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Abstract. Let ¢ be an analytic self-map and u be a fixed analytic function on the
open unit disk D in the complex plane C. The weighted composition operator is defined
by

uCpf =u-(foyp), feHD).

Weighted composition operators from Bergman-type spaces into Bloch spaces and little
Bloch spaces are characterized by function theoretic properties of their inducing maps.
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1. Introduction

Let D be the open unit disk in the complex plane C. Denote by H (D) the class of all
functions analytic on D. An analytic self-map ¢: D — D induces the composition operator
Cy on H(D), defined by Cy(f) = f(¢(z)) for f analytic on D. It is a well-known
consequence of Littlewood’s subordination principle that the composition operator Cy, is
bounded on the classical Hardy and Bergman spaces (see, for example [1]).

Recall that a linear operator is said to be bounded if the image of a bounded set is a
bounded set, while a linear operator is compact if it takes bounded sets to sets with compact
closure. It is interesting to provide a function theoretic characterization of when ¢ induces
a bounded or compact composition operator on various spaces. The book [1] contains
plenty of information on this topic.

Let u be a fixed analytic function on the open unit disk. Define a linear operator uC,
on the space of analytic functions on D, called a weighted composition operator, by
uCy f =u-(f o), where f is an analytic function on D. We can regard this operator as
a generalization of a multiplication operator and a composition operator.

A positive continuous function ¢ on [0, 1) is called normal, if there exist positive numbers
sandt, 0 < s < ¢, such that

()
(1—r)

¢(r)

Lo qa Ty

e

asr — 17 (see, for example [2, 10]).
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For0 < p < 00,0 < g < oo and a normal function ¢, let H(p, g, ¢) denote the space
of all analytic functions f on the unit disk D such that

! orar "
||f||p,q,¢=</0 MP(r. f) rdr) <,

1—r
where the integral means M, (f, r) are defined by

1/p

2
M,,(f,r):(%/o |f(ref9)|Pd9> , 0<r<l.

For1 < p < o0, H(p, q, ¢), equipped with the norm || - ||, 4,¢ is a Banach space. When
0<p<1LIflpg,eisaquasinormon H(p, q,¢), H(p, g, ¢) is a Frechet space but not
a Banach space. If 0 < p = g < oo, then H(p, p, ¢) is the Bergman-type space

, D)
H(p,p.¢)=1feHD): | [f)I 1—|z|dA(Z) <oor.
D _
Here dA denotes the normalized Lebesgue area measure on the unit disk D such that
A(D) = 1. Note that if ¢ (r) = (1 — r)/? then H(p, p, ¢) is the Bergman space A”.
An analytic function f in D is said to belong to the Bloch space B if

B(f) = sup(l — |z1)|f'(2)] < oo.
zeD

The expression B(f) defines a seminorm while the natural norm is given by || fllg =
|f(0)| + B(f). The norm makes B into a conformally invariant Banach space. Let By
denote the subspace of 3 consisting of those f € BB for which (1 — |z|?)| f'(z)| — 0, as
|z] — 1. This space is called a little Bloch space. For more information on Bloch spaces
see, for example [1, 8, 11, 14, 15] and the references therein.

In [5], Ohno has characterized the boundedness and compactness of weighted composi-
tion operators between H°°, the Bloch space 3 and the little Bloch space By. In [7], Ohno
and Zhao have characterized the boundedness and compactness of weighted composition
operators on the Bloch space. Weighted composition operators between Bloch-type spaces
are characterized in [6] (see also [3]). In the setting of the unit ball or the unit polydisk,
some necessary and sufficient conditions for a composition operator or weighted compo-
sition operator to be bounded or compact are given, for example, in [1, 9, 12, 13].

In this paper we study the weighted composition operators from the Bergman-type
space H(p, p, ¢) into the Bloch space B and the little Bloch space By. As corollaries, we
obtain the complete characterizations of the boundedness and compactness of composition
operators from Bergman spaces into Bloch spaces.

In this paper, constants are denoted by C, they are positive and may differ from one
occurrence to the next. The notation a < b means that there is a positive constant C such
thata < Cb. If botha < b and b < a hold, then one says that a < b.

2. Auxiliary results

In this section, we give some auxiliary results which will be used in proving the main
results of the paper. They are incorporated in the lemmas which follow.
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Lemma?2.1. Let0 < p <oo. If f € H(p, p, p), then

| zp,p.o)
Iz —|z[Hl/P’

lfil=C zeD. (1)

Proof. Let $(z, w) denote the Bergman metric between two points z and w in D. It is
well-known that

1+ |- (w)]

Pt = 3 o gl

Fora € D and r > 0O the set D(a,r) = {z € D: B(a, z) < r}is the Bergman metric disk
centered at a with radius r. It is well-known that (see [14])

(1—lal»? _ 1 g 1 o1 @
l—azl* — (=122 (1—1]a®»? " |D@a,n)l|

when z € D(a, r), where | D(a, r)| denotes the area of the disk D(a, r).
From (2) and since ¢ (r) is normal it is not difficult to see that for a fixed r € (0, 1) the
following relationship holds:

¢(|z)) < ¢(lal), ze€ D(a,r). 3)

For 0 <r < 1 and z € D, by the subharmonicity of | f(z)|?, (2) and (3), we have that

C
p - p
FOI < = /D(z,r)'f(w)' dA(w)

c ¢>P<| )
= AP Joen OV T 4™
¢ (Jw))
<1—|z|2)¢P<|z|)/ S A
N

< T 9~ 1
~ (L= [z[Her (D

from which the desired result follows.
The following lemma can be found in [2].
Lemma2.2. Let0 < p < oo. Then for f € H(D),

118y = |f(0)|P+/ 1 @IP( — L] )P¢ ”f'?dA( ).

Lemma?23. LetO < p <oo. If f € H(p, p,¢) and 7 € D, then

”f”H(p,p,qb)

N = €O a = epyrt

z€eD. “4)
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Proof. By the subharmonicity of | f/(z)|?, (2) and (3), and Lemma 2.2 we have that

C
" < —— "(w)|PdA
F@F = =y /D(Z’r)lf(w)l (w)

- C ¢P(Jw|)
T (A= 1z2H)PHerz) Jper 11— wl

(1 = Jwh?| f'(w)|PdA(w)

C
<
T (= [zHPHigr(z))

14
/ OTWWD (1 w1 w)1PdAw)
p 1 —|w|

P
_ e
= (= PP o (zl)

from which the result follows.
The following lemma can be found in [10].

Lemma?2.4. For B > —1andm > 1+ B we have

1 1 — B
/ %dr < C(1 — p)ltb—m, 0<p<l.
o (L—pr

The following criterion for compactness follows by standard arguments similar, for
example, to those outlined in Proposition 3.11 of [1].

Lemma 2.5. The operatoruCy: H(p, p, $) — B is compact if and only if for any bounded
sequence (fn)neN in H(p, p, ¢) which converges to zero uniformly on compact subsets of
D, we have |uCy fullp — 0 asn — oo.

3. The boundedness and compactness of the operator uC,: H(p, p, ¢) — B

In this section we characterize the boundedness and compactness of the weighted compo-
sition operator uCy: H(p, p, ¢) — B.

Theorem 3.1. Suppose that ¢ is an analytic self-map of the unit disk, u € H(D), 0 <
p < oo and that ¢ is normal on [0, 1). Then, uCy: H(p, p, ) — B is bounded if and
only if the following conditions are satisfied:

@ sup (- P @l
en $(e@N1 = lp@)P)!/P

o0; (&)

(ii) sup (1 = zP) )¢ @) -
2D $(p@ D1 = lp@)H)!T1/P

(6)

Proof. Suppose that the conditions (i) and (ii) hold. For arbitrary z in D and f €
H(p, p, ¢), by Lemmas 2.1 and 2.3 we have
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(1= 2P| Cy ) @)

< (1= 2P @I f @) + (A = 2D f (@)u@)¢ )]

ClflEp.p.9)
(D = |p(2)H/P

< 1=z ()|

, N f e, p.¢)
ca — |z
U= =DM @l T o
C( =z () C( —1zP)u@)¢ (2]
= (¢>(|¢(Z)|)(1 @77 T $(e@N (1 — |<p<z)|2)1+1/P) SALUS ARG

Taking the supremum in (7) over D and then using conditions (5) and (6) we obtain that
the operator uCy: H(p, p, ¢) — B is bounded.

Conversely, suppose that uCy: H(p, p, ¢) — Bis bounded. Then, taking the functions
f(z) =zand f(z) = 1 we obtain that the quantities

sup(1 — |z[)|u ()¢ (2) +u' (2)p(z)| and  sup(l — |z|H)|u'(2)|
zeD zeD

are finite. Using these facts and the boundedness of the function ¢(z), we have that

sup(1 — |z)lu(2)¢' ()] < oo. @®)

For fixed w € D, take

(1 _ |w|2)t+l
(w1 — wz)l/pHi+1”

Jw(@) =

(€))

By Lemma 1.4.10 of [8], we know that

(1 _ |w|2)t+l

P (lwh — rlwh+

Since ¢ is normal, by Lemma 2.4, we obtain

1
P (r)
p _ p
”fw”H(P’p’(p)—/(; Mp(fwsr)l_ rdr

Mp(fuw.r) =C

/1 (1 — |w|?)Pe+Dh P (r)
<C .
o ¢P(wD(l —rlw)Pt+D 1 —r

twl (1 - |w|2)P(t+1) P (r)
<C .
o dP(lw)(1 —rlw)PC+D 1 —r

N /1 (1 — [wHPED gr () dr)
|

w) P (whHA = rlw)P+D 1 —r
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- - |w|2)17(t+1) oP(lw)) /w (11— r)l”*]
a eP(wl) (L —|w? Jo (1 —rlw])peth

r

+C =C.

w) (1= rlw)Peth ==

(L= [wP)?"*D  ¢P(w) /‘ (=Pt
oriwh (1= [wlP Jj

Therefore f,, € H(p, p, ¢), and moreover sup,,cp Il fuwllz(p,p.¢) < C. Hence, we have

ClluCyll = | foonllHp, p,o) 1UCull = 1uCy foon B

A= PPlu®e®e' ) (=P ()
PN = lp)PFP gD = lp)HV/P |’

>|(1/p+t+1)

for every A € D, from which it follows that

(1= AP’ )]
¢ — lp)|2)1/P

(1= 2D uM)p()¢' ()]
P(p)D = lp)|2)1+1/P

= ClluCyll +(1/p+1t+1) (10)

Further, for A € D, take

(1=l P+ B (1 — )2+
o (oML — oM )VPH+2  $(lo(W)D (1 — p(h)z)1/p+i+]

Then, sup,cp lgalla(p, p.o) < C, gr(@(X)) =0 and

)

& (2) =

() = .
W) = SN = eI
Thus,
(1 = AP u)e)e’ (W)
ClluCyll = luCygi.llp = 3o D( — e P”
i.e. we have

(1 = AP R)e’ (W]

11
rep 99D — [p(OR)+177 (b
Thus for a fixed §,0 < § < 1, by (11),
_ 2 /
(1 — D) ulle’ )] -

sup <
loGol=s @ UMD — lp)|H)+1/P
For A € D such that |[p(A)| < 8, since ¢ is normal, we have

(I = APD)u)e’ )] C

_ 2 ’
(eI = [p()H)1+1/p = (1- 32)1“/”45(5)(1 BRI

(13)
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Hence, from (8) and (13), we obtain

sup (1= AP e’ 3| o
wl<s @GN — o) [H!H/P

The inequality in (6) follows from (12) and (14). Taking the supremum in (10) over A € D
and using (6), (5) follows. This completes the proof of the theorem.

(14)

Theorem 3.2. Suppose that ¢ is an analytic self-map of the unit disk, u € H(D),
0 < p < oo, that ¢ is normal on [0, 1) and that uCy: H(p, p, ¢) — B is bounded.
Then, uCy: H(p, p,¢) — B is compact if and only if the following conditions are
satisfied:

Q) i (1= [z’ @)]
lp@I=1 ¢ (@D = lp@) /P

=0; (15)

2 ’
(i) i A= zPu@e'@l 1
WO S (e @D — @)1~ 1o

Proof. First assume that conditions (i) and (ii) hold. In order to prove that uC, is compact,
according to Lemma 2.5, it suffices to show that if (f;,),en iS a bounded sequence in
H(p, p, ¢) that converges to 0 uniformly on compact subsets of D, then [|uCy, f,ll5 — 0
asn — o0. Let (fy)nen be a sequence in H(p, p, ¢) with sup, y Il full H(p,p,¢) < L and
suppose f, — 0 uniformly on compact subsets of D as n — oo.

By the assumptions of the theorem we have that for any ¢ > 0, there is a constant
8, 0 <§ < 1,suchthat § < |¢(z)| < 1 implies

(1 =z (2)] 3
(o1 — |p(z)[2)1/P

and

(1 =1z u2)¢' )| B
()N — |p(z)2)+1/p

Let K = {w € D: |w| < §}. Note that K is a compact subset of D. From this, since ¢ is
normal and using estimates from Lemmas 2.1 and 2.3, we have that

[uCyp fullB

= Sug(l — 12PN W@Cy f) @) + [ (0) £ (9(0))]

e/L.

Ssug(l — |z|2)Iu’(z)fn(rp(z))lJrsuB(l —12)|u@) £1(@@))¢' )| + [u(0) £, (@O0))]
S ze

< sup (1= [z’ @) fule(@)]| + sup (1= 2P ) fa (e ()]
{zeD: ¢(z)eK} {zeD: §<|p(z)|<1}

+ sup (1= [zP)u@)¢’ @£ (9(2))]
{zeD: p(2)eK}
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+ sup (1= 1P @)’ @1 £, (9@)] + [1(0) £, (9(0))]
{zeD: 5=lp(2)|<1)

< llulls sup [fuw)| +C  sup (1= 'Z'z)'”'@'z Nl p.)
wek (zeD: s<lpi<1} @ (9@ D1 — |p(2)|2)1/P
(1 =z u(2)¢' )|
+ M sup |f/(w)|+C  sup 1 fll ..
wek " (st s<lp(<1) DUP@DA — lp() )17 i w-r-0)

+ u(0) fu (0(0))]

< llullg sup | fu(w)| + Ce + M sup | f,(w)| + Ce + u(0) fu(p(O))],

wekK wek

where we have used the fact that u € B (see the proof of Theorem 3.1) and where

M= sug(l - Izlz)lu(z)go’(z)l-

Since K is compact and ¢ € H(D), it follows that, lim,_, oo SUp,,cx | fn(w)| = 0. The
set {¢(0)} is also compact so that lim,_, o |#(0) f;,(¢(0))| = 0. By Cauchy’s estimate, if
fn is a sequence which converges on compacta of D to zero, then the sequence f, also
converges on compacta of D to zero as n — 0o. Employing these facts and letting n — oo
in the last inequality, we obtain that

limsup ||uCy frllp < 2Ce.

n—oo

Since ¢ is an arbitrary positive number it follows that the last limit is equal to zero.
Therefore, uCy: H(p, p, $) — B is compact.

Conversely, suppose uCy: H(p, p, ¢) — B is compact. Let (z,),en be a sequence in
D such that |¢(z,)| — 1 asn — oo. If such a sequence does not exist conditions (15) and
(16) are automatically satisfied. Choose

(1 = lp(za) P!
P (oD (1 — @znz) Pttt

Then, as above sup, || fullH(p,p,¢) < C and f, converges to 0 uniformly on compact
subsets of D as n — oo. Since uCy, is compact, we have

fu(@) = n€N. (17)

luCy fullg — 0 asn — oo.

Thus

[uCy full

> sug(l — 121w Cy £2) (2)]
(1 = 1za ) U @) 9 (@n) @’ (zn) (1 = |za D)’ (zn)]

I/p+t+1 - ’
>|(/p+t )¢(|(P(Zn)|)(1 — |(p(zn)|2)l+l/p ¢ (o)A — |§0(Zn)|2)l/p
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Hence, we obtain

(1/p+1t+ D = |24 ) e@n)e (z0)]
1m
lp(zn)|—1 ¢ (o) D — ez, |21 H1/P

(1 = lza D)’ (zn)]

= 1 , 18
w1 (9D — (a2 (15
if one of these two limits exists.
Next, let
2n(2) = (1 = lpn)?)*? _ (1= lpG ™!
" ()1 — @) /PH+2 G(lpz)) (1 — 9(zn)2)/PHH!
(19)

for a sequence (z,)nen in D such that |¢(z,)| — 1asn — o0. Then, (g,),eN is a bounded
sequence in H(p, p, ¢), g» — 0 uniformly on every compact subset of D as n — oo,
8n(¢(zn)) = 0 and

8 () = o)
d (o) D1 — |@(z) P)+1/P
Then
1_ n2 n n ! n
(1 = |zaP)u(z) e )¢ (z 3| < uCognlls > 0 0)
B (oD — o)) e
asn — oQ.

From (20) it follows that

PN ¢ Bt e 1L CO T Co 1 R
@11 @@ — )P

Therefore by (18), we have

i (1 —zP)u' ()] _
1 =
le@l—=1 ¢ (e DA — |p)|»)/P

From the last two theorems, we can easily obtain the following corollaries:

COROLLARY 3.3

Suppose that ¢ is an analytic self-map of the unit disk, 0 < p < 0o and that ¢ is normal
on [0, 1). Then, the composition operator Cy: H(p, p, ¢) — B is bounded if and only if
the following condition is satisfied:

sup (1—zP)l¢' @) -
e ¢Ue@ D — p(2)|)1+1/P
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COROLLARY 3.4

Suppose that ¢ is an analytic self-map of the unit disk, 0 < p < 00, that ¢ is normal on
[0, 1) and that Cy: H(p, p, ¢) — B is bounded. Then, Cy: H(p, p, $) — B is compact
if and only if the following condition is satisfied:

i -izPle@l
l@i=1 ¢ (9D = le@)A)H1/P

Since the Bergman space is a special case of H(p, p, ¢), we have the following corol-
laries.

COROLLARY 3.5
Suppose that ¢ is an analytic self-map of the unit disk,u € H(D) and 0 < p < oc. Then,

uCy: AP — B is bounded if and only if the following conditions are satisfied:
sup 4= Pl sup 4= |21 |u(2)¢' @)
e (1= lp@)H)>/P ep (1= lp()H+2/p

COROLLARY 3.6

Suppose that ¢ is an analytic self-map of the unit disk, u € H(D), 0 < p < oo and that
uCy: AP — B is bounded. Then, uCy: AP — B is compact if and only if the following
conditions are satisfied.:

(A —lzP)l' @] _ nd 1 (1 — 2P u@e' @) _
le@l—=1 (1 — |p2)|>)?/P le@I—=1 (1 —|e(z)|?)1+2/p

COROLLARY 3.7

Suppose that ¢ is an analytic self-map of the unit disk and 0 < p < oo. Then,Cy: AP — B
is bounded if and only if the following condition is satisfied:

sup 0= ZPle' @l _

zen (1= lp(2)|H)1+2/p

COROLLARY 3.8

Suppose that ¢ is an analytic self-map of the unit disk,0 < p < oo and that Cy: A? — B
is bounded. Then, C,: AP — B is compact if and only if the following condition is
satisfied:

Nl I CO T
le)|—>1 (1 — |@(z)]|>)1+2/p

4. The boundedness and compactness of the operator uC,: H(p, p, ¢) = By

Next we characterize the boundedness and compactness of the weighted composition
operators uCy: H(p, p, ¢) — Bo. For this purpose, we need the following lemmas. The
first lemma can be found in [4].
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Lemma 4.1. A closed set K in By is compact if and only if it is bounded and satisfies

lim sup (1 — |z»)|f'(z)| = 0. (21)
lzl=1 fek

Lemma 4.2. Suppose that ¢ is an analytic self-map of the unit disk,u € H(D),0 < p < 00
and that ¢ is normal on [0, 1). Then,

(1= zP)' @)

li = 22
1 (o@D — [p@P7P 22
if and only if
. (1 =z’ ()]
1 = 23
@1 (e D — [9() )17 )
and
u € By, 24)

Proof. Suppose that (22) holds. Then

C(1— |z () R
e@DA — lp)H)/r

(1 =z ()] < i

as |z] — 1.
If |p(z)| = 1, then |z| — 1, from which it follows that
i (1 = |z’ )]
im N =
lo@I-1 ¢ (e = lpE)|7)"/?

Conversely, suppose that (23) and (24) hold. By (23), for every ¢ > 0, there exists
re€(0,1),

(1 =z (2)] .
(e = |p(2) PP

when r < |¢(z)| < 1. By (24), there exists o € (0, 1),

(1= 1z ()] < (1 —rHYPer)

wheno < |z| < 1.
Therefore, when o < |z| < 1 and r < |@(z)| < 1, we have that

(1 =z’ )]

. 25
PUe@D(1 —lp@P 77 ~ € *
If |¢(z)] < rand o < |z] < 1, then since ¢ is normal, we obtain
—1212)y’ NS (12N
(1 —1z[9)|u'(2)] (I =r)'( = |z]9)|u' (2)] 26)

< <e€
d(le@DA — le@PYP ~ ¢ — |@(2)[?)1/pts
Combining (25) with (26), we obtain the desired result.

Similarly to the proof of the above lemma, we have the following.
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Lemma 4.3. Suppose that ¢ is an analytic self-map of the unit disk,u € H(D),0 < p < o0
and that ¢ is normal on [0, 1). Then,

(1 =z u(2)¢' ()]

1 = 27
1 (e D — [p@)P)H17P @7
if and only if
(1 =z u(2)¢' ()|
1 =0 28
w1 $(p@D (1 — [p() D) +17P 28
and
Jim (1 - 12D |u(z)¢’ (2)| = 0. (29)

Theorem 4.4. Suppose that ¢ is an analytic self-map of the unit disk, u € H(D), 0 <
p < oo and that ¢ is normal on [0, 1). Then, uCy: H(p, p, ¢) — By is bounded if and
only ifuCy: H(p, p, ) — B is bounded, u € By and

lim (1= P ) 0] = .

Proof. First assume that uCy: H(p, p,¢) — Bp is bounded. Then, it is clear that
uCy: H(p, p, ) — B is bounded. Taking the functions f(z) = 1 and f(z) = z, we
obtain that u € By and lim|;_1(1 — |z|2)|u(z)<p’(z)| =0.

Conversely, assume that uCy,: H(p, p, ¢) — B is bounded, u € By and lim;j—1(1 —
1212 |u(2)¢’ (z)| = 0. Then, for each polynomial p(z), we have that

(1 = 1zI)@Cyp) (2]

< (1= 1z @Iplp@E)] + (1 — 2P )¢’ @) p' (@)1,

from which it follows that uCy,p € Bp. Since the set of all polynomials is dense in
H(p, p, ¢), we have that for every f € H(p, p, ¢) there is a sequence of polynomials
(Pn)nen such that || f — pulla(p,p,¢) — 0, as n — oo. Hence

NuCy f —uCypulls = luCollt(p,p.py>BIS = PullE(p.p.p) = O

as n — 00, since the operator uC,: H(p, p, ¢) — B is bounded. Since By is a closed
subset of B, we obtain

Therefore uCy: H(p, p, ¢) — Bo is bounded.

Theorem 4.5. Suppose that ¢ is an analytic self-map of the unit disk, u € H(D), 0 <
p < oo and that ¢ is normal on [0, 1). Then, uCy: H(p, p, $) — Bo is compact if and
only if

(1 — [z’ @) . (1 =1z u(2)¢ @)

= and lim =0

B
e o@D — 9D 1P =1 (e DA — lp(z)|H)1F1/P
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Proof. First, we assume that uCy: H(p, p, ) — Bp is compact. Taking f(z) = 1 we
obtain that

u € By. (30)

From this, taking f(z) = z, and using the boundedness of uCy: H(p, p, ¢) — Bp it
follows that

|z1|iE>11(1 — |22 u(2)¢'(2)| = 0. (31)
Hence, if ||¢|lco < 1, from (30) and (31), we obtain that

i (1= 1z 2) . (I—zP'@
m < m =
=16 (e@DU = le@PVP = 7 k=1 ¢ (llloc) (1 — llplI2)1/7

and

P 1219 u(2)¢’ (2)|
=1 (e (1 — |p(z)|2)H+1/p

1 — 2 1
< C lim (1—z| )Iu(z)ﬁ (Z1)|1 _
=1 ¢ (@lloc) (1 = ll@ll3)11/P
from which the conditions in (22) and (27) follow.
Hence, assume that ||¢|l oo = 1. Let (¢(z,,))neN be a sequence such that limy, o |¢(2,,)|

= 1. If necessary we can take a subsequence of (¢(z,))neN (We use the same notation
(©(zn))nen)- Set

_ 2\t+1
f e 1=le@D) .

()1 — @(zy)z) /P

and

(1 = lpG) P+ B (1= lpz) P!
d ()N — @)DVPHH2 ¢ (lpz)) (1 — @(z4)2) 1/ PHH]

gn(2) =

By the proof of Theorem 3.2 we know that

(1 =z u(2)¢' ()|
! =0 32
w1 $Ue@D — [p@P) 1P (32)

and
i A-lzP@l
1m NV
le@I=1 @)D — [p)]7)/P
Applying (30), (31), (32) and (33) with Lemmas 4.2 and 4.3 gives the desired result.
Conversely, from (7) we have that

(1= 1zZ)1@Cy £) )]

(1= lzP)u’(2)] (1 = zP)u@)¢ @) )
C .
= (¢(I<p(z)|)(1 —le@Pr " P (o@D — lp(@)|H+1/r 1.0

(33)
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Taking the supremum in this inequality over all f € H(p, p, ¢) such that || f || g(p,p,¢) <
1, then letting |z| — 1, we obtain that

lim sup (1 —|z)Cy(f)) (2)] = 0,
1= 1) £l 1, p.gy <1

from which by Lemma 4.1 we obtain that the operator uCy,: H (p, p, ¢) — By is compact.
From Theorems 4.4 and 4.5, we obtain the following corollaries:
COROLLARY 4.6

Suppose that ¢ is an analytic self-map of the unit disk, 0 < p < 0o and that ¢ is normal
on [0, 1). Then, the following statements hold.

(i) Cy: H(p, p, $) — By is bounded if and only if Cy: H(p, p, ¢) — B is bounded and
(/S Bo.
(ii) Cy: H(p, p, $) — Bo is compact if and only if

- (1= 12P)l¢' @) _
=1 ¢ (lp@D(1 = lp(2))+1/P

COROLLARY 4.7

Suppose that ¢ is an analytic self-map of the unit disk,u € H(D) and 0 < p < oc. Then,
the following statements hold.

(i) uCy: AP — By is bounded if and only if uCy: AP — B is bounded, u € By and
Jim (1— 2 u)¢' (2)] = 0.
(ii) uCy: AP — By is compact if and only if

e G et i)
=1 (1=l (@)[H)/P =1 (1= lp(2)[2)+2/7

lu(2)¢’ ()] = 0.

COROLLARY 4.8

Suppose that ¢ is an analytic self-map of the unit disk and 0 < p < oo. Then, the following
statements hold.

(i) Cy: AP — By is bounded if and only if Cy: AP — B is bounded and ¢ € By.
(ii) Cy: AP — By is compact if and only if

(1—z»

()] =0.
|le211 (1 — |o(z)|?)1+2/p lo"(2)1
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