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Abstract. A two-person zero-sum infinite dimensional differential game of infinite
duration with discounted payoff involving hybrid controls is studied. The minimizing
player is allowed to take continuous, switching and impulse controls whereas the maxi-
mizing player is allowed to take continuous and switching controls. By taking strategies
in the sense of Elliott—Kalton, we prove the existence of value and characterize it as the
unique viscosity solution of the associated system of quasi-variational inequalities.
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1. Introduction and preliminaries

The study of differential games with Elliott—Kalton strategies in the viscosity solution
framework is initiated by Evans and Souganidis [3] where both players are allowed to
take continuous controls. Differential games where both players use switching controls are
studied by Yong [6, 7]. In [8], differential games involving impulse controls are considered;
one player is using continuous controls whereas the other uses impulse control. In the final
section of [8], the author mentions that by using the ideas and techniques of the previous
sections one can study differential games where one player uses continuous, switching
and impulse controls and the other player uses continuous and switching controls. The
uniqueness result for the associated system of quasi-variational inequalities (SQVI) with
bilateral constraints is said to hold under suitable non-zero loop switching-cost condition
and cheaper switching condition. In all the above references, the state space is a finite-
dimensional Euclidean space.

The infinite dimensional analogue of [3] is studied by Kocan et al [4], where the authors
prove the existence of value and characterize the value function as the unique viscosity
solution (in the sense of [2]) of the associated Hamilton—Jacobi—Isaacs equation.

In this paper, we study a two-person zero-sum differential game in a Hilbert space where
the minimizer (player 2) uses three types of controls: continuous, switching and impulse.
The maximizer (player 1) uses continuous and switching controls. We first prove dynamic
programming principle (DPP) for this problem. Using DPP, we prove that the lower and
upper value functions are ‘approximate solutions’ of the associated SQVI in the viscosity
sense [2]. Finally we establish the existence of the value by proving a uniqueness theorem
for SQVI. We obtain our results without any assumption like non-zero loop switching-
cost condition and/or cheaper switching-cost condition on the cost functions. This will be
further explained in the concluding section. Thus this paper not only generalises the results

233



234 A J Shaiju and Sheetal Dharmatti

of [8] to the infinite dimensional state space, it obtains the main result under fairly general
conditions as well.

The rest of the paper is organized as follows. We set up necessary notations and assump-
tions in the remaining part of this section. The statement of the main result is also given
at the end of this introductory section. The DPP is proved in §2. In this section we also
show that the lower/upper value function is an ‘approximate viscosity solution’ of SQVI.
Section 3 is devoted to the proof of the main uniqueness result for SQVI and the existence
of value. We conclude the paper in §4 with a few remarks.

We first describe the notations and basic assumptions. The state space is a separable
Hilbert space E. The continuous control set for playeri,i = 1, 2,is U i a compact metric
space. The set D' = {di, R d,inl,}; i = 1, 2; is the switching control set for player i. The
impulse control set for the player 2 is K, a closed and convex subset of the state space E.
The space of all U’ -valued measurable maps on [0, c0) is the continuous control space for
player i and is denoted by /'

U = {u': [0,00) — U'|u’ measurable}.
By U0, t] we mean the space of all U'-valued measurable maps on [0, ¢] that is,
U0, 1] = {u': [0, 1] — U'|u’ measurable}.

The switching control space D' for player i and the impulse control space K for player 2
are defined as follows:

D= {d"(-) =2 di X gH() : dj € D'(0)) C 10, 00],
j=1 o

0y =0, (6)) 1 0o, d}_| #djif6} < oo},

K= {E(') = ZEjX[r,-,oo](~) :&§j € K, (rj) C[0,00], (7)) 1 OO}-

j=0

An impulse control £(-) = ijo &j X[r;,00](+), consists of the impulse times 7;’s and
impulse vectors &;’s. We use the notation

é)n,j=71; and (§)2; =5§j.
Similarly for switching controls d 1(.) and d2(-) we write
@dHij=0; and (d");=dj,
@), =06; and (@2, =d;.
Now we describe the dynamics and cost functions involved in the game. To this end, let
C' =U'xD'andC* = U x D*x K. For (u'(-),d' (-)) € C'and (u?(-), d*(-), £(-)) € C2,

the corresponding state y, (-) is governed by the following controlled semilinear evolution
equation in [E:

Iu(0) + Aye (1) = fx (), ul (1), d (1), u? (1), d* (1)) + E(1), y:(0—) = x,
(1.1)
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where f:ExU! x D! xU? x D> — E and — A is the generator of a contraction semigroup
{S();t >0} onE.

(Al) W;: assume that the function f is bounded, continuous and forall x, y € E, d i e D,
ut e U,
I feut,db u? d® — f(y,u',d' u? d®| < Llx —y]. (1.2)
Note that under the assumption (Al), for each x € E, d'(-) € D!, u'(-) € U’ and
&(+) € K there is a unique mild solution y, (-) of (1.1). This can be concluded for example,
from Corollary 2.11, chapter 4, page number 109 of [5].

Letk: E x U! x D' x U? x D?> — R be the running cost function, ¢!: D x D' — R
the switching cost functions, and /: K — R the impulse cost function.

(A2) We assume that the cost functions k, ¢t are nonnegative, bounded, continuous, and
forallx,y e E,d' € D', u' € U, &), & € K,

lk(x,u',d" u?, d*) —k(y,u',d",u* d*| < L|x — y|,

[(§o + &1) < 1(50) +1(81), Yo, &1 € K,

lim [(£) = oo, (1.3)
[&]—>00
inf ¢! (d!, dé) = cf) > 0.

di#d

Remark 1.1. The subadditivity condition /(§y + &1) < [(&o) + [(&1) is needed to prove
Lemma 3.1 which, in turn, is required to establish the uniqueness theorems (and hence the
existence of value for the game) in §3. This condition makes sure that, if an impulse & is
the best option at a particular state yg, then applying an impulse again is not a good option
for the new state yy + &.

Let A > 0 be the discount parameter. The total discounted cost functional J,: C!' x C* —
R is given by

Jelu' (), d (), u (), d?> (), E()] = / e Mk (yx (1), u' (1), d" (1), u* (), d*(1)) dt
0

~Y el dbh

Jj=0
2
+Y e My A + Y e MlE)
Jj=0 j=>1

(1.4)

We next define the strategies for player 1 and player 2 in the Elliott—Kalton framework.
The strategy set I" for player 1 is the collection of all nonanticipating maps « from C? to
C'. The strategy set A for player 2 is the collection of all nonanticipating maps 8 from C!
to C2.

For a strategy 8 of player 2 if B(u'(-), d'(-)) = (u?(-), d*>(-), £(-)), then we write

AW (), d' () =u?(), W' (), d" () =d*() and 38w’ (), d' () =&().
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That is, I1; is the projection on the ith component of the map 8. Similar notations are used
for ar(u?(-), d*(-), £(-)) as well. Hence,

Ma@?(), d*(), () =u'() and Tha@?(),d*(), () =d'().

Let Di*?" denote the set of all switching controls for player i starting at d’. Then we
define sets

Cl’dl =U' x D]’d1 and Cz“’l2 =U? x Dz'd2 x IC.

Let AL denote the collection of all 8 € A suchthatI1,8(0) = d*and T4 1 be the collection
of all « € T" such that [T (0) =
Now using these strategies we define upper and lower value functions associated with the

1 2
game. Consider J, as defined in (1.4). Let J ,ﬁl 4" be the restriction of the cost functional Jy
toCld" x 24> The upper and lower value functions are defined respectively as follows:

Y ) = sup inf TPl @2(), d*C), (), uP (). d2(), £ (1.5)

ael‘dl

Ay = inf sup JE P (), d (), B (). d (D). (1.6)
BeAd® o141

Let Vi = (v @', d?) e D' x D?}and V_ = {v*": (4", d%) e D' x D?}. If
V4 = V_ =V, then we say that the differential game has a value and V is referred to as
the value function.

Since all cost functions involved are bounded, value functions are also bounded. In view
of (A1) and (A2), the proof of uniform continuity of V and V_ is routine. Hence both V.
and V_ belong to BUC(E; R™1>*"™2) the space of bounded uniformly continuous functions
from E to R™1>™2,

Now we describe the system of quasivariational inequalities (SQVI) satisfied by upper
and lower value functions and the definition of viscosity solution in the sense of [2].

For x, p € E, let

HY (¢, p) = max min [(—p, fOe,u',d",u? d®)) — k(e u',d" u?, d®)], (1.7

u2eU?uleu!

B (2, p)y = min max [(—p, feeu' d' u?, d®) —k(x.u' d 2 dD] (1.8)

uleU! u2el?

and for V € C(E; R™1*™2) let

M V1) = min [VEE () + A @2, d), (1.9)
2442

MY V) = max (V44 (x) — '@, d"], (1.10)
al£d!

NV 1w = i vt ) 1)1 (1.11)
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The HII upper systems of equations associated with V_ of the hybrid differential game
are as follows: for (d!, d?) € D! x D?,

min {max 0.V 4 (Ax, DV ) 4 g@ & (¢, pyd' @),
. (HIT1+)
Ld? 1 52
i@y Ey g vy d vl oy vy = o

max {min AV4"@ 4 (Ax, DV ) 4 gL (x, pyd'd),
. (HII2+4)

1 52 1 0

va vy, vaE -y vy vad o Nvd ) =0

where B M® 4 4% and N[V | are as given by (1.8), (1.9), (1.10) and (1.11)
respectively.

Note here that for any real numbers a, b, ¢, d, @V b) AcAd <(aVcVvd)Ab.

If we replace Hil’dz in the above system of equations by Hf]’dz, then we obtain the
HITI lower system of equations associated with V. and is denoted respectively by (HJT1—)
and (HJI2—).

If V satisfies both (HJI1+) and (HJI2+), then we say that V satisfies (HJI4+) and
similarly if it satisfies both (HJI1—) and (HJI2—), we say that V satisfies (HJI—) .

Now let us recall the definition of viscosity solution (in the sense of Crandall and Lions
[2]. To this end, let

Cl(E) = {¢: E — R | ¢ continuously differentiable},

Lip(E) = {¢: E — R | ¢ Lipschitz continuous},

T={0|®=9¢+1y, ¢ € CL(E), ¥ € Lip(E)},

1
D} ®(x) = limsup g[q’(}’) — (S,
840, y—>x

1
D, ®(x) = Slignviga g[d>(y) — DS,

dt,d?* d,d? d',d? d',d?
H{ " (x,p)= sup H_ ™ (x,p+q); H_; (x,p)= sup H_"" (x,p+¢q);
ligli<r llgli<r

d',d?* . d,d? d,d? . d',d?
H{," (x,p)= inf HI"“(x,p+¢q); H.}" (x,p)= inf H“ (x, p+q).
- llgli<r - llgli<r

DEFINITION 1.2

A continuous function V is a viscosity subsolution of (HJI1+) if

1 72 1 52
min {max (A4 (@) + D @ @) + HY (&, Do), v (&) — T VI,

Vel (&) — Nva P 1)), vea©E @) — M3 vig)y <o,

forany ® € 7, (dl, d2) e D! x D? and local maximum % of le’dz — .
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A continuous function V is a viscosity supersolution of (HJI1+) if

1 g2 1 52
min {max 1V (2) + DY O@) + HY 3452, De(®), VI (%) — ML V@),

vaLa @) — N[y @), vaE @) - M v = o,
forany ® € 7, (dl,dz) € D' x D? and local minimum % of le’dz — &,

If V is both a subsolution and a supersolution of (HJI1+), then we say that V is a
viscosity solution of (HJI1+).

DEFINITION 1.3

A continuous function V is an approximate viscosity subsolution of (HJI1+) if for all
R > 0, there exists a constant Cg > 0 such that

min {max (.V4" (%) + Dy @R) + HY (2, D (%) — CrL(Y)),
va' @) — M), vaE @) — NvE i), v ) — m v
<o,

forany ® € 7, (d', d*) € D' x D? and local maximum % € Bg(0) of vdd _ .
A continuous function V' is an approximate viscosity supersolution of (HJI1+) if for all
R > 0, there exists a constant Cg > 0 such that

min (max (V4L ®) + DI BE) + HE (3, Do (%) + CrL(Y)),
va' @ @)y — M V@), vaE ) — NvE ), vaE @) — u v
2 07

forany ® € 7T, (d', d*) € D! x D? and local minimum % € Bg(0) of yd.d® _ g,
If V is both an approximate subsolution and an approximate supersolution of (HJI14),
then we say that V is an approximate viscosity solution of (HJI14).

In the above definitions, L(v) is the Lipschitz constant of ¢ and B (0) is the closed
ball of radius R around the origin.

Remark 1.4. One can easily prove that a viscosity solution is always an approximate vis-
cosity solution. For more details about the approximate viscosity solution and its connec-
tions with other notions of solutions, we refer to [2] and [4]. In the infinite dimensional
set-up it is easier to establish that the value functions are approximate viscosity solutions
than to prove that they are viscosity solutions. Therefore, as pointed out in [4], the concept
of approximate viscosity solution is used as a vehicle to prove that the value functions are
viscosity solutions.

In the next section, we show that V_ is an approximate viscosity solution of (HJI+) and
V is an approximate viscosity solution of (HJI—).
We say that the Isaacs min—max condition holds if

" = g forall @', d?) e D' x D2 (1.12)
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Under this condition, the equations (HJI14) and (HJI2+) respectively coincide with
(HJI1—) and (HJI2—). We now state the main result of this paper; the proof will be worked
out in subsequent sections.

Theorem 1.5. Assume (A1), (A2) and the Isaacs min—max condition. Then V_ = V is
the unique viscosity solution of (HI14) (or (HI1-)) in BUC(E, R™1>*™2),

Remark 1.6. The Isaacs min—max condition (1.12) holds for the class of problems where
f is of the form

faut,d' u?,d® = fi(e,ut,db, d?) + fo(x, db u?, d%).

2. Dynamic programming principle

In this section, we first prove the dynamic programming principle for the differential games
with hybrid controls. We first state the results. The proofs will be given later. Throughout
this section we assume (A1) and (A2).

Lemma 2.1. For (x,dl,dz) cEx D!'x D>andt > 0,

t
v (x) = inf sup [/ e M k(yy(s), u' (5),d" (),
pead® crat LJo

M B!, dh(s), B!, d)(s)) ds

Y Ml dh

1
0/. <t

+ Y MBIy 1, (MaB)a))
(I2p)1,j <t

. Z e MMALI((T138)2.7)

(TM3B),j<t

2.1

ey OO (t))}
Lemma 2.2. For (x, dt, dz) cExD!'x D?>andt > 0,
t
1 52 .
Vit = sup inf [ / e Mk (yx (), 2, d%,6)(5), u?(5), d*(5), §(s)) ds
aerd' C*» 0

— Y e MOu (a1, (Mha)l, j)

(o), j<t
—10% 2, 2
+ D e il )
0]2<t

2
+ 3 eTHIE) + e MY RO, <r>>}.

Tj<t



240 A J Shaiju and Sheetal Dharmatti

Lemma 2.3. The following results hold.:

i) MLV < v ().
Gi) v () < minfM9 Vo100, NIV (0.
(iii) Let (x,d", d?) be such that strict inequality holds in (i). Let ,3 € Agz. Then there
exists to > 0 such that the following holds:
Foreach 0 <t < ty, there exists ul”(-) IS Z/ll[O, t] such that

1 n t _
v ) — 1% < f e k(e (), ul (s),d", B (), d)(s5)) ds
0

1 52
+e MV ().
(iv) Let (x,d", d?) be such that strict inequality holds in (ii). Let il € UL, Then there
exists to > 0 such that the following holds:

ForeachQ <t <t, there exists B! e A with (M B @', dY)y .1, (T3 ', d'))1 >
to such that

t
Vi’l"’2<x)+zzzf0 e M k(ye(s) ail,dl, B, d')(s)) ds

1 52
+e MV (. @1)).

Lemma 2.4. The following results hold.

. 12 12
@) MLV < vET ().
. 1 2 . 1 2 1 2

Gi) v @) < min{M T v ), NIV 10).

(iii) Let (x,d", d?) be such that strict inequality holds in (ii). Let @ € Fgl. Then there

exists ty > 0 such that the following holds:
Foreach 0 < t < ty, there exists u>'(-) € U[0, t] such that

t
v 422 / e M k(yx(s), u™'(s), d*, @w®', d*, €°)(s)) ds
0

1 52
+e MV (y ().

(iv) Let (x,d"', d?) be such that strict inequality holds in (i). Let i* € U?. Then there
exists ty > 0 such that the following holds:

Foreach0 < t < 1, there existsa' € 14" with (Mo (2, d?, £°))1.1 > fo such that
12 4
VI 2 < / ek (yy (5), 72 2 o (@2 d2. £ (s)) ds
0

1 52
+e MV (y ().

We prove Lemmas 2.1 and 2.3. The proofs of Lemmas 2.2 and 2.4 are analogous.



Infinite dimensional differential games with hybrid controls 241

Proof of Lemma 2.1. Let (x, d', d2) € E x D! x D? and t > 0. Let us denote the RHS
of (2.1) by W(x). Fix € > 0.

Let B € A% be such that

t
W(x) > sup[/ e M k(ye(s), ul (), d'(s), 1 B, dV)(s), 2B (u', d")(s)) ds
cl‘dl 0

—26! _ 3y, . ~ ~
=Y e M@l dh+ Y] e MEPLR((Myh) 1. (Maf)a,))

0}<t (M B),j<t
- B) ; > —aty,dV (), (18
+ Y eI ) +e MV O 2”“”(»(0)} —e.
(HSB)I,j<t

By the definition of V_, for each (u'(-),d'(-)) € C'?', there exists Buty.ai(y €
AIRA®) guch that

d'(1),(MpB
V_ ®),( Zﬁ)(t)(yx(t))

. _
Z Jydx((lt))»((n2ﬂ)(l)[ul()’ dl('), ﬂul()’dl()(ul()a dl())] — €.
Define § € A4’ by
L B! (), d' () (s); s<t
Su (), d ())(s) = . . . .
13141(~),d|(')(u (+t),d (~+t))(s—t), s >1
By change of variables, we get
. _
Ji((tl))v(nzﬁ)(f)[u] ( + t), d] ( + t), ﬂul(.),dl()(ul(' + t), d]( + t))]

= /Ooe—“k(yx(r), ul (v),d" (), (M8)(u', d")(x), (M) ', d")(r)) dr
t

— S e Ml dh

1
9]. >t

+ Y e MEILR((M8)y -1, (M28)2, )
(Tp8)1,j>t

. Z e_)\(n38)1,jl((l'[35)2’j)'
(TT38)1,j>1

1 _
Substituting above in the inequality of yd 0.(2p )(I)(yx (#)) and then in the inequality
for W (x) will imply

W) = It (), d (), 8, d") ()] - 2.

This holds for all (u!(-), d'(-)) € ¢4" and hence W(x) > V¢ ¢’ (x) — 2¢. Since € > 0
is arbitrary, we get W(x) > Vfll’dz (x).
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We now prove the other type of inequality. Fix 8 € A? and € > 0. Choose

@'(-),d'(-)) € 1" such that

t
W(x) < / e M k(yx(s), it (5), d"(s), BGa', d")(s)) ds
0

— Y e M@, dh

1
Gj <t

+ Y ML) 1. (Maf)a))
(2B, <t

T S R IR

(TM38)1,j<t

g1
—i—e_)‘tVf (1),(H2ﬁ)(1)(yx(t)) s
Now for each u!(-), define &' (-) by
il (s); s <t
al(s) = .
ul(s —1); s>t
Similarly, for each d'(-), we define d! (+). Let
B' (), d' (D) = B@' (), d" (N +1).
By the definition of V_, we can choose (u'(-), d!(-)) € ¢1d'® such that

d'(n),(m
V, ®),( Zﬁ)(t)(yx(t))

- A
< Jd (l),(nzﬁ)(l)[ul(' +t),d1( —I—t),ﬂ(l/ll,dl)(' +t)] +ee)‘t.

- x (1)
Now, combining (2.2) and (2.3), we get

t
W(x) < / e k(ya (). 1 (). d"(5). B A () ds — Y e el al_y )
0

9]'.<t
+ Z ef)»l'lzﬂl,jc2((]'[2,3)2’j_1, (HZﬂ)Z,J’)
(M), j <t
£ Y AL, )
M3p1,j<t

e ML D IEPORIG ), pat (), d )] + 2e.
By change of variables, it follows that
W < 18Pl d o), pat,d) o1+ 2e.
This holds for any 8 € A?" and hence
Wx) < V4 () + 2e.

The proof is now complete, since € is arbitrary.

(2.2)

(2.3)
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Proof of Lemma 2.3. We first prove (i) and (ii). By the definition of V~, for any d> # d?,
v ) < v )+ A ).
From this we get
v ) < M Vo).
The inequality
vy = M v

can be proved in a similar fashion.
Clearly forany £ € K and 8 € Adz,

VI ) < sup S 0,10, pl a1+ 1),
cl.d

. 2 .
Taking infimum over 8 € A?" and then over & € K, we obtain

VA& ) < NV ).

We now turn to the proof of (iii). By Lemma 2.1, for each ¢+ > 0, there exists
W (), d"(-)) € ¢ such that

1 ? -
vy 2 < / e Mk (ye(s), ul' (s), dV (s), B, d")(s)) ds
0

Lt L 5
=Y el ey OO o),
0}’t<t

It is enough to show that, for some 7y > 0, 911 > tforall0 <t < to. If this does not

happen, then there would exist a sequence #,, | 0 such that 911 e t,, for all n. This would
imply that

1 91”” _
v () — 01?2 < / e M k(yx (), u" (5), dV (s), Bu ", dV)(s)) ds
0

ol ol dl”n’dz
—e A0, Cl(dl, dllyln) te A0, V_l (yx(gllatn))‘
We may assume that for all n, dll’t" =d' # d'. Now by letting n — oo in the above
inequality, we get

v ) < —el@,dy + v ()

IA

MLV ).

IA

This contradicts the hypothesis that strict inequality holds in (i) and the proof of (iii) is
now complete.
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We next prove (iv). By Lemma 2.1, for each ¢ > 0, there exists B! € A such that

t 1
v ) 42 > / e k(y(s). it d'L " d")(s) ds+ e M VOO )
0

202 2 0t 2t
+ ) e ad
(T2 B")1,j <t

+ Y e MIED.

(T3, <t

It is enough to show that, for some ¢y > 0, min(012”, fl’) > tforall 0 <t < 1. If this
were not true, then (without any loss of generality) there would be a sequence ¢, | 0 and
two cases to consider. In the first case, 912’[" < min(t,, le,,) whereas in the second case

n

i
proof of (iii), we get Vfll’dz (x) > Mﬁl’dz[V_](x) incase 1 and Vfll’dz (x) > N[Vfl’dz](x)
in case 2 respectively. This contradicts our hypothesis that strict inequality holds in (ii)
and the proof is complete. |

< min(t,, 912 Iy, By dropping to a subsequence if necessary and proceeding as in the

Remark 2.5. From the proofs it is clear that, instead of the term 2 in the statement of
Lemma 2.3 and Lemma 2.4, we can take any modulus p(¢).

We now state the following result (Corollary 4.9, [4]) which is useful in proving that
V_ (resp. V4 ) is a viscosity solution of (HJI+4) (resp. (HII-)).

Lemma2.6. Let® € T,x € Eand D, (%) < oo. Ifv(-) € LY([0, T1; E) and y(-) solves
y@) +Ay@) =v@); 0=<t=T,
y(0) = x,

thenast — 0,

—At __ 1 t
MO~ B() = T DyOE) + L) / e lu(s)]| ds
0

t
+/0 e D (y(5)), v(s)) =2 (y(s))] ds+o(0),

uniformly for all v(-) uniformly integrable on (0, T).

We are now ready to prove that V_ (resp. V) is an approximate viscosity solution of
(HJI+) (resp. (HIT-)).

Theorem 2.7. The lower value function V_ is an approximate viscosity solution of (HJI+)
and the upper value function Vy is an approximate viscosity solution of (HJI1-).

Proof. We prove that V_ is an approximate viscosity solution of (HJI4). The other part
can be proved in an analogous manner.

Let Cg be such that || £ (yx (£), u' (1), d" (t), u(r), d*(t), £(t))|| < Cgforall0 < <1,
Il < R, (' (), d'(-) € C" and (), d*(), &(-)) € C2.



Infinite dimensional differential games with hybrid controls 245

We first prove that V_ is an approximate subsolution of (HJI1+4). Let (X, dl, d? e

1 42
Ex D! x D2 and ® = ¢ + ¢ € 7 be such that V¢ **" — & has a local maximum at
X € Bg(0). Without any loss of generality, we may assume that Vfll’dz x) = o). If

v ) = M2 [V_] (%), then we are done. Assume that V%’ (2) > M» - [V_]).
It suffices to show that

W) + D 0G) + HE 4 (&, Do (R)) — CRL(Y) = r < 0.

If possible, let » > 0. This implies that for every u' € U!, there exists u?> = u?(u')
such that

ADR) + Dy ®(R) — (DR, f(&,u',d", u?, d?)
— kG, u,d", u?, d?) — CRL(Y) = g
By Proposition 3.2 of [4], for ¢ small enough, there exists g’ € Agz such that
ADR) + Dy (%) — (DY), f(R,u'(s),d", B' (' (), d")(5)))

— k@&, u'(s),d", B ' (), d")(s)) — CRL(Y) =

NS ]

forall ul(-) e U'[0, ¢] and ae. s € [0, ¢].
This yields

AD(y:(5)) + Dy @) — (DP(ye (), fs(s),u' (), d", B ' (), d")(s)))
— k(yz(s), u'(s),d", B ' (), d")(s)) — CRL(Y) > g

for a.e. s € [0, ¢] and ¢ small enough.
Multiplying throughout by e =** and integrating from s = 0 to s = ¢, we get

A rife ™™ —1
[Di0@ - CrLy) - 3] [T}

t
_f e k(yg(s), u' (), d", B! (), d")(s)) ds
0

t
+ f e D (v (5))
0

—(Dp(yi(s), f(yz(s),u(s),d', Bl (), d")(s))]ds >0

2.4)

By Lemma 2.3(iii), for # small enough, there exists ult(-) € U0, 7] such that

13
VA @) — o) < / e k(v (s), u(s),d", B (), d")(s)) ds
0

FeMyva A (y (1), 2.5)
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We now claim that D, ®(X) < co. We may take & to be Lipschitz.
12 = @GN < [F) —e M (y @)l + €™ = DLy (®)]

<0(8) 4+ Cid + Ci(e™ —1).

Therefore
[®(X) — D(SG)X) | < [[PX) — Dy + L(P)C;6
<0(8) +C8+Ce™™ —1).

This proves the claim that D, ®(X) < oo and hence from Lemma 2.6, it follows that as
t— 0,

—At _ 1
e M P (y: (1) — D) < eTDgM)

t
+L () fo e M f (i (s), u ' (s), d, B @ (), dM(s) ds

t
+/O e UDG (5. £ (i) u (s, d",

Bl (4), d) () — A@(yz ()] ds + o(2).
(2.6)
Combining (2.4), (2.5) and (2.6), we obtain

|:€—M—li|£> —M@( A(l‘)) CI)(A)
x |2°F t AL
+ /0 e k(v () (), ", B (), d")(s)) ds+o(r)
> o(t).

This contradiction proves that V_ is an approximate subsolution of (HJI1+).
To prove that V_ is an approximate supersolution of (HJI1+), let x € Bg(0) be a local

minimum of V¢ 4" — &. Without any loss of generality, we may assume that Vfl a2 x) =
A dal,d? d'a? A d',d? d',d? 4
Ox). ItV " (x) =M% [V_](x) or V2" (x) = N[VZ " ](x), then we are done.
Assume that Viil’dz x) < min(Mi]’dz[V_]()E), N[Vfll’dz]()?)). In this case, we need to
show that
A l 2 A A A
AD(x) + DL D(E) + HL (£, DY(£)) + CRL(Y) =: 7 > 0.
If possible, let 7 < 0. Then

ADR) + DIO@R) — (Do), f(R, ', d",u?, d%))

— k(&' d", u? d) + CRL(Y) < %
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for some ' € U' and all u*> € U?. This implies that, for all § € Agz and s small enough

AD(y5(5)) + DE®R) — (DY (¥(s)), fys(s), ', d', pa', d")(s)))

A

— k(yi(s). it d", B(a', d")(s)) + CRL(Y) < %

—AS

Multiplying throughout by e™"* and integrating from O to ¢, we get

{D+CI>()2)+C L(w)—f} [C_M—_l}
A k 4 Y

t
+ /O e MAD(y5(s) — (DP(Y()), fye(s) ', d', pa', d)Mlds U (27

—fole—“k(y)e(sxﬁl,dl,ﬂ(ﬁl,dlxs» ds <0
Now by Lemma 2.3(iv), for ¢t small enough, there exists 8 € Agz such that
Ve @)+ o)
> /0 k(e dL B dD ) ds eV (). 28)

Now proceeding as in the first part of the theorem, we can show that DXCD(i) > —00.
Using Lemma 2.6 for —®, we get

|
—eTHO(e(0) + (F) = ———D o)

t
- L(w)fo e M f (e (s), u ' (s), d", B ! (), dM(s) ds

t
—/0 e DG (r:(5)), (i (). u (5.,

B @ (), dV) () — 2D (yz(s)]ds + o(t).
(2.9)

From (2.7), (2.8) and (2.9), we get

Fle ™ —1
) [T} = o).

This is a contradiction and proves the fact that V_ is an approximate supersolution of
(HIT1+). |

In a similar fashion, we can show that V_ is an approximate viscosity solution of
(HJ12+). Hence V_ is an approximate viscosity solution of (HJI+).
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3. Existence of value

In this section we first prove the uniqueness of solutions of (HJI+4) and (HJI—). Next we
prove that uniqueness result for (HJI4) and (HJI—) holds true even if one is a viscosity
solution and other is an approximate viscosity solution. Finally under Isaacs’ type min—
max condition we show that game has a value proving the main theorem of the paper.
Now we state and prove two lemmas needed in the proof of uniqueness of (HJI4) and
(HIT-).

Lemma 3.1. Assume (A2). Let w be uniformly continuous. If

1 52 1 52 1 52
w® % (o) = N[w” " 1(30) = w " (y0 + §0) + 1(50),
then there exists o > 0 (which depends only on w) such that for all y € B(yo + &, o),
1 52 1 g2
w5 < N 1),

Proof. The proof closely mimics the corresponding result in the finite dimensional case
[8]. We however prove it for the sake of completeness. Let

w % (yo) = N[w! 10) = w % (yo + §0) + 1(€0)-
Then, for every & € K,
w50 + & + &) +1E) —w! o + &) = w0 + & + £ + 16D

—w?" % (yo) + 1(&0)
> =160+ &1) + (&) +1(&1).

Now,
1 52 . 1 52
Nl T100 +80) = inf w0 + 60 +61) +1(E).
1
By (1.3), this infimum will be attained in some R ball. Hence we can write

d] d2 . d] dZ
N[w*> ](y0+€o)=$1€KHgll<Rw “(yo + &0 + &) + 1.

Now, taking infimum over |£;] < R on both sides of the earlier inequality we will
have

d',d? o dLd? : _
Nlw o +&0)] —w (yo +&0) > EleKlr}éflkR[l(Eo) + 1) — 1o +&1)]

=1[>0.

By using uniform continuity of wd' 4 and N [wdl’dz] we get a o such that for all y €
B(yo + %0, o),

w? % (y) < N[w? 1(y). n
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Lemma 3.2. Assume (A1) and (A2). Then the following results are true.

1 g2
(1) Any supersolution w of (HJI1+) satisfies wd' 4 > Mi 4 [(w] for all d*, d>.

(ii) Any subsolution w of (HI2+) satisfies w ¢ < min(M® " [w], N[w? %)) for all
d', d>

Proof. Let w be a supersolution of (HJI1+). If possible, let
1 42 1 g2
w4 (xo) < ML [wl(xo).

By continuity, the above holds for all x in an open ball B around xg. As in Lemma 1.8(d),

p.30in [1], we can show that there exists yg € B and a smooth map ¢ such that w? L 0]
has local minimum at yg. Since w is a supersolution of (HJI1+), this will lead to

1 g2 dl,dz
w® " (y0) = MY [w](vo),
a contradiction. This proves (i). The proof of (ii) is similar. |
Next we present the proof of the uniqueness theorem.

Theorem 3.3. Assume (Al) and (A2). Let v and w € BUC(E; R™*"™2) be viscosity
solutions of (HI1+) (or (HI1-)). Then v = w.

Proof. We prove the uniqueness for (HJI4-). The result for (HJI—) is similar.

Let v and w be viscosity solutions of (HJI+). We prove pd'd? < wd" @ for all d', d*.
In a similar fashion we can prove that wdl’d2 < vd1 d? for all !, d2.

For (d!,d?) e D' x D?, define ¢ ?*: E x E — R by

b=y A ;

O,y = v ) — () = S k)™ 4 (07

where m € (0, 1) N (0, Hfﬁ) is fixed, k, € € (0, 1) are parameters, and (x)” = (1 +
[l )12/, i

Note that x — (x)™ is Lipschitz continuous with Lipschitz constant 1.

We first fix k > 0. Let (x¢, ye) and (del, déz) be such that

1 72 1 g2
P (e, ye) = sup max O (x, y) — eld (@, x) +d (v, yo)]
X,y a-,

and

1 52 1 52
e -de (Xe, Ye) = sup max o4 (x,y) —e.
x,y d',d?

Here d(-, -) is the Tataru’s distance defined by

d(x,y) =inf [r+ |x — S®)yl]
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(see [2] for more details). By Lemma 3.2, we have

1 52 1 42
wlede (ye) < N[we%](y,), (3.1)
1 52 1 52
wlede (ye) < M_%% [w](ye), (32)
1 42 1 52
vde’ds (xe) > M+de’de [v](xe)‘ (33)

If we have strict inequality in all the above three inequalities (that is, (3.1), (3.2) and
(3.3)), then by the definition of viscosity sub and super solutions we will have

1 g2 _ dl.d? Xe — o
Ml (xe) + Dy @1 (xe) + HYE ™ (xe, — Y 1 ii(xe)” 2xe> <0,
(3.4)
1 2 dl,dz X — —
A% (o) + DY da(ye) + HY 5 (ye, — Y e (ye)" 2y ) = 0,
3.5
where
lx — yel? ;i
di(x) = T—i—/c(x) + ed(x, x¢),
xe — y|? ;i
—P2(y) = T Ak A+ €d(y, ye)-

In this case we can proceed by the usual comparison principle method as in [2].
Therefore it is enough to show that for a proper auxiliary function strict inequality occurs
in (3.1), (3.2) and (3.3) at the maximizer. We achieve this in the following three steps.

Step 1. There are two cases to consider; either there is no sequence €, | 0 such that strict
inequality holds in (3.1) or there is some sequence for which strict inequality holds in (3.2).
If there is no sequence ¢, | 0 such that

wen e (y, ) < N[wen 4 ](ye,) for all n, 3.6)

then we have equality in (3.1) for all € in some interval (0, €p). By the definition of N and
the assumptions (A2), for each € € (0, €), there exists & € K such that

My := sup [&] < oo
O<e<ep
and
W% (ye) = NIw® () = w® (ye + &) + 1(&o).
Then,
OUE (xe + e ye + £0) = V7% (xe + ) — wie (e + £0) — %

— k[(xe + &)™ + (ye + E)™]
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2
1 2 1 2 Xe —
> Ude e (-XG) — wdé Jdg (ye) _ ﬁ

2¢
— k[(xe)™ + (ye)™ — 2 |&c|
= &% (x,, ye) — 2clé]
> %4 (x,, ye) — 26 My
Hence we have
Dl (v, y) — DU (x, £y +E) < 2 M. G

We will be using this difference to define the new auxiliary function. Observe that
|xel, | vel, || are bounded.

We define the new auxiliary function W by

W (x, y) = 044 (x, y) — eld(x, x) + d (. yo)l

+2(2K+6)M077<x_x;_$6,y_y;_gé),

where ¢ = o (w) is the constant coming from Lemma 3.1 and : R x RY — Risa
smooth function with the following properties:

1. supp(n) C B((0,0), 1),
22.0=n=1

3. n(0,0) =1land n < 1if (x, y) # (0,0),
4. |Dn| < 1.

Now by the definition of W,

1 2 1 52
W9 (xe + &, ye + 80) = D% % (xe + Ec, ye + Eo)

—€ld(xe +&c, xe) +d(ye +&c, ye)l
+ 22k + €)My

1 72
> @%de (x, ye) + 26 Mo

and
1 2 1 2 .
Wlede(x, y)y = % (x, y) if |x —xeP + |y — yel* = 02

Hence W% % attains its maximum in the o ball around (xe + &, ye + &) at (say) the
point (X¢, ). By Lemma (3.1), we now know that, for all € € (0, €p),

1 g2 . I g2 .
w?e e (5.) < N[we91(3).

If there is a sequence €, | O such that (3.6) holds for all n, then, along this sequence,
we proceed to Step 2 with wd'd? = pd'd® gpq (Fe,s Ye,) = (Xe,» Yey)-
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Thus we always have a sequence ¢, | 0 along which we have
12 . L2 .
whenden (5¢,) < Nwen-%an](3e, ), (3.8)

A . . L2 . . .

with (%, , ¢,) being a maximizer of W%, Since D! x D? is a finite set, without any

loss of generality, we may assume that (deln, dzn) = (d}, dg) for all n. In the next step we

check what happens to the inequality (3.2) at the maximizer of the new auxiliary function
1 52

Wwdho-dy

Step 2. Now for each fixed n, we proceed as follows. There are two cases either
2

12 . dl.d? . 12 . dl.d A
whh (3e,) = M2 [wl(Fe,) or w9 (§e,) < M [w](Je,)-
If

12 . dl.d? R
w4 (5¢,) = MO [w](Fe,),

. di.d3 .
then by the definition of M_°"°, there exists d,%l € D? such that

dl.d? dh.d2 o 2,2 52
w00 (ye,) = w0 (ye,) + ¢ (dy, dy ). (3.9)
‘We know that
12 . dld? A
v (Xe,) <00 (Xe,) +c2(d§,dgl).
Hence,
N T dydi o oa s dy.d2 o 2002 12
(Xeys Ve, ) — WO (Xe,, Ve, ) < 00" (Xe,) + ¢ (dyy, dyy))
dbd2 s 2072 12
— w3, — (d3. d2)
<0.
Hence we get
dl.d? ,a n dld? A ~
W O(XG,” YG,l) < W ”l(xen,yenl
1 ;2

1 72 ,dy; R
Now if strict inequality holds in w0 (Pe,) < M [w](3e,), then we are done;
else we repeat the above argument and get d,fz € D? such that

1 52 1 g2
wdosdnl ()A]En) — wd()’dnz (5}6’!) + C2(d2 dZ )

niy 'np

Now

dhd% . dld? A
w0 (5e,) = wn (§e,) — (@2, d2)

ny’ 'np

dbd? o~ 2
w0 (Ye,) — ¢

v

v

dbd? . a 2
wh 4 (3e,) — 2c3.
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Proceeding in similar fashion, after finitely many steps, boundedness of w will be con-
tradicted and hence for some d? = d,%,, € D?, we must have

1 g2 . dl,d,% ~
w0 b (5e.) < MO [wl(Ge,) (3.10)

and
WD (e, Fe,) < WOE G, T ). 3.11)
On the other hand, if
1 2 . dl de R
wh % (9e,) < M2 [wl(Fe,),
then we proceed by taking d,% = dg.

Step 3. For each fixed n, we proceed as follows: If
12 dj,d? N
vl (fe,) = MY (R,

then we proceed as in Step 2 and obtain d! = d,},_ € D! such that

vl (3e,) > M 1,)
and
D% (R, Je,) < W e, Fe,)- o1
If

1 52
dl,d2 ~ d ,d ~
v (k) = M2 " [v](Xe,)s
then we proceed by taking d,ll = d&.
~ A . .. 1 52
Thus, for every n, (£, , J¢,) is a maximizer of W% % and

1 g2 A L g2 A
wdn‘dn (yén) < N[wd’“d’l](ye,,)7 (313)
12 . dl,d? A
wd"’d"(yg,,)<M_” n[w](ye,,)v (314)
1 52
vl (£) > M ]G, (3.15)

Also by using (3.11) and (3.12), we have that

12 . . 1 2 A A
Whodo (%, Ye,) < Wi (%, e,). (3.16)
Now we define test functions ¢, and ¢, as follows:
R X — 9e, 12 S
Gin(x) = wh i (§,) + == k()" + ()]
n
X — Xe, — Ve, — Ve, —
_ 2(2/( + En)MO77 < €n g’:En , Yen Yen éEn) ,
o o
|326n - y|2 7

Pon(y) = V0 (R,,) — — k[(fe,)™ + (y)™

2¢,
)26}1 —Xe, 8¢y Y — Yeu — &e,
- .

’
o

+ 22k + €,)Mon
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Observe that

o ‘xA n y n = —22

Dep1n(Fe,) = 2 4 i, )" e,
n
22k + €,) My D ()’56" — Xe, — 56,, )A’en — Ye, — %-6")
- XTI k] )
o o o

. Xey, — Yeu o mda

Doy (Fe,) = 22— — kiii(Fe, )™ e,

n

212k + €,) M, Xe, — Xe, — Ve — —
n ( n) ODy77< €n ;n fen’y&, Ye, fen>‘

o o

1 52 . . . ~ 1 52 . . o .
Note that v -dn — ¢15, attains its maximum at Xe, and w dn — ¢2, attains its minimum
at y.,. Hence, as €, — 0, we have

142 a L2 a dl,dz . N dl,d? . N
Adndi (3 ) —wn D ($)] < HY ™ Geys Dpan(Fe)) —HY " (e, Dpin(Ee,))+0(1)

Xe, — Ve,

n

>+0(1)

< Lif., — ol (1 +

(G Y-l o yiie1y . AEK M
17l [Km«xe»’” "+ G + %} ‘

Note that we have used |y| < (1 + |y|»)Y? = (y) to get the above inequality. Now as
m — 1 < 0, it follows that
L%, — el

— 1
A €n +o)

R L g2 . L N v
vndn (3, ) — whdn () < 7 Wer = Jal +
2|l fllookm | 41l f llook Mo

+
A oA

= 2l llookcm n 4| f llook Mo
- A oA

+

+o0(1); ase, | 0.

For any x € R4 and (dl,dz) e D! x D?,
v () — " () — 26 ()™ = &4 (x, x)
< 048 (xe,., ve,) + €ald(x, xe,) +d(x. ye,)]
< W (xe, . ye,) +o(1); as € | 0.

. L2 L . A Ay
Since W% % attains its maximum at (X, Ye,) inthe o ball around (x¢, +£¢,, Ye, +&e,)>
for an appropriate constant C, we have

d}.d? d)d? .~ &
W 0(x6,11 )’en) < W¥% O(xen»)’en)

< Wi, Je,) using (3.16)
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122 . 1 g2 .
v (Re) — whd ($e,) + Cik +o(1); as e, | 0

< 2l fllookem n 4| f Il ook Mo
- A oA

+ Cx 4+ 0o(1); ase, | 0.
Hence we get

vdl’d2 (x) — wdl’d2 (x) — 2/c(x)’;l

- 2l llockcm n 4|l fllook Mo
- A oA

4+ Cx 4+ o(1); ase, | 0.
Now let €, | 0 and then « | 0, to obtain
v () — w4 () < 0.
This completes the proof of uniqueness for (HJI+). |

The above uniqueness result holds true if one is the viscosity solution and the other is
an approximate viscosity solution. This is the content of the next theorem.

Theorem 3.4. Assume (Al) and (A2). Let v and w € BUC(E; R™*™2), Let v be a
viscosity solution of (HI1+) (resp. (HII—)) and w be an approximate viscosity solution of
(HJI+) (resp. (HJI-)). Then v = w.

Proof. The proof is similar to that of the previous theorem. The only change here is in
(3.5). Since w is an approximate viscosity solution, one gets

Xe —

1 2 dl,d? — in—
Jwe % (ye) + DY ®2(ye) + Hy (ye, L) 2ye>

Z —€ CR5
where R = sup,. g I|yell. Note that, for fixed «, R < oo and hence
€eCr=o0(1) ase — 0.

Once we have this inequality (instead of (3.5)), we mimic all other arguments in the
proof of the previous theorem. |

Now we can prove our main result stated in §1, namely Theorem 1.5.

Proof of Theorem 1.5. Under the Isaacs min—max condition, (HJI—) and (HJI+) coincide.
Let us denote this equation by (HJI). As in [2], by Perron’s method, we can prove an exis-
tence of a viscosity solution for (HJT) in BUC(E, R™1*™2) the class of bounded uniformly
continuous functions. Let W be any such viscosity solution. Now, by Theorem 2.7 we
know that lower and upper value functions, V_ and V. are approximate viscosity solutions
of (HJI). Therefore, by Theorem 3.4, V_ = W = V.. This proves the main result. W



256 A J Shaiju and Sheetal Dharmatti

4. Conclusions

We have studied two-person zero-sum differential games with hybrid controls in infi-
nite dimension. The minimizing player uses continuous, switching, and impulse controls
whereas the maximizing player uses continuous and switching controls. The dynamic pro-
gramming principle for lower and upper value functions is proved and using this we have
established the existence and uniqueness of the value under Isaacs min—-max condition.

For finite dimensional problems, similar result has been obtained by Yong [8] under two
additional assumptions:

(Y1) Cheaper switching cost condition

min_c2(d?, d*) =: ¢ < lp = inf 1(£).
d?+#d? fek

(Y2) Nonzero loop switching cost condition

For any loop {(dil, dl.z)}l.=1 C D' x D?, with the property that
J = mymy, d}+1 =d|, d]2~+1 =d?%
either d'\| =d}, or d},,=d} V1<i<]j

It holds that
d L1 gl / 2012 12
Dol di) =Y Al dfy) #0.
i=1 i=1

Thus our result not only extends the work of [8] to infinite dimensions but also proves
the uniqueness of the viscosity solutions of upper and lower SQVI without the above two
conditions (Y1) and (Y2). Also we have shown that under Isaacs’ min—max condition, the
game has a value. Moreover, we have given explicit formulation of dynamic programming
principle for hybrid differential games and have also proved it which is not done in [8].
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