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Abstract. We introduce certain linear positive operators and study some approxima-
tion properties of these operators in the space of functions, continuous on a compact set,
of two variables. We also find the order of this approximation by using modulus of con-
tinuity. Moreover we define an rth order generalization of these operators and observe
its approximation properties. Furthermore, we study the convergence of the linear posi-
tive operators in a weighted space of functions of two variables and find the rate of this
convergence using weighted modulus of continuity.
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1. Introduction

Let f € C([0, 1]). The well-known Bernstein polynomial of degree n, denoted by B, (f; x)
is

1 k
Bn(f;x) 1=ZPn,k(x)f <r_l)’ I’lENZ{l,Z,...},
k=0
where

Puk(x) = (Z) xR (1 =)k (1.1)

and x € [0, 1] [4].
Let x € [0, 00) and f € C([0, 00)). Szazs—Mirakyan operators, denoted by S, (f; x)
are

ad k
Su(f52) =) qur(X)f (—) . neN,
k=0 n
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where

(nx)k
k!

—nx

Gni(x) =e 1.2)
In [3] approximation properties of S, (f; x) in weighted spaces were studied. Some works
by Szazs—Mirakyan or modified Szazs—Mirakyan operators may be found in [12, 7, 18]
and references therein.

Stancu [16] introduced the following generalization of the Bernstein polynomials. Let
f € C([0, 1]). Stancu operators, denoted by (P,Ea’ﬁ)f) are

<P<“ﬁ>f)—2pnk(x>f< +ﬁ) neN,

where p, i (x) are the polynomials given by (1.1), «, B are positive real numbers satisfying
O0<a<p.

Taking the operators, given above, into account we now introduce certain linear positive
operators of functions of two variables as follows:

Let f € C(R), R := [0, 1] x [0, c0) and let the linear positive operators Lm Wi =
1, 2, be defined as follows:

o k
’ﬂji ZZPm v(x)an(y)f<U+O;1 ni;z) (1.3)

for (x,y) € R,m,n € N0 < a; < B;, j = 1,2, where py ,(x) and g, x(y) are
given in (1.1) and (1.2), respectively. In the sequel, whenever we mention the operators
L:ﬁ[f 7 Jj = 1,2, it will be mentioned that these are the operators given in (1.3). We use
the notation R 4 to denote the following closed and bounded region in R?,

Ra:=10,1] x [0, A], A>0. (1.4)

In this paper we first study some approximation properties of the sequence of linear pos-
itive operators given by (1.3) in the space of functions, continuous on R 4, and find the

order of this approximation using modulus of continuity. Moreover we define an rth order

generalization of Lm' ,43 7, j = 1,2, on R4 extending the results of Kirov [14] and Kirov—

Popova [15] to the linear positive operators Lm f’ , J = 1,2, of functions of two variables

and study its approximation properties. The rth order generalization of some kind of linear
positive operators may also be found in [1, 9].

We finally investigate the convergence of the sequence of linear positive operators
Lfl,f”fj ,J = 1,2, defined on a weighted space of functions of two variables and find the
rate of this convergence by means of weighted modulus of continuity.

If we take p,x(y),k = 0,1,...,n in place of g, r(y) in (1.3), then the operators
Lf:{,’? 7, j = 1,2, reduce to the generalized Bernstein polynomials of two variables which
were studied in [5].

Approximation of functions of one or two variables by some positive linear operators

in weighted spaces may be found in [8, 9, 13, 17, 18].
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2. Preliminaries

In this section we give some basic definitions which we shall use. We denote by p the
function, continuous and satisfying p(x, y) > 1 for (x, y) € R and lim};|» 00 p(x,y) =
00,7 = (x,y) - p is called a weight function. Let B, denote the set of functions of two
variables defined on R satisfying | f(x, y)| < Myp(x, y), where My > 0 is a constant
depending on f, and C, denote the set of functions belonging to B,, and continuous
on R. Clearly C, C B, - B, and C, are called weighted spaces with norm || f|, =
SUP(y. yer S 110, 1],
The LlpSCh]tZ class Lip,, (y) of the functions of f of two variables is given by

£, y1) — f(xa. y2)| < MI(x1 — x2)% + (1 — y)212, 2.1)

(x1,y1), (x2,y2) € R, where M > 0,0 < y < 1and f € C(R). The full modulus of
continuity of f € C(R,4), denoted by w( f; 8), is defined as follows:

w(f;d8) = max [f (1, y1) — f(x2, y2)l. (2.2)
N (1 —=x2)2+(y1—y2)? <8

Partial modulus of continuity with respect to x and y are given by

w(f;8) = max  max [f(x1,y) — f(x2, )l (23)

0<y<A |xj—xz|<s

and

w® (f;8) = max max_ | (x. 1) = f (6. 2. (2.4)

0<x<1 [|y1—y2|

respectively. We shall also need the following properties of the full and partial modulus of
continuity

w(f;A8) < (14 [ADw(f; d) 2.5

for any A. Here [A] is the greatest integer that does not exceed A. Moreover, it is known
that when f is uniformly continuous, then lims_,o w(f; §) = 0 and

£ ) = FGa ] = wifs (=002 + (= ), 2.6)

(t,7), (x,y) € Ra. The analogous properties are satisfied by the partial modulus of
continuity.

3. Lemmas and theorems on R4

In this section we give some classical approximation properties of the operators Lg{l;f" ,Jj=
1, 2, on the compact set R 4.

Lemma 3.1. Let aj, Bj, j = 1,2, be the fixed positive numbers such that 0 < a; < B;.
Then we have

Lotli(lix,y) =1,
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i Bi mx + aq
Lot (65 %, y) = ————,
moan (&5 X, Y) ——)
Lol (s x, y) = 222
n+ B
2 2 2
m-—m)x-+ Qa; + )mx +«
alﬂ](t +T xy) ( ) ( :_ﬂl)z ) 1
m 1
n*y> + a2 + Dny + o3
(n+ B)?

forallm,n € N.

Taking (3.1) into account we now give the following Baskakov type theorem (see [2] to

get the approximation to f(x, y) € C(R4), satisfying | f(x, y)| < M (1 + x2+y?), by

Lol j=1,2.

Theorem 3.2. Let f(x,y) € C(Rya) and | f(x, y)| <M1 +x2+ yz)for (x,y) € R.

Here My is a constant depending on f. Then ||Lm n’ (fix,y) = f. Mlecray — 0,as
m,n — oo if and only if

Iy (5%, y) = ey — O,
Lo (15 %, 9) = xllcra) = O,
ILePT (2 x, ) = Ve = O,
Lot (% + 7% %, ) — 2 + ¥) Ry — O, 3.0
asm,n — oo for (x,y) € Ra.

Proof. Since the necessity is clear, then we need only to prove the sufficiency. Let
(t, 7), (x,y) € R4.By the uniform continuity of f on R4 we get that for each ¢ > 0 there
existsanumber§ > Osuchthat|f (¢, T)—f(x, y)| < e, whenever\/(t —x)24+(—-y)?<
8. Now let (x,y) € R4 and (¢, ) € R and let (x1, y;) be an arbitrary boundary point of
Ra suchthat 0 < x; < 1,0 < y; < A. Since f is continuous on the boundary points
also, then for each ¢ > 0 there exists a § > 0 such that

lf@ o) = fa = 1fE )= fOnyol+[f&xy) = fluyl<e

whenever /(1 — x)2 + (t — y)? < &. Finally let (x,y) € R4 and (,7) € R and let
V(t —x)2 4 (t — y)? > §. Then easy calculations show that

£, 1) = FO, < Mp((t —x)* + (1 = y))( +2+ 2(x +y)>

<C<(r—x>2+(r—y>2).
< 5
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Here C > 0 is a constant. Therefore we get

(t—x)2+(t — y>2> , 3.2)

(. T) = fx, )] 58+C< -

for (r,7) € R, (x,y) € Ra. Applying Lgf”f" to (3.2) we get
Lo’ (F(. 0%, y) = f@ )] < Lo (14, 0) = fG. 9 x,y)

NS (1 x,y) — 1)

Using (3.2) in the last inequality and taking (3.1) into account, sufficiency is obtained
easily. O

We note that if we take f (x, y) to be bounded on R? in the previous theorem, then we

easily obtain that ||Lfl,f,’f'/(f; x,y)— f,Mlecryy — 0, as m,n — oo satisfied from
Lemma 3.1 by analogous Korovkin’s theorem proved by Volkov [19].
The following theorem gives the rate of convergence of the sequence of linear positive

operators {L,, py ﬁ /Y to f, by means of partial and full modulus of continuity.

Theorem 3.3. Let f € C(R4). Then the following inequalities

Lo 3

(a) Py = FeWlemy < 5{w‘”<f; Sm) +wP(fi 80}, (3.3)
al j 3

(b) iy = Felemy < S ) (3.4)

hold, where R4 is the closed and bounded region given by (1.4). w®, w?® and w are
given by (2.3), (2.4) and (2.2) respectively, and 8, 8, Sm.n are

V4Bt +m VBIAZ+nA
&n = = /82 + 482,

(3.5)

m =", n — T ] 51’",]’!

m+ By n+ B

respectively.

Proof. From (1.3) we have

k
Ly ﬂj (ft,0);x,y) — flx,y)| <e ™ ZZ( )x“(l —x)mY (ny)

k=0 v=0 k!
v+ar k+ar
) el
(3.6)

Let us first add and drop the function f ( ”+“' , y) inside the absolute value sign on the
right-hand side of (3.6). Using the analogous property of (2.6) for the partial modulus
of continuity and finally applying the Cauchy—Schwartz inequality to the resulting term,
then we arrive at (3.3) on R 4, which proves (a). Using (2.6) directly in (3.6) and applying
Cauchy—Schwartz inequality to the resulting term we then reach to (3.4) on R4, which
gives (b). O
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COROLLARY 3.4
Let f € Lipy,(y). Then the inequality
Lot (52, 3) = [ (e, )| < M{8h,
holds, where M{ = %Ml, My > 0 and é,, ,, is given in (3.5).

COROLLARY 3.5
If f satisfies the following Lipschitz conditions

|f(xl’ y) - f(x27 y)' =< M2|)C1 _x2|0(

and

|£ (e y) = fGe, vl < Malyr = yalP,
O<a,B=<1,M;>0,j=2,3, then the inequality

Lot (5 x, ) = fxa )] < M38% + M3(26,)°

holds, where M2 = 2M2 and M = 2M3, and 6,,, 8, are given in (3.5).

4. A generalization of order r of Ly, “ﬁ !

Let C"(Ra), r € NU {0}, denote the set of all functions f having all continuous partial
derivatives up to order r at (x, y) € R4.

By (La' vl )l j = 1,2, we denote the following generalization of Ly ﬂ’ :

k
Lo, ﬁj) (fsx,y)=e "yZZ< )xv(l —x)mfv(nlj!)

=0v=0
V4o k+ o
x P (\J+Dtl k+0(2) <X - ! Y — ) ) (41)
m+B1* n+py m + ,3] n—+ /32

0<aj<Bj,j=1,2, where

p < V4o k—i—otz)
viay  kto X — , —
r’(miﬁll ’niﬂi) m + Bi YT + B2

_i Z 1 (h)f _(v—i-otl k—i—az)
252, ) \m B+ B

i j
x |:x— ”+“1} |:y—k+a2:| , (4.2)
m+ B n+ po

. s .o . ar
fxiyi denotes the partial derivatives of f,i.e.: fyi,j := Wf(x, y).
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(La' iyl )] are called the rth order of L’ ﬁ’ (see [14] for one variable). Obviously

(La’ ﬂ’)[’ reduce to Lm’ f’, when r = 0.

Now let us write

v+ o k+ on
<X—m+ﬁl,y n+ﬁ> u(a, ), 4.3)

where («, B) is a unit vector, u > 0 and let

F(u)=f<v+al ug, %2 —i—uﬂ)

uo,
m + Bi n+ B

_ v+ ag _v+a1 k+ oy _k—i—az
_f[m+,31+<x m+ﬂ1>’n+,32+<y n+ﬂ2>:|' @

It is clear that Taylor’s formula for F'(x) at u = O turns into Taylor’s formula for f(x, y)

(;110;311 , %) Morever rth derivative takes the form
v+ o k+«o
FOu) = <r> friyi <— + ua 2+ ﬂ)a [ 4.5)
i;r i)Y \m + gy ‘n+ B

r € N (see Chapter 3 of [6]).
By means of the modification stated above ((4.3)—(4.5)), we get the following result.

Theorem 4.1. Let f € C"(R4) and F")(u) € Lip,, (v). Then the inequality

ILa P xy) = G Wllemry

M By.n)
< e S 1) = Ol x Wl (4.6)

holds, where F™ (u) are given by (4.5), B(y, r) is the well-known beta function,r,m,n €
N,O0O<y<land M > 0.

Proof. From (4.1) and (4.2) we have

Fy) = LaPh i x y)

= (m (o
= E ( >x”(1 —x)" Ve R
v

xZIf(x M- Z ) ()f”,

h=0 ! i+j=h

<v+ot1 k+a2>|: v+a1}i[ k+a2}j}
x : x— y— . 4.7)
m+p1 n+ B m+ By n+ B




394 Fatma Tagdelen et al

‘We now consider Taylor’s formula with the remainder for the functions of two variables.
Using the integral form of the remainder term that appeared in (4.7), we arrive at

VvV + oy k+ap
(x, )—P vtap  kta <x— , - )
Fexy r’(m:ﬁll’nj—ﬁg) m + By Y n+ B

R /1 3 (h)[x_ u+a1]"[ _k—i—az}j
-0t 52, Py I

f [v+ot1+t< v+a1) k+az+t( k+a2>]
X foiyj | —— X — , -
Y m+ gy m+pB1) n+pB Y n+ B2

x (1 —1)""dr. (4.8)

Taking (4.3)—(4.5) into account, (4.8) turns into the following form:

| u" 1
Fu) —Y —F®Ou" = / FO(tu) — FOO)](1 — )" Ldr.
(u) };h! Ou' = 57 ) 1F7 )11 —1)
4.9)
From (4.3), (4.8), (4.9) and the fact that F") € Lip,,(y) it follows that
v+ o k+ an
X, — P v+a 2 X — N —
Feey) ’*(m-tﬂ'. ﬁiﬂ;) < m+ By Yo + ﬂz)
"1
— _ iy Al(0)] h
= |Fu) - PP O
h=0
L [ » r—1
< [FY/ (tu) — FY(0)](1 — )~ dr
(r—=D!Jo
|u|r+)/
<—MB 1,
=0 (y+1,7)
14 r+y
< B
T rr—-Dl'y+4r . rlul
k ry
< L L (4.10)
r—D!'y+r m+ By n+ B
Hence combining (4.7) and (4.10), we obtain (4.6), which completes the proof. O
Now we take a function g € C (R 4) which is given by
gt 1) =|(x,y) — (t, D|"". (4.11)

Obviously g(x, y) = 0. From Theorem 3.2 it follows that

ILm.n(g:x. Mlcry = 0 as m,n— oo.
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From (4.6) we arrive at the following result:

ILaPHI(fx.y) = FWllemry — 0 as m.n — oo.

Using (3.3) and Corollary 3.4 we get to the following results by means of Theorem 4.1.

COROLLARY 4.2
Let f € C"(Ra) and F") € Lipy,(y). Then the inequality

MB(y,r) 3
4 4 ~w(g; 8m,n)

i»Bj
La ! [r] X, - 3 <
(L) (fix,9) = f D lery < D y1r2

holds, where F, 8m.n and g are given by (4.5), (3.5) and (4.11), respectively.

COROLLARY 4.3

Let f € C"(Ra) and F") € Lip,,(y), and assume that g € Lip(1+A2)%(y) in Corol-

lary 3.4. Then we arrive at

M(1+A4%5
r—10! y+

ILa P xy) = £ Wllemry < ~B(, )8

where &y, , is given by (3.5).

5. Weighted approximation of functions of two variables by Lﬁ,’fi
In this section we investigate the convergence of the sequence {Lg{!’,’,3 7} mapping the

weighted space C, into B, . We also study the rates of convergence of the sequence

{Lf,{,’f 7} defined on weighted spaces. In the rest of the article p will be given by p(x, y) =

14 x2 4+ 2.
We first give the following important Korovkin type theorem (in weighted spaces) proved
by Gadjiev in [11].

Theorem of Gadjiev. Let {A,} be the sequence of linear positive operators mapping from
C,(R™) into B,(R™), m > 1, and satisfying the conditions

[An(1;x) = 1ll, = 0, [[An(@j;X) — xjll, > 0, j=1,....,m,

A (713 %) — x]*]l, — O

asn — oo for p(x) = 1 +|x|2, x € R™. Then there exists a function f* € C,(R™) such
that | A, (f*;x) = £* @), = 1.

By taking the result of the last theorem into account we conclude that verifying the con-
ditions of the above theorem by the operators Lg{f 7, j = 1,2, is not sufficient for Lg{f J
to be convergent to any function f in p norm. Hence we need to show the convergence
in another norm for any function in C,(R). For this purpose, we now give the following

lemma, which we shall use.
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Lemma 5.1. The operators Lg{f 7 possess the following:

(a) {La' b },m,n € N, is the sequence of linear positive operators from the weighted
space C,(R) into the weighted space B,(R).

(b) The norms ||sz’fj llc,— B, are uniformly bounded (i.e. there exists an M > 0 such

that | Ly b llc,— 5, < M),

Proof. From Lemma 3.1 we easily obtain that

LS P (psx, y)] < M(1+x2 +?)

which proves (a). Taking Lemma 3.1 into account we get the following inequality:

iBj
ILuin’ llc,—~B,
,5,
< lLmn (03, ¥) = p(x, Wlp + 1

< LS P Qsx, y) = 1 + ILal (2 + 22 6, y) = x2 = Y2, + 1

(m* —m)x? + oy + Dmx + o}

= sup
@.)eR (m + p1)?
2.2 2
n + Qo + DHny + « 1
yRGurmte 2op L G
(n+ B2) L+x+y
so (b) is obtained from (5.1), which completes the proof. O

Now the following theorem shows the convergence of the sequence of linear positive
operators {Lz"f 7}, mapping from C,, into B,,, in p; norm.

Theorem 5.2. Let p1(x, y) be a weight function satisfying

P,y _

52
[x|—00 p1(X, ¥) 62

Then ||ngi,fj(f;x,)’) — @ = 0, myn — oo forall f € C,(R), where x =
(x,y) € R

Proof. Let us denote the region [0, 1] x [0, s], s > 0, by R;. Therefore we have

HLaPI (Fxy) = £ oy

LoPi(fix.y) = Fx.y)

= sup

(x,y)eR o1(x,y)
L Pi (Fxy) = £ )] p(x, y)
—  sup y V| px,y
(x,y)€R, p(x,y) p1(x, y)

Olz ﬁj
+ sup (fix,y) — f(x, )l p(x,y). 53)

(x,Y)ERR; plx,y) p1(x,y)
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Since p/p1 is bounded on Ry, the first term on the right-hand side of (5.3) approaches zero
whenm, n — oo by Theorem 3.2. The second term also approaches zero whenm, n — oo
by Lemma 5.1(b) and the condition (5.2). So proof is completed. O

As a result we give the approximation order of Lm' ,f}’ ,Jj =1,2,m,n € N, by means
of the weighted modulus of continuity.

Theorem 5.3. Foranys > Qand allm,n € N the inequality

sup sup  [LatPi(fix y) = fOa )| <c osup [wo(f,8)] (5.4)
1710=1 | /iTy2<s 1£1,=1

holds for the linear positive operators {LZ{',’f" },j = 1,2, defined on C,, where § =

\/La' bi [(t —x)?2 4+ (t — y)?] and ¢ > O is a constant depending on s.

Proof. Since Lm’ ,/,S !, j=1,2,m,n €N, are linear positive operators, we have

LatPi(fixy) = Fx.y)]

< Loc, ﬂ](lf(t ) — fx, )X, y) + | f(x, y)|(L‘¥z ,3](1 x,y)—1)

_ 2 _ 2
<L (p(x Ww, [f Vit =2+ (T —y) 8];x,y>,

8

by Lemma 3.1. Using (2.5) we get

LGP (Fixy) = fx )]

_ 2 _ 2
< oG wp(f3 )LL) (1+[““ 2 b)) };x,y>

8

N2 N2
< p(x, W, (f; S Lot <1+[(t x) ;(T ) };x,y>

< p(e, W, (f: S Lt (p; x, Nt L LB (=) + (=y)1: x, 9).
(5.5)

Since (r — x)% + (z — y)2 € Cp, (5.5) gives

Ly, ﬂ/(f ) = fanl < sup Cw(f5 8 L) ﬂl(ﬂ,x Mo
x24yi<s

+5 LIS (@ =02+ (@ = %5 W,
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a;. B

where ¢ = sup\/)ry25 E px, ¥). ILynn’ (; x, ¥) |, is bounded since

i»Bj i»Bj
ILnin” (03 %, W lo = | Lmn” (05 %, Ve, B,

which is uniformly bounded, for all m,n € N, by Lemma 5.1. From (5.5) and (5.6) we
arrive at

sup  Le P (Fixly) = £ )] < AU+ Myw,(f: 6),
xZyi<s

which implies that

sup sup L (Fixly) = fx )

Ifle=1 | /x21y2<s

<1+ M) sup [w,(f, )],

If1lp,=1

where § = \/||Lfl,,",’fj([(t —x)2 4 (r — y)%1; x, )|l Last inequality gives (5.4), which
completes the proof. O
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