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Abstract. This note generalizes known results concerning the existence of roots and
embedding one-parameter subgroups on p-adic solenoids. An explicit representation
of the roots leads to the construction of two distinct rational embedding one-parameter
subgroups. The results contribute to enlighten the group structure of solenoids and to
point out difficulties arising in the context of the embedding problem in probability
theory. As a consequence, the uniqueness of embedding of infinitely divisible probability
measures on p-adic solenoids is solved under a certain natural condition.
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1. Introduction

Given a prime number p let S, denote the p-adic solenoid, i.e. the subgroup of the infinite-
dimensional torus representable as

Sp=1{y=00,y1,¥2,...) € TN. yj = yﬂr] forall j € Z,},

where T = {e/’: ¢ € [0, 27r)} is the usual torus group. Due to the Tychonov theorem S pisa
compact Abelian topological group. Solenoids are one of the prototypes of compact groups
that are connected but not arc-wise connected. For elementary facts about p-adic solenoids
we refer to the monographs [12], [13] and [16]. For each n € Z. the shift-operator
Ky,: S, — §p defined as K, (yo, y1,¥2,---) = (Yu» Yn+1, Yn+2,-..) is a continuous
automorphism of S, serving as a p"-th root, since K, (y)pn = yforall y € S,. Further,
let0: R — S, be given by 0(x) = (el*, ex/P, e”‘/l’z, ...), which defines a continuous
homomorphism. Its image 6 (R) = S;‘;rC is the arc-component, a dense, arc-wise connected
subgroup of S,,. This fact is responsible for the notion of a solenoidal group (see Definition
(9.2) of [12]). The arc-component is the union of all images of possible continuous one-
parameter subgroups. Namely, for y = 6/(x) € S}, we have the continuous one-parameter
subgroup (¢o(y) = 0(ax)), - i.¢. Po - dp = ¢aip forall o, p € R and o > ¢y is
continuous. Hence 0(x/n) = ¢1/,(y) serves as an n-th root on the dense subgroup S;‘,rc
and any y = ¢1(y) € S¥° is embeddable into a continuous one-parameter subgroup.
But even for y € S, \ 87 it is well-known that roots of arbitrary order exist. Since S,
is connected and compact, Mycielski [20] first states (without proof) that the existence
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of roots is an easy consequence of a general approximation of compact groups by Lie
groups. The explicit arguments were provided in a more general (probabilistic) context
by Carnal [7] and are given below. General proofs for the fact that on compact (Abelian)
groups connectedness is equivalent to divisibility e.g., can be found in Theorem (24.25)
of [12], Corollary 1 to Theorem 31 of [19], or for the non-Abelian case in Theorem 9.35
of [16].

This research was originally motivated by probabilistic questions. The existence of roots
and embedding one-parameter subgroups have probabilistic counterparts in the question
of infinite divisibility of a probability measure and the embedding problem. The remaining
part of this Introduction is about the probabilistic impact to the group theoretic questions.
In the last decade solenoids have drawn attention as relevant examples on various fields of
probability theory (see [1-4]).

A probability measure p on a locally compact group G is said to be infinitely divisible
if for every n € N there exists a probability measure i, on G such that its n-fold convolu-
tion power u,,*" coincides with w. The existence of roots of arbitrary order of an element
x € G is thus equivalent to the infinite divisibility of the Dirac measure §,. Further, u is
called weakly infinitely divisible if for every n € N there exists a probability measure i,
on G and an element x,, € G such that u = p,*" * §,,. These notions play an impor-
tant role for limit theorems in probability theory (see for e.g. [22] and [13]). Clearly, for
Abelian groups, both definitions coincide in case Dirac measures are infinitely divisible.
Now the existence of n-th roots on G = §, can, for example, be derived from necessary
and sufficient conditions for infinite divisibility, as follows. As a compact group, S, is a
Lie projective group (for the definition see for e.g., p. 12 of [13]) for the definition. Namely,
let H, = {y € §Sp: yj = 1forallj = 0,...,n — 1}.Then (H,),eN builds a descend-
ing family of compact normal subgroups of S, with (,cy Hx = {e = (1,1,...)} and
factors

Gy = Sp/H,
z{y:(yo,...,yn_l)eﬁr":y,-=y§’+1 forall j=0,...,.n—2} =T

such that the projective limit of the Lie groups (G ),en coincides with S,. Since obviously
the Dirac measures on G, = T are infinitely divisible, it follows from Hilfssatz 1.2 of [7]
that all Dirac measures on S, are infinitely divisible. Hence the well-known existence of
roots of arbitrary order for every y € S, follows. This is also a consequence of Satz 1.1
in [9] but both proofs rely on compactness arguments and hence are general existence
results without being constructive. The same is true for the above-mentioned general group
theoretic proofs, which show the equivalence of connectedness and divisibility for compact
(Abelian) groups. Among other things the infinite divisibility of Dirac measures on S,
shows that the characterization of weakly infinitely divisible probability measures on S,
in [1] is in fact a characterization of all infinitely divisible probability measures. Beyond
their existence, we will prove an explicit representation of the roots on S, in §2, which
also gives their multiplicity. The proof relies on solving a number theoretic problem, for
which the author is not aware of an existing solution in the mathematical literature.

An infinitely divisible probability measure p on G is said to be rationally embeddable
if there exists a one-parameter (convolution) semigroup (4 )geq, Of probability measures
on G with u = . Further, u is called continuously embeddable if there exists a continu-
ous one-parameter semigroup ((4;);>0 of probability measures on G with u = 1. Clearly,
for Dirac measures ;1 = §x with x € G, rational, respectively continuous embeddability is
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equivalent to the existence of a rational one-parameter subgroup (¢4), <@, respectively a
continuous one-parameter subgroup (¢ )acr in G such that ¢; = x. The locally compact
group G is said to have the embedding property if every infinitely divisible probability mea-
sure is continuously embeddable. The embedding problem, originated by Parthasarathy
[21] (for compact groups, see also [23]), is known as the problem of characterizing the
locally compact groups admitting the embedding property. We refer to Chapter III of [13]
and the survey articles of Heyer [14, 15] and McCrudden [17, 18] for an overview of the
(recent) developments and open problems concerning the embedding problem. In fact, the
p-adic solenoid G = S, is known as an example of a locally compact group not having
the embedding property, since any Dirac measure o = §, with y € S, \ S is not con-
tinuously embeddable. In this sense, as an example of Dixmier [8], the p-adic solenoid is
what is called indecent (in Definition 3.5 of [18]) to the embedding property. But every
Dirac measure is rationally embeddable by Satz 11 of Boge [6], since the p-adic solenoid
as a compact group is strongly root compact (see Definition 3.1 of [18]) by Theorem 3.10
together with Example 3.11 of [18]. Root compactness is decisive for rational embeddabil-
ity. In general, for Abelian groups it is only possible to show a weaker submonogeneous
embedding as in Hazod and Schmetterer [10]; see also [13]. Whereas the submonogeneous
embedding is constructive, again Boge’s result in [6] only shows the existence of a ratio-
nal one-parameter embedding subgroup for any y € §,. The explicit representation of
roots in §2 enables us to show in §3 that for any y € S, the rational embedding is not
unique, whereas for y € S7 the above continuous embedding is. As a further conse-
quence, we show that an infinitely divisible probability measure u on S, with p(S5°) = 1
is uniquely embeddable into a continuous convolution semigroup. For problems concern-
ing the uniqueness of embedding we refer to the comments in Chapter 2.6 of [11]. The
non-unique rational embedding of Dirac measures on S, has simple consequences to the
embedding problem. It is known by Theorem 6.1 of [23] that a translate of an arbitrary
infinitely divisible probability measure w1 on S, is embeddable into a continuous convolu-
tion semigroup (v;);>0,1.€. 4 = v * 8, for some x € S,. Hence our result in §3 shows the
non-uniqueness of rational embedding one-parameter semigroups for any infinitely divisi-
ble probability measure on S,. In particular, for Gaussian measures y *wc * 8, in the sense
of Parthasarathy [22], where y is a symmetric Gaussian and w¢ is the Haar probability
measure on some compact subgroup C C S, in case x € S, \ S} we do not have con-
tinuous embeddability, and in any case we have non-unique rational Gaussian embedding
semigroups. These play an important role in [1-4].

2. Construction of roots

The following explicit construction of roots is based on the simple fact that any y =
(30, ¥1,¥2, -..) € Sp can be represented as

d
Ya = exp |:i (t +2r Zkgp[1> /pdi| 2.1
=1

for all d € Z4 and some unique ¢ € [0,27) and k¢ € {0, ..., p — 1}, £ € N. For each
neN,let A,(y) ={z € Sp: " = y} denote the set of n-throotsof y € S,,.

Theorem 2.1. Foranyn € N, any y € S, has root multiplicity | A, (y)| = [, wherel € N
is such that n = IpF with k € 7, and ged(l, p) = 1.
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For the proof assume z = (z9, z1, 22, ...) € An(y). Using (2.1) we get for alld € Z,,

. d -1 d . Mg
zg=exp|i|t+27 kep (np®) 4+ 2mi — 2.2)
n
(=1

for some my € {0, ..., n — 1}. Since z € S, we further have ZZ+1 = z4 and hence for all
d € 74 we get

d
Zd+1 =exp|i|t+2n Zkepl—l /(”Pd+1)+2ﬂi@+2ni qd+1
=1 np )4
(2.3)
for some g441 € {0, ..., p — 1}. Comparing z41 in (2.2) and (2.3) yields

mgy d+1 kay1 | mayqr
_+f1+ _ Ka+ + + Fry

forsomery; € Z. Wehavenp -rg = mg+nqa+1—kqg+1—pmagy1 <n—14+n(p—1) <np
andnp -rg> —(p—1)—pn—1) > —np. Thusry = 0 for all d € Z, and we arrive at

kgr1 =mg — pmgy1 +nqq+1 foralld € Z,. 2.4)

Now it is sufficient to prove that for any n € N, given y € §, with the corresponding
sequence (kg)geny € {0, ..., p — 1}N , we can choose exactly | A, (y)| different sequences
ma)agez, €1{0,...,n— 13N and the accompanying sequences (¢4)geN € {0, ..., p— N
such that (2.4) holds. For different representations of n this number theoretic problem
will be subsequently solved by the following lemmas which also show how to choose
(mq)aez.. explicitly given (kg)qen. Hence by (2.2) we have an explicit though inconvenient
representation of the roots belonging to A, (y). However, it enables us to construct at least
two distinct rational embedding one-parameter subgroups in the next section, showing
non-uniqueness of rational embeddability. We start with n being a positive integer power
of p for which it might already be obvious that we have uniqueness of n-th roots due to
the structure of the p-adic solenoid.

Lemma 2.2. If n = p* for some k € N, given any sequence (kq)qen € {0, ..., p — 1}V,
there exist unique sequences (mg)qez, € {0,...,n— 1}N and (q4)gen € {0, ..., p— l}N
such that (2.4) holds.

Proof. The assertion follows by induction. For k = 1, simply observe that due to
—pmgy1 + nqq+1 being an integer multiple of p and both m; and k441 belonging to
{0, ..., p—1},by (2.4) we must have my = kg4+1 and g44+1 = mg4 foralld € Z. Now

assume that the assertion is true for all m < k € N. Equivalent to a solution of (2.4), let
Z(k)» Z € Sp be the unique solutions of z(k)l’k =y and z” = z(), respectively. Clearly, we
have z7*"' = y. Assume Z € S, such that P = y. Then both z” = z) and zZ” belong
to A« (y) so that by assumption we have z” = z” and thus z = Z due to the uniqueness
of roots of order p”* with m < k. |

Note that for the unique p”-th root we already know about the simple explicit represen-
tation z = K, (y) € Apn(y) using the shift operator.
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Lemma2.3. Let n = Ip withl € N\ {1} and gcd(l, p) = 1. Then for any sequence
(ka)daen € {0, ..., p — 1)N there exist exactly I sequences ma)aez, € {0,...,n — N
and for each of these a unique sequence (qq)qeN € {0, ..., p — 1}N such that (2.4) holds.

Proof. The solutions of (2.4) for a fixed d € Z can be taken from table 1. According to
this, given k; the choices of m are determined by k| = mg(mod p) for which we have

Table 1. Solutions of (2.4) forn = Ip.

ka1 = mq - D mg41 + n qayi
0 0 0 0
p—1 p.—l 0 0
0 P 1 0
p—1 2p—1 1 0
0 (d—1)p -1 0
p—1 Ip—1=n—1 11 0
0 0 ! 1
p—1 p—1 ! 1
0 @—1)p 20— 1 1
p—1 Ip—1=n—1 201 1
0 0 (p—DI p—1
p—1 p—1 (p—Dl p—1

0 (¢—-Dp pl—1=n-1 p—1

p—1 Ip—1=n-1 pl—1=n-1 p—1
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exactly / possibilities. Fixing one of these, say mo = k; +rop forsomerg € {0, ...,[—1},
this uniquely determines m| by mi(modl) = rp and mi(mod p) = k», since m; €
{0,...,n—1=1Ip— 1} and gcd(l, p) = 1. This further uniquely determines g; by (2.4).
Inductively, mg4; and g4+ are uniquely determined by k;4+> and my, respectively by
2.4). O

Lemma 2.4. Letn = Ip* withk € N, [ € N\ {1} and ged(l, p) = 1. Then the assertion of
Lemma 2.3 holds true.

Proof. Again, this follows by induction. For k = 1 the result follows from Lemma 2.3.
Assume that the assertion is true for some k € N. Equivalent to a solution of (2.4), let
{zays -+ zt = Ak (v) and let Z(;) be the unique solution by Lemma 2.2 of ;)" = z;)
for i = 1,...,1. Clearly, we have 7, # z(j) fori # j and z’(\,-’fpk+1 = y for any
i=1,...,1. Assume 7 € S, such that = y. Then z? belongs to A« (y) and hence

there exists ig € {1,...,[} such that 27 = z;,. It follows that Z = Z;) is due to the
uniqueness in Lemma 2.2. O

Up to now we have solved Theorem 2.1 for all positive integer multiples n of p. It
remains to consider the case when n and p are relatively prime.

Lemma 2.5. Letn € Nwithn < p. Given any sequence (kg)aen € {0, ..., p — 1}N there
exist exactly n sequences (mg)aez, € {0,...,n — 1N and for each of these a unique
sequence (qq)deN € {0, ..., p — 1}N such that (2.4) holds.

Proof. The solutions of (2.4) for a fixed d € Z4 can be taken from table 2. Since
gcd(n, p) = 1, the first two columns show that any combination of kg1 € {0, ..., p — 1}
andmg € {0, ..., n—1}is possible. Hence given k; there are exactly n possible choices for
my. Fixing one of these, say mo = (ro p(mod n)+k;)(mod n) forsomerg € {0, ...,n—1},
this uniquely determines m| = ry. Further, g; is uniquely determined by (2.4). Inductively,
mg+1 and g4+ are uniquely determined by k441 and mg, respectively by (2.4). O

Lemma 2.6. Letn € Nwithn > p and gcd(n, p) = 1. Then the assertion of Lemma 2.5
remains valid.

Proof. Writen = mp +r withm € Nandr € {1,..., p — 1}. Then the solutions of
(2.4) for a fixed d € Z4 can be taken from table 3. Since gcd(n, p) = 1, the first two
columns show that any combination of kg1 € {0, ..., p—1}andmy € {0, ..., n — 1} is
possible. Hence given k; there are exactly n possible choices for mg. Fixing one of these,
this uniquely determines all other coefficients similar to the proof of Lemma 2.5. a

Theorem 2.1 is now completely proven by Lemmas 2.2-2.6. For every n € N and
y € §p, the explicit construction of roots shows that once we have chosen one out of
|An(y)| possible mg’s, the sequence (mq)4cz, andthus z € A, (y) is uniquely determined.
Hence we immediately get the following.

COROLLARY 2.7
Let x,z € Ay (y). Then x = z if and only if xo = zo.

Remark 2.8. It has been communicated to the author by Guntram Hainke, University of
Bielefeld, that the roots constructed in this section are in fact the roots on the isomorphic
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Table 2. Solutions of (2.4) forn < p.
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ka1 = mg - P Mgy t+ N qag
0 0 0 0
n—1 n—1 0
n 0 1
p—1 : 0 Lp/n]
0 p(mod n) 1
p—1 1
0 2p(mod n) 2
p—1 n—2
0 (n — 1) p (mod n) n—1
p—n—1 n—1 p—2
p—n 0 p—1
P _ 1 n _ 1 n _ 1 p _ 1
group [0, 27) x Q, = §, given by Theorem (10.15) in [12]. Here 2, = ({0, ..., p —
1N, 4) denotes the p-adic integers with the addition k + [ of k = (ky, kp,...) and

I = (1,12, ...) defined as in Definition (10.2) of [12] by
k1 + 11 (mod p), ifd =1,

(k+Da =
kg + lg + [%J (mod p), ifd > 2.
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Table 3. Solutions of (2.4) for relatively prime n > p.

ka1 = mgy - P Mgy + no qai
0 0 0 0
p—1 p.—l 0 0
0 p 1 0
p—1 2p—1 1 0
0 mp m 0
r;l mp+r—.1=n—1 m = |n/p] O
r = n(mod p) 0 m 1
p.—l p—;’—l m l
0 p—r m+1 1
n—1 1
2n(mod p) 0 : 2
n—1 p—2
(p — Dn (mod p) 0 : p—1
p—1 n—1 . n—1 p—1

The addition on the Abelian group [0, 277) x &, is given by
#t, k)+ (s, 1) =@+ s@mod2m), k+1+ |t +s]u),

where u = (1,0,0,...) € Q) is fixed. Using the representation (2.1), the isomorphism
@: Sp — [0, 27) x Q) is then simply given by ¢(y) = ¢(y0, ¥1,...) = (¢, k1, k2, ...).
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Now for z € A,(y) weneed n - ¢(z) = (t, k1, k2, ...) and hence (¢(z))o = H% for
some mq € {0, ..., n — 1}. For the first component in €2, this implies k1 = n - (¢(2))1 +
mo (mod p). If n = p then k| = m¢ and the coefficients (¢(z)), are inductively unique
defined by the group addition. If gcd(n, p) = 1, then for fixed my € {0,...,n — 1}
again the coefficients (¢(z))s are inductively unique defined by the group addition. In fact
the uniqueness relation can easily be rewritten as equation (2.4). A combination of these
arguments provides another simple proof of Theorem 2.1 and Corollary 2.7 which build
the basis for §3. Since explicit representation was our primary concern, a more detailed
proof is given by Lemmas 2.2-2.6, especially by including tables 1-3.

3. Embeddability into one-parameter subgroups

According to Corollary 2.7 and the representation (2.2), for any n € N with ged(n, p) =1

we might fix a specific mg = m(()") €{0,...,n—1}forall y € §, to get a well-defined
n-th root yl/” € A, (y). We refer to the sequence (m(()"))neN\pN as a root procedure.

Lemma 3.1. Choosing the root procedure m(()") = 0 foralln € N with ged(n, p) = 1 or

mé") =n — 1 foralln € Nwith gcd(n, p) = 1, all procedures of taking roots of order
being relatively prime to p are commuting. By prime number decomposition, equivalently
for arbitrary primes q # p and r # p we have

Proof. To ensure (3.1), by Corollary 2.7 we only have to compare the first components,
since every side of the equation belongs to A4 (y). Namely, these first components can be
easily derived as

it (rq)
(yl/(rq))o =exp| — + 2ni 0 ,
rq rq

1/g\1/r [ it my! my)
(/DY =exp| — +2mi — +2mwi — |,
rq rq r

- Q) (q)
t m m
(/")) = exp | = + 27i =0 4 27i =0 | |
| 7q rq q

Thus for arbitrary primes g # p and r # p we have
m(()rq) = méq) +q ~m(()r) = m(()r) +r -mg]) e{0,...rg — 1},
which is fulfilled by any of the two given root procedures. o

Remark 3.2. Note that Lemma 3.1 does not extend to the case ¢ = p or r = p. To see
this, observe that by (3.1) for the unique pX-th roots yl/”k = Ki(y) and any n > p
with ged(n, p) = 1 we get (Kx()Y" = Kip(y'/™) for all k € N. Since both sides of
the equation belong to A, .« (y), by Corollary 2.7 their first components have to coincide.
Namely these are

k (n)
(Ke(6) M0 = exp [i (l o Zke) Jarr+ mL} ,
=1
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k m®
(Kk(y'/™)o = exp |:i (r + 2 Zkg) / (np") + ,H :
(=1

(n) (n)
0

Hence we must have my° =m;’ € {0,...,n — 1} for all k € N. In the case of our first

root procedure with mé") = 0, by Lemma 2.6 (see the first row in table 3) this implies
k¢ = 0 for all £ € N such that by (2.1) we conclude that y = 6(¢) € S';‘,rc. In the case

of our second root procedure with m(()") = n — 1, again by Lemma 2.6 (see the last row

in table 3) this implies k;, = p — 1 for all £ € N such that by (2.1) we easily calculate
that y = 0(t — 2m) € S;’,IC. Hence, in general, for y € S[,\S;",IC it is not possible to have
commuting procedures of taking roots of arbitrary order.

Moreover, this shows that the root procedures cannot serve to define the n-th root
y > y!/" as a homomorphism on S, in general, since in this case we must have

Y= (mnn = Y,

which gives commuting roots (y!/")!/P = (y!/P)1/" by applying the automorphic p-th
root on both sides. Note that for any choice of roots it is simply impossible to define y
Y¥n(y) € Au(y) asahomomorphismon S, forn # p¥, since in this case by Proposition 1.3
of [24] necessarily the additive subgroup Q, of Q generated by {n~*: k € N}, called the
n-ary rationals, has to be a subgroup of Q,,.

As an easy consequence of (3.1) we obtain (y!/¢9)4 = y!/" for all primes g # p and
r # p and every y € S,. Note that in general we do not have (y¢ )/ =y, hence our
preferable order will be to take roots first and then the powers. For arbitrary n € N, we
write n = [p* with k € Z,. and ged(l, p) = 1 and define for any y € Sp,

k
yl/n _ (yl/l)l/p — Kk(yl/l). (3.2)

Note that by Lemma 3.1 we can use the primary decomposition of / € N\ pN to calculate
y1/! above, successively by taking the appropriate prime roots in an arbitrary order.

(n)
0

Lemma 3.3. Choosing the root procedure m, ' = 0 for all n € N with gcd(n, p) =1 or

m(()") =n—1foralln € Nwith gcd(n, p) = 1, for any y € S, the well-defined roots
y/" e Ay (y), n € Nin (3.2) fulfill

(yl/(m"))m = yl/” forallm,n € N. 3.3)

Proof. Letn = Ip¥ and m = sp” with k, r € Z, and ged(l, p) = 1 = ged(s, p). Since
the shift operators are automorphisms on S, fulfilling K, o Ky = K, we get

MO = Ky YO = ((Ky 0 KV )Py
= (K1) = K (V) = Ky =y,

where the first but last equality holds since (3.3) is already fulfilled in case m, n are
relatively prime to p by Lemma 3.1. m|

Now we are ready to state our main result concerning non-uniqueness of rational embed-
ding. Letq = m/n € Q for some m € Z and n € N and define forany y € §,,,

y? = ym/n = (yl/mym with /" as in (3.2). (3.4)
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m m)—l —l)m

Clearly, the above definitionuses y* = e = (1, 1,...) € Spandy™ = (y =(y

forany y € §, and m € N.

Theorem 3.4. Choosing the root procedure m(()n) = 0foralln € Nwith ged(n, p) = 1or

mgq) =n—1jforalln € Nwith gcd(n, p) =1, forany y € S, the well-defined elements
¢q(y) =y, q € Qin (3.4) build a rational one-parameter subgroup, i.e.

&g (V) - r(¥) = dg4r (y)  forallg,r € Q,

embedding the roots ¢1/,(y) € Ay(y) foralln € N. Further,ifg = 1/nwith gcd(n, p) =
Landr € Q then for any y € S, we have ¢ (¢ (y)) = ¢rq(y).

Proof. By Lemma 3.3 the definition in (3.4) does not depend on the representation of
g € Q and hence ¢,(y) is well-defined for y € S,. For ¢ = m/n and r = k/I with
m,k € Zand n,l € N by Lemma 3.3 we get

b () - dr(y) = (/MM HE

— (yl/(nl))ml (yl/(nl))kn — (yl/(nl))ml+kn — ¢q+r (y)
Further, the last assertion follows directly from Lemma 3.1 together with (3.4). O

Remark 3.5. For y € Sp\ S} we cannot expect more than rational embeddability of the
roots, simply because the unique p"-throots ¢/, (y) = K, (y) in general, do not converge
as n — 00. Moreover, for y = 0(x) € S it is quite obvious that our first root procedure

with m(()") = 0 for all n € N with gcd(n, p) = 1 extends to the continuous one-parameter

subgroup (¢« (y) = 6(ax))qcr. Butsince the p-ary rationals Q, = {k/p":k € Z, n € N}
are dense in R and the p"-th roots are unique, by (3.4) we have uniqueness of the continuous
one-parameter subgroup, showing that our second root procedure with m(()n) =n — 1 for
alln € N with ged(n, p) = 1 cannot be extended to a continuous one-parameter subgroup
even on S3°.

In fact, as conjectured by Riddhi Shah of Tata Institute of Fundamental Research,
the uniqueness of embedding for Dirac measures on Slafc remains true for more general

infinitely divisible probability measures as follows.
COROLLARY 3.6

Any infinitely divisible probability measure v on S, with ,LL(S?fC) = 1 is uniquely embed-
dable into a continuous convolution semigroup.

Proof. Letn € N be fixed and v be a probability measure on S, such that v?" = . Since
w(S5¢) =1, we have v(yS5©) = 1 for some y € S, and hence y" e S5 follows. Due
to the uniqueness of p"-th roots we have y € S} and thus v(S}) = 1. This shows that
the p"-th roots of the infinitely divisible measure w all assign measure 1 to $7. Now the
assertion follows due to the fact that 6 defines an isomorphism between R and S;‘,rc, and
uniqueness of embedding for probability measures on R is well-known. O

Note that Corollary 3.6 is in general not true without the condition . (S3) = 1. On
the one hand, by Remark 3.5 we know that Dirac measures & = 8, withx € S, \Sf;rC are
only (non-uniquely) rationally and not continuously embeddable. On the other hand, using
the compact subgroups H, with S, /H, = T appearing in the Introduction, by a result of
Boge [5] one can construct different Poisson semigroups (its);>0, (Vr)s>0 With 1 = vy
(see also the Proposition on p. 417 of [11]).
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