) = E[f(&,)] is studied. It is proved that if
E¢) =x, EE) =gx*+bx+c, gq,b,ceR, g >0, then A, reduces to the
Szasz—Mirakyan operator in the case ¢ = 1, to the limit g-Bernstein operator in the case
0 < g < 1, and to a modification of the Lupas operator in the case ¢ > 1.

Keywords. Szasz—Mirakyan operator; positive operator; limit ¢g-Bernstein operator;
g-integers; Poisson distribution; totally positive sequence.

1. Introduction

The Szasz—Mirakyan operator is closely related to the Poisson distribution. If 6, is a
random variable having Poisson distribution with parameter nx, x > 0, n € N, then for
a bounded continuous function f: [0, c0) — R, the Szasz—Mirakyan operator [7, 11] is
defined by

Oy o k\ (nx)k
Sn(f;x)=E[f<;>]=];f(;) o exp(—nx). (1.1)
Since
[ex} [ex} .
E|=|=x, Var|=|=12, (1.2)
n n n

the uniform convergence of S, (f; x) to f(x) on any compact subset of [0, c0) is justified
by Feller’s lemma (v. II, Ch. VII, §1, Lemma 1 of [3]). The approximation by the Szasz—
Mirakyan operator and its numerous generalizations have been studied by a vast number
of authors (see, for example [1] and references therein).

In this paper, we consider a class of probability distributions generated by analytic func-
tions with positive coefficients, and we show that under some conditions on the mathemat-
ical expectation and variance that are natural analogues of (1.2), these distributions lead
to the construction of operators generalizing (1.1).

Let ¢ be a function with positive Taylor coefficients analytic in the disc {x: |x| < r}, 0 <
r < oo:

o0
(p(x):Zakxk, ay=1, ax >0, keN. (1.3)
k=0
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Consider a random variable &, (0 < x < r) whose values {ay}; , do not depend on x and
which are taken with the following probabilities:

k
Pt = o) =
@(x)
Clearly, (1.4) defines a discrete probability distribution depending on parameter x. The
sequence {ay} of values will be chosen later on.
Let X be the linear space of functions defined on {¢4} so that the mathematical expec-
tation E[ f (&y)] exists for each x. Then, we can define a linear operator on X as follows:

—: pr(x), ke Zo :=NU {0} (1.4)

E[fE)] =) flan)pix) = (Ayf)(x). (1.5)

k=0

Clearly, A, f is a function defined on [0, r).
Suppose that the distribution (1.4) satisfies the following conditions:

() E() = x, (1.6)
that is A, leaves invariant linear functions;
(ii) E}) =gx’+bx+c, g,b,ceR, q#0, (1.7

that is A, takes a square polynomial to a square polynomial.

It turns out that properties (1.6) and (1.7) specify a class of distributions of the form
(1.4) depending on parameters ¢ > —1 and b > 0. We show that the operator (1.5) reduces
to the Szdsz—Mirakyan operator in the case ¢ = 1, to the limit g-Bernstein operator in
the case 0 < ¢ < 1, and to a modification of the Lupas operator in the case ¢ > 1. The
limit g-Bernstein operator was introduced in [4] as a limit operator for a sequence of the
g-Bernstein polynomials. Wang observed that the limit g-Bernstein operator arises also as
a limit for a sequence of g-Meyer-Konig and Zeller operators considered by Trif in [12].
It has been shown that it is a shape-preserving positive linear operator which reproduces
linear functions and approximates continuous functions on [0, 1] as ¢ — 1. Its various
properties has been studied in [8], [9], [13], [14] and [16]. It is a basic example for Wang’s
Korovkin type theorem (see [15]). The Lupas operator emerges as a limit for a sequence of
the Lupas g-analogue of the Bernstein operator. Its approximation and shape-preserving
properties have been studied in [6] and [10].

Therefore, in this paper, we have obtained a common approach to different operators
studied previously without any connections among them. We also consider the approxi-
mation with operator (1.5).

2. Statement of results

Our first result describes admissible values of the random variable &, subject to (1.6) and
(1.7).

Lemma 2.1. Let ¢ be a function given by (1.3), and &, be a random variable with distri-
bution (1.4). If (1.6) holds, then
w=0; ax=2*1 teN. .1)

Ak
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The next lemma gives the values of parameters ¢, b, ¢ via the coefficients of ¢ under
conditions (1.6) and (1.7).

Lemma 2.2. Let ¢ be a function given by (1.3), and &, be a random variable with distri-
bution (1.4). If both (1.6) and (1.7) hold, then

a% 1
g= 1 p=L o 22)
a ap

It can be readily seen from (2.2) thatg > —1, b > 0.
In the sequel we use the following standard notation (see for e.g. Ch. 10, §10.2 of [2]):

n—1 00
@GPo=1 @ =]]0-2¢" @@oo=]]0—-124".
k=0 k=0
For any n € Z, the g-integer [n], is defined by
nly :=1+qg+--+¢"" (neN), [0], :=0;
and the g-factorial [n],;! by
[nly! = [114[2]4 ... [n]y (n € N), [0];!:=1.
Clearly, forg = 1,
[nl1 =n, [n]i!=nl

We will use the following two basic identities of the g-calculus attributed to Euler (see
for e.g. Ch. 10, §10.2, Corollary 10.2.2 of [2]):

0 (_l)qu(k—l)/Zxk

;9o = , lgl <1, xeC 2.3)
* ; (45 Ok
and
1 2 xk
=> gl < 1, |x| < 1. (2.4)
O I e D)
The function defined by
o0 xk
eq(x) := (2.5)
4 kz:% [k],!

can be considered as a g-analogue of the exponential function. Obviously, e1 (x) = exp(x).
We note that if |g| < 1, then the series (2.5) converges for |x| < 1, whereas for |g| > 1,
the series converges for all x € C.

Now, we can describe the class of probability distributions discussed previously.

Theorem 2.3. Let &, be random variables depending on x , whose distribution (1.4) satisfy
conditions (1.6) and (1.7). Then

ap =blkl; and @(x) = e (%) . (2.6)
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Therefore, the distribution of & has the form:

1 x*

 keZ,. 2.7)

Remark 2.1. If ¢ = b = 1, then &, has Poisson distribution with parameter x.

Remark 2.2. If |g| < 1, then distribution (2.7) is well-defined for 0 < x < b/(1 — g). If
q > 1, then (2.7) is well-defined for all x > 0.

The following theorems give interesting properties of distribution (1.4).

Theorem 2.4. The sequence {ai )2, generated by the function ¢(x) = e, (x/b) is totally
positive.

Theorem 2.5. For any m € N, the mathematical expectation E(£]") is a polynomial of
degree m in variable x.

3. Special cases

In this section, we consider some important particular cases of the distribution (1.4), and
show that, in this way, we may obtain some known operators as particular cases of (1.5).

Example 3.1. Letq = 1, b = 1/n. In this case we recover the Szdsz—Mirakyan operator

(1.1).

Indeed, for these values of ¢ and b, we have by Theorem 2.3:
k
ap = — and e4(x/b) = exp(nx).
n

Hence,

00 k k
ApH) =3 f (;) P exp (-nx) = 5,5 ).
k=0 '

Clearly, the distribution of &, coincides with the distribution of 6, /n, where 6, has the
Poisson distribution with parameter nx (see (1.1)). It has already been mentioned that if
f € C[0, o) is bounded, then S,,(f; x) = f(x) as n — oo uniformly on any compact
subset of [0, 00).

Example 3.2. We may slightly generalize Example 3.1 in the following way. Let ¢ = 1.
The distribution of &, in this case is given by
)Ck
P{& = bk} = WCXP (=x/b), kel

with E[£;] = x and Var [§,] = bx. We construct A, = A according to (1.5):

o0 Xk
(Apf)(x) = ; F (k) Sy exp(—x/b).
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Feller’s lemma implies that for any bounded f € C[0, 00), (A f)(x) converges uniformly
to f on any compact subset of [0, co) whenever b — 0.

In particular, taking a sequence b, — 0, we obtain an approximating sequence of
positive linear operators:

o0 k
(A f)(x) = kzﬂ £ (bak) ﬁ exp (—x/by) .

Example 3.3. Let0 < g < 1, b =1 — g. Then with

p(x) = < L

1
(X5 @)oo
we have by Euler’s identity (2.4):
K

(q; @k

In this case, A, represents the limit g-Bernstein operator B (f, ¢; x). This operator is
given by

Ple, =1-¢" = (*: @)oo, k € Z.

xk
(q; @k

Boo(f,q:0) =) f(1—g") (X @oos x| < 1.
k=0

The operator arises naturally while considering the limit of a sequence of g-Bernstein
polynomials, 0 < g < 1. It was introduced in [4] and studied in a number of papers
afterwards. It has been proved that for f € C[0, 1], Boo(f,g;x) = f(x)asq — 1~
uniformly on [0, 1]. Estimates for the rate of approximation along with Voronovskaya type

theorems are given in [13] and [14]. Other properties of By, can be found, e.g., in [8] and

[9].

Example3.4. Letq > 1, b =1—1/q. We set q1 := 1/q. In this case, Euler’s identity
(2.3) implies that

Px) = (=X; g1) -

Hence, the distribution of &, is given by

L gk ] ckgkk=Dr2 :
P :gx . } =14 L keZ,. 3.1)

g (@iqDk (=X q1oo

The mathematical expectation and variance of &, in this case are

2
E[&]=x, Var[&]l=(1—q1)- ﬂ

Using again Feller’s lemma, we prove the following statement:
If f is bounded and continuous on [0, 00), then (A, f)(x) — f(x) as g1 — 17
uniformly on any compact subset of [0, 00).
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Remark 3.1. Tt is worth noting that the probabilities in (3.1) coincide with probabilities
appearing in the Lupas operator (see [6, 10]). The Lupas operator is given by

k(k—1)/2
LS = gha T

L(f q1; =
(frar:) (=x:1q1)00 (= (915 9Dk

Operators A, are not exactly the same as the Lupag operators. This is because the Lupag
operators do not satisfy (1.7).

4. Proofs of the results

Proofs of Lemmas 2.1 and 2.2. Since E [£,] = Y 1o akpr(x), we get Y o axarxk =
372 o axx*t1. Identifying the coefficients of x¥, we obtain (2.1).
Condition (1.7) implies that

o0 o
Z a,%akxk = cap + (cay + bag)x + Z (qak—2 + bag—1 + cay) xk.
k=1 k=2

Comparing the coefficients of 1, x, x2 on both sides, we get (2.2). d

Proof of Theorem 2.3. Tt follows from Lemma 2.2 that E[£2] = gx? + bx. Since E[£2]
> ro o af pi(x), we obtain

x oo
Zot,%akxk = Z(qakxk+2 + bakxk+1).
k=1 k=0
Equating the coefficients of x* for k > 2, we get
a,%ak =gqag_> + bay— for all k=2,3,....

Dividing by ax—1 and taking into account that by Lemma 2.1, ox = ax—1/ax, we obtain
the following difference equation for oy:

ak+1 =qok+b, ar=b, keN. 4.1)

The solution of (4.1) is
—g*

ar=b = blkly, keZ;.

For k = 0, the formula is true due to (2.1). Since by Lemma 2.1, oy = ax_1/ay fork € N,
it follows that

ag—1 ag—2 ap 1
ap = = == = k ', kGN
O OOk —1 OOl —1...01 b [k]q !
Obviously, the formula is true for k = 0 as well.
Thus,
o xk X
b= (1),
]; bk[k]q! b
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Proof of Theorem 2.4. By the AESW theorem (see Ch. 8, §5, Theorem 5.3 of [5]) a
sequence {ay} is totally positive if and only if the following representation is true:

||k 0(1 + [gx)
Vx—
E_ axk =e S (o) 4.2)

where y > 0, ux > 0, v > 0and > (g + vi) < oo.
We have to prove that the function ¢ satisfies (4.2). By Theorem 2.3,

o= (})

Forg =1, e,;(x/b) = exp(x/b) and the statement is obvious (with puy = v = 0).
For |g| < 1, by Euler’s identity (2.4), we get

00

‘"q(%>:<1q q) l_[( q<1q>>

k=0
In this case, (4.2) is true with y =0, ur =0, and vy = qk(l —q)/b > 0.
For g > 1, we write
k(k—1)/2
( )/ 1)kxk

AR S U A S (1-
“ (5) _,; b (q; @ _,; b (q1; 1)k

where g1 = 1/q. By Euler’s identity (2.3), we get

1 - e 1
o (5) = (5 = [ (e t5)

k=0

Juxtaposing with (4.2), we observe that y = 0, ux = q{‘(l —q1)/b > 0, v = 0. Since
in all of the above cases the conditions of AESW theorem hold, it follows that {a;} is a
totally positive sequence. O

Proof of Theorem 2.5. We prove the statement by induction on m. For j = 1, 2 the state-

ment is true by (1.6) and (1.7). Suppose that E[]] = Pj(x) is a polynomial of degree j
for j =1,2,..., m. Consider

00

m m 1 m
+1]_Za +1p (X)ZEZ%“

By virtue of (2.6) and (2.7), axar = ax—1, k € N, and we obtain, therefore:

1 o0 X o0
m+1y _ m k __ m k
E[£' ] = _<p(x) kEZI aag_1x" = _<p(x) kEZO QL akx" .

We notice that

a1 = blk+ 11, = b+ bqlkly = b+ qox.
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Hence

B = = b+ qan)"awx =x) b+ qan)" pr(x)
k=0

-~
P(x) = par

=x) (’Z) P!y e pr(x) =x ) (’7) g/ b"EIE]].
j=0 k=0 j=0

By the induction assumption, E[E)g] = Pj(x)for j =0,1,...,m. Thus,

j=0

where Py,,41(x) is a polynomial of degree m + 1. O
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