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Abstract. In this paper we establish the stability of Jensen’s functional equation on
some classes of groups. We prove that Jensen equation is stable on noncommutative
groups such as metabelian groups and 7' (2, K), where K is an arbitrary commutative
field with characteristic different from two. We also prove that any group A can be
embedded into some group G such that the Jensen functional equation is stable on G.
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1. Introduction

Given an operator T and a solution class {u} with the property that 7 (1) = 0, when does
IT(v)|| < ¢ foran e > 0 imply that ||u — v|| < §(¢) for some u and for some § > 0?
This problem is called the stability of the functional transformation. A great deal of work
has been done in connection with the ordinary and partial differential equations. If f is a
function from a normed vector space into a Banach space, and || f (x+y)— f(x)— f (V)| <
¢, Hyers in 1941 proved that there exists an additive map A such that || f(x) — A(x)| < e.
If f(x) is a real continuous function of x over R, and |f(x + y) — f(x) — f(y)| <
¢, it was shown by Hyers and Ulam in 1952 that there exists a constant k such that
| f(x) — kx| < 2¢. Taking these results into account, we say that the additive Cauchy
equation f(x +y) = f(x) + f(y) is stable in the sense of Hyers and Ulam. For more
on stability of homomorphisms, the interested reader is referred to [22, 8—11] and [1].
After Hyers’s 1941 result a great number of papers on the subject have been published,
generalizing Ulam’s problem and Hyers’s theorem in various directions (see [7], [10-14]
and [20]).
In this paper we study the stability of Jensen’s functional equation

Fay) + fy ™) =2f(x)

on some classes of noncommutative groups. This Jensen’s equation was studied in the
papers [2], [3] and [19]. The question of stability of this equation was investigated in [16,
15,17, 21] and [18]. In all these papers domain of f is either an abelian group or some of
its subsets.
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2. Auxiliary results

Suppose that G is an arbitrary group and E is an arbitrary real Banach space. In this sequel,
we will write the arbitrary group G in multiplicative notation so that 1 will denote the
identity element of G.

DEFINITION 2.1

We will say that a function f: G — E is a (G; E)-Jensen function if for any x, y € G we
have

fo + fy ™) —2f(x) =0. @.1)
We denote the set of all (G; E)-Jensen functions by J(G; E).

Denote by Jo(G; E) the subset of J(G; E) consisting of functions f such that (1) = 0.
Obviously Jo(G; E) is a subspace of J(G; E) and J(G; E) = Jo(G; E) @ E.

DEFINITION 2.2

We will say that a function f: G — E is a (G; E)-quasi-Jensen function if there is ¢ > 0
such that for any x, y € G we have

IfGey) + foy™h) =2f @) < e 2.2

It is clear that the set of (G; E)-quasi-Jensen functions is a linear real space. Denote it
by KJ(G; E). From (2.2) we obtain

If+ o~ =2 <e.
Therefore

If )+ fO™DI < e, (2.3)
where ¢; = ¢ + ||2f(1)]|. Now letting x for y in (2.2), we get

If )+ f(D) =2f0)] <c.
Hence

If () =2f )l < e, (2.4)
where ¢» = ¢ + || f(1)|. Again substitution of y = x? in (2.2) yields

IfehH+ fah —2fWIl <c.
Thus taking into account (2.3) we obtain

If () =3f Il < cs, (2.5)

where ¢3 = ¢ + ¢j.
Let ¢ be as in (2.2) and define the set C as follows: C = {c, | m € N}, where
co=c+2|fMl,c2=c+ 1 f(Dll,c3=c+crandc, =c+cy +cpm—2,ifm > 3.
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Lemma 2.3. Let f € KJ(G; E) such that
If Oy + fay ™) =2f) | <.

Then for any x € G and any m € N the following relation holds:
If™) =mf O < cm- (2.6)

Proof. The proof is by induction on m. For m = 3, the Lemma is established. Suppose that
for m the lemma has been already established, let us verify it for m 4 1. Letting y = x™
in (2.2), we have

If ™ + fam ™D —2f0)) < e
From (2.3) we obtain

I ™Y — fam™h —2f )l < c+ei.

By induction hypothesis we have
If " = m =D f@)] < cm
and hence,
L™ =+ D f @ < emrt = ¢+ 1+ mot

Now the lemma is proved. O

Lemma2.4. Let f € KJ(G; E). Foranym > 1,k € Nand x € G we have
LG = mE f O < e +m+ -+ mk @7

and

1
Hﬁf(x’”k) —f| <cm. (2.8)

Proof. The proof will be based on induction on k. If k = 1, then (2.7) follows from (2.6).
Suppose that (2.7) for k is true, let us verify it for k£ + 1. Substituting x™ for x in (2.7)
implies

1F G = mE FGM < (L4 m - mE,
Now using (2.6) we obtain

Im* f ") = m L f QO < e
and hence

1) = O < e+ m -+ mb).

The latter implies

This completes the proof of the lemma. O

1
_mk+1f(ka+1)_f(x) <cm(l+m+--+mb
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From (2.8) it follows that the set
1 mk
— fG&") | ke N
m

is bounded.
Substituting x™" in place of x in (2.8), we obtain

mn+k

) — £ < cm,

1
Wf(x

n+k Cm

L T
ey A G e RACHD] [l d UL R g

From the latter it follows that the sequence

1 k
{n?f(xm)l kEN}

is a Cauchy sequence. Since the space E is complete, the above sequence has a limit and

we denote it by ¢, (x). Thus

. 1 mk
om(x) = lim — f(™).
k—o0 m

From (2.8) it follows that

lomx) — fFEOI < cm, Vx €G.

Lemma 2.5. Let f € KJ(G; E) such that

Ifey) + foy™H =2fWl e, VayeG.
Then for any m € N we have ¢, € KJ(G; E).

Proof. Indeed, by (2.9)
lpm (xy) + @m(xy™") = 20m ()|
= lom(xy) = £O3) + @mCry™) = FOry™") = 20m(x) + 2 (x)
+ Lo+ fay™H =21 @)
< llpmxy) = FEN I+ lgmGxy™) = fxy™ Dl
+ 2l om () = F@I+ £ Gy + fay™) =2/ W)l
<4cy +c.

This completes the proof of the lemma.

(2.9)
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For any x € G we have the relation

om(x™) = mF oy (x). (2.10)

Indeed

1
on(™) = Jim — ("))

= mk§0m (x).
Lemma 2.6. If f € KJ(G; E), then 92 = @, for any m > 2.
Proof. By Lemma 2.5 we have ¢3, ¢, € KJ(G; E). Hence the function
. 1 mk
gx) = lim —@r(x™)
k—oco m
is well-defined and is a (G; E)-quasi-Jensen function.

It is clear that g(x™") = m¥g(x) and g(x*") = 2¥g(x) for any x € G and any k € N.
From (2.9) it follows that there are d;, d> € R4 such that for all x € G,

lo2(x) — gl <di and  |lgm(x) — gx)Il < da. (2.11)
Hence g = ¢ and g = ¢, and we obtain ¢ = ¢,. O
DEFINITION 2.7

By (G; E)-pseudo-Jensen function we will mean a (G; E)-quasi-Jensen function f such
that f(x") = nf(x) for any x € G and any n € Z.

Lemma 2.8. Forany f € KJ(G; E) the function

f) = lim —f(xzk)
is well-defined and is a (G; E)-pseudo-Jensen function such that for any x € G,
I/ = F@I < 2.

Proof. By Lemma 2.5, f is a (G; E)- qua31 -Jensen function. Now by Lemma 2.6, we
have f(xm) = P (x™) = me,(x) = mf(x) Thus <pm(x) = f(x) and hence ¢ (x) =
f(x) by Lemma 2.6. From equality f = ¢, we have || f(x) — f(0)|| = [lg2(x) — ()|l <
). O
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Remark2.9. If f € PJ(G; E), then

1. f(x™) = —nf(x)forany x € G andn € N;
2. if y € G is an element of finite order then f(y) = 0;
3. if f is a bounded function on G, then f = 0.

Proof. For some ¢ > 0 the following relation holds:
IfGy) + fay™) = 2f @l <.

From (2.3) it follows that
IFGR + FGTI <er VyeG, VkeN,

The last inequality is equivalent to k|| f(y) + fF(y" DIl < cior | f(y) + FO™H| < ‘71

forall y € G and all k € N. The latter implies f(y~!) = — f(y). Thus for any n € N we

have f(y™) = f((y")_l) = —f (") = —nf(y). Hence, the assertion 1 is established.
Similarly we verify assertions 2 and 3. O

We denote by B(G; E) the space of all bounded functions on a group G that take values
in E.

Theorem 2.10. For an arbitrary group G the following decomposition holds:
KJ(G; E) = PJ(G; E)® B(G; E).

Proof. 1t is clear that PJ(G; E) and B(G; E) are subspaces of KJ(G; E), and
PJ(G; E) N B(G; E) = {0}. Hence the subspace of K J(G; E) generated by PJ(G; E)
and B(G; E) is their direct sum. That is PJ(G; E) & B(G; E) C KJ(G; E). Let us
verify that KJ(G; E) € PJ(G; E) ® B(G; E). Indeed, if f € KJ(G; E), then by
Lemma 2.8 we have f € PJ(G; E) and f— f € B(G; E). O

DEFINITION 2.11

Let E be a Banach space and G be a group. A mapping f: G — E is said to be a (G; E)-
quasiadditive mapping of a group G if set { f(xy) — f(x) — f(¥)|x, y € G} is bounded.

DEFINITION 2.12

By a (G; E)-pseudoadditive mapping of a group G we mean its (G; E)-quasiadditive
mapping f that satisfies f(x") =nf(x) forallx € G and all n € Z.

DEFINITION 2.13

A quasicharacter of a group G is a real-valued function f on G such that the set { f (xy) —
fx) = f(»)|x,y € G} is bounded.

DEFINITION 2.14

By a pseudocharacter of a group G we mean its quasicharacter f that satisfies f(x") =
nf(x)forallx € Gandalln € Z.
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The set of all (G; E)-quasiadditive mappings is a vector space (with respect to the
usual operations of addition of functions and their multiplication by numbers), which
will be denoted by KAM (G; E). The subspace of KAM(G; E) consisting of (G; E)-
pseudoadditive mappings will be denoted by P AM (G; E) and the subspace consisting of
additive mappings from G to E will be denoted by Hom(G; E). We say that a (G; E)-
pseudoadditive mapping ¢ of the group G is nontrivial if ¢ ¢ Hom(G; E).

The space of quasicharacters will be denoted by K X (G), the space of pseudocharacters
will be denoted by P X (G), and the space of real additive characters on G will be denoted
by X(G).

Remark 2.15. If a group G has nontrivial pseudocharacter, then for any Banach space E
there is nontrivial (G; E)-pseudoadditive mapping.

Proof. Let f be a nontrivial pseudocharacter of the group G and e € E such that e # 0.
Consider a mapping ¢: G — E such that ¢(x) = f(x) - e. It easy to see that ¢ is a
nontrivial (G; E)-additive mapping. O

In [5] and [6] some classes of groups having nontrivial pseudocharacters are considered.
Theorem 2.16. For any group G the following relations hold:

1. KAM(G; E) CKJ(G; E), PAM(G; E) € PJ(G; E), Hom(G; E) C Jo(G; E).
2. If f €e PJ(G; E)and forany x,y € G f(xy) = f(yx),then f € PAM(G; E).

Proof.

1. Let f € KAM(G; E) and ¢ > O such that | f(xy) — f(x) — f(M)] < ¢ for all
x,y € G. Then we have

If ey + fOey™) =2 £ )l
= 1f0y) = fF) = fFO+ foy™) = fF) = fGTH
+2f@) + fO)+ fOTH =27 Wl
=1/ = f) = fFOM+ fy ™) = f) =G
<If@y) = Fo) = fFWI+Ifxy™) = f) = oI

< 2c,

thatis, KAM(G; E) € KJ(G; E). Hence, PAM(G; E) C PJ(G; E).
2. Let f € PJ(G; E), c > Osuch that || f(xy) + f(xy_l) —2fx)|| <cand f(xy) =
f(yx) forall x, y € G. Then we have

201 £ (xy) — fx) — FDI
= fxy) + fy™) = 2F) + fay) + fFOox™H =2Fl
<IfGy) + fey™ =2 @)l

+ 1Y) + fx™) =2fD < 2.
Hence || f (xy) — f(x) — f(»)]| < cand f € PAM(G:; E). O



38 Valerii A Faiziev and Prasanna K Sahoo

COROLLARY 2.17
If G is an abelian group, then PJ(G; E) = Hom(G; E).

Proof. By Theorem 2.16 we have PJ(G; E) = PAM(G; E). Let f € PAM(G; E).
Then for some ¢ > 0 and for any n € N, and a, b € G we have

nllf(ab) — f(a) — fD)I = Il f((ab)") = f@") = fB) |
= [If(@"b") = f@") — fOMI

<ec.

The latter is possible only if f € Hom(G; E). O

3. Stability

Suppose that G is a group and E is a real Banach space.

DEFINITION 3.1

We shall say that eq. (2.1) is stable for the pair (G; E) if for any f: G — E satisfying
functional inequality

If Gy + fay ™ —2f@)<c VYx,yeG

for some ¢ > 0 there is a solution j of the functional equation (2.1) such that the function
j(x) — f(x) belongs to B(G; E).

It is clear that eq. (2.1) is stable on G if and only if PJ(G; E) = Jo(G; E). From
Corollary 2.17 it follows that eq. (2.1) is stable on any abelian group. We will say that a
(G; E)-pseudo-Jensen function f in nontrivial if f ¢ Jo(G; E).

Theorem 3.2. Let E1, E> be a Banach space over reals. Then eq. (2.1) is stable for the
pair (G; E) if and only if it is stable for the pair (G; E»).

Proof. Let E be a Banach space and R be the set of reals. Suppose that eq. (2.1) is stable
for the pair (G; E). Suppose that (2.1) is not stable for the pair (G, R), then there is a
nontrivial real-valued pseudo-Jensen function f on G. Now let ¢ € E and |le| = 1.
Consider the function ¢: G — E given by the formula ¢(x) = f(x) - e. It is clear that ¢
is a nontrivial pseudo-Jensen E-valued function, and we obtain a contradiction.

Now suppose that eq. (2.1) is stable for the pair (G, R), thatis, PJ(G, R) = Jo(G, R).
Denote by E* the space of linear bounded functionals on E endowed by functional norm
topology. It is clear that for any v € PJ(G, H) and any A € H* the function A o
belongs to the space PJ(G, R). Indeed, let for some ¢ > 0 and any x, y € G we have
¥ (xy) + ¥ (xy™") — 24 (x)|| < c. Hence

oW (xy) + a0 y(xy™h) — oy (2x)]
= A (xy) + ¥y =29 )] < cllrll.

Obviously, A o ¥ (x"*) = nA o Y (x) for any x € G and for any n € N. Hence the function
A o ¥ belongs to the space PJ(G,R). Let f: G — H be a nontrivial pseudo-Jensen
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mapping. Then x, y € G such that f(xy)+ f(xy~!) =2 f(x) # 0. Hahn—Banach theorem
implies that there is a £ € H* such that £( f (xy) + f(xy~1) —2f(x)) # 0, and we see that
£ o f is a nontrivial pseudo-Jensen real-valued function on G. This contradiction proves
the theorem. |

In what follows the space K J (G, R) will be denoted by K J(G), the space PJ (G, R)
will be denoted by P J (G), the space J (G, R) will be denoted by J (G, R), and the space
Jo(G, R) will be denoted by Jo(G).

COROLLARY 3.3
Equation (2.1) over a group G is stable if and only if PJ(G) = Jo(G).
Due to the previous theorem we may simply say that eq. (2.1) is stable or not stable.

Remark 3.4. For any group G and any Banach space E the following relation
PAM(G; E)N J(G; E) = Hom(G; E) holds.

Proof. Ttis clear that Hom(G; E) € PAM(G; E) N J(G; E).
Suppose that f € PAM(G; E) N J(G; E). Then by Lemma 1 from [4] we have
f(xy) = f(yx). Since f € J(G; E), the map f satisfies

FO) + fy™) —2f@x) =0. 3.1
Interchanging x with y in (3.1), we have

fOX)+ fx™hH) =2f(y) =0
which is

fay) = fy™) =2f () =0. (3.2)

Adding (3.1) and (3.2) we obtain 2 f (xy) — 2 f(x) —2f(y) = 0. Hence f(xy) = f(x)+
f(y) and f € Hom(G; E). Thus we obtain

PAM(G; E)N J(G; E) = Hom(G; E) (3.3)

and the proof is complete. O

Remark 3.5. If a group G has nontrivial pseudocharacter, then eq. (2.1) is not stable on G.

Proof. Let let ¢ be a nontrivial pseudocharacter of G. Suppose that there is j € Jo(G)
such that the function ¢ — j is bounded. Then there is ¢ > 0 such that [p(x) — j(x)]| < ¢
for any x € G. Hence for any n € N we have ¢ > |p(x") — j(x™)| = nle(x) — j(x)]
and we see that the latter is possible if ¢(x) = j(x). So, ¢ € PX(G) N Jo(G). Hence,
f € X(G) and we come to a contradiction with the assumption about f. |

Let G be an arbitrary group. For a, b, ¢ € G, we set [a, b] = a 'b~laband[a, b, c] =
[la, b], c].
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DEFINITION 3.6

We shall say that G is metabelian if for any x, y, z € G we have [[x, y], z] = 1.

It is clear that if [x, y] = 1 then [[x, y],z] = 1, and hence any abelian group is
metabelian.

Our next goal is to prove a stability theorem for any metabelian group. Consider the
group H over two generators a, b and the following defining relations:

[b,ala = a[b,a], blb,a]=Ib,alb.

If we set ¢ = [b, a] we get the following representation of H in terms of generators and
defining relations:

H={a,b,|c=1b,a]l, I[c,al=I[c,b]l=1). (3.4)
It is well-known that each element of H can be uniquely represented as g = a™b"ck,

where m, n, k € Z. The mapping

1 k
g=a"b"c* > |01 m
0 1

S = 3

is an isomorphism between H and UT (3, Z).
Lemma3.7. Let f € PJ(H) and f(c) =0.Then f € PX(H) = X(H).

Proof. Let x = a"b"c and y = a™b" ¢ be two elements from H. Then from the
representation (3.4) it follows that

m+mlbn+nlcm1n+k+k1 m+m1bn+n1 cmn1+k+k1
s .

xXy=a yx=a

Hence

flxy) = f(am+m1bn+n1)_|_f(cmln+k+k1) — f(am+m1b"+"l),
flyx) = f@m Mt 4 f ey = famrtmptt),

Thus f(xy) = f(yx) for any x, y € G. By Theorem 2.16 we obtain that f € PX(G).
From the representation (3.4) it follows that the subgroup of H generated by element c is
the commutator subgroup of H. Lemma 2 from [4] establishes that if ¢ € PX(G) such
that f}G/ =0, then ¢ € X(G). Hence, f € X(H) and PX(G) = X(G). O

Lemma 3.8. Let f € PJ(H) and f(a) = f(b) = f(c) =0. Then f =0.

Proof. By Lemma 3.7 we have f(a"b"cX) = f(a™) + f(b") + f(c*) = 0. O

Lemma 3.9. A function ¢ defined by the formula ¢ (a”b"c*) = mn — 2k is an element of
Jo(G).
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Proof. Tt is clear that ¢(1) = 0. Now let x = a”b"ck, y = a™b" M| then xy~! =
ambnckc_klb_"la_’"' — gM—mipn—ni Cm|n1—m1n+k—k| _Hence

fay+ fay™H —2fx)
=(m+m)n+ny) —2mn+k+k)+ m—mp)@n—ny)
—2(miny —mn +k —ky) —2(mn — 2k)
=0

and the proof of the lemma is now complete. a

Lemma 3.10. PJ(H) = Jo(H).

Proof. Let g € PJ(H) and g(a) = o, g(b) = B, g(c) = y. Then there are v € X(H)
and A € R such that ¥ (a) = «a, ¥(b) = B, and A¢p(c) = y. Furthermore, we have
J =V +xp € Jo(H) and (g — j)(a) = (g — j)(b) = (g — j)(c) = 0. By Lemma 3.8
we get (g — j) = 0. Hence g = j and g € Jo(H). a

Theorem 3.11. Equation (2.1) is stable on any metabelian group.

Proof. Let G be a metabelian group and f € PJ(G). Let x, y € G. Then there is a
homomorphism t of H into G such that 7(a) = x and 7(b) = y. Obviously, the function
f*(g) = f(z(g)) belongs to PJ(H). Now if f(xy) + f(xy_l) —2f(x) # 0, then
f*(ab) + f*(ab™')y — 2f*(a) # 0 and we arrive at a contradiction with the previous
lemma. Thus f € Jy(G), PJ(G) = Jo(G) and the eq. (2.1) is stable on G. O
DEFINITION 3.12

Let G be a group, f € PJ(G; E), and b an automorphism of G. We will say that f is
invariant relative to b if for any x € G the relation f (x?) = f(x) holds. If the latter
relation is valid for any b € B, where B is a group of automorphism of G, then we will
say that f is invariant relative to B.

Lemma 3.13. Let f be an element from P J(G; E) and b an element of order two from G.
Then f is invariant relative to inner automorphism of G corresponding to element b.

Proof. Let || f(xy)+ f(xy~ 1) —2f(x)| < ¢ for some ¢ > 0 and for any x, y € G. Then
we have

If (bxb) + fBb™'x™H) = 2f ()] < c
If(bxb) + f(x™) = 2f(B)] < c

If &)+ e hl<e

If ") = foll <e.

From the latter we obtain ||f(x"b) — f(x™| < ¢ for any n € N. Therefore n|| f(x?) —
@) < cand we get f(x) = f(x). O
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Let K be an arbitrary commutative field. Let K* be the set of nonzero elements of K
with operation of multiplication. Denote by G the group T (2, K) consisting of matrices
of the form

o t|. X
|:O ﬂ] o,eK”; teKk.

Denote by T, E, D the subgroups of G = T (2, K) consisting of matrices

1t +1 0 a0
01}’ 0 +1|° 0b|’
respectively, where a, b € K* and ¢t € K.
It is clear that 7 < G and we have the following semidirect products, G = D - T.

Subgroup C of G generated by T and E is a semidirect product C = E - T. Now we prove
a stability theorem on the noncommutative group 7' (2, K).

Theorem 3.14. Let K be an arbitrary commutative field. If the characteristic of K is not
equal to two, then the Jensen functional equation is stable on G.

Proof. Let f € PJ(G). Every element of E has order two. Hence, by Lemma 3.13 we

have f¢ = f forany e € E. Here f¢ denotes f(x¢) for x € G, and x¢ denotes e~ ' xe.

Now from the relation
—10.1t‘—10_1—t
0 1 01 0O 1| |0 1]
it follows that if e = [_01 9Jandv =[} 1], then

f) = =f ) =-f).

Hence f |T = 0. It is clear that the map

N N 0

10 B 08
is a homomorphism of G onto D.Let ¢ = f | p- Then we can extend ¢ onto G by the rule
©(g) = ¢(g"). Itclear that ¢ € PJ(G) and for any d € D we have the following relation

p(d) = f(d).
Now let w(x) = f(x) —¢(x). Sow € PJ(G) and wpyr = 0. Let us show that w = 0
on G. For some nonnegative number §, we have
o (xy) + 0(xy™") = 20(x)| < (3.5)
forany x,y € G.Letx = au, y = bv, wherea,b € D andu, v € T. Then
xy = abubv, xy l= ab_l(uv_l)a_1

Now from (3.5) it follows

lw(abubv) + a)(abfl(uvfl)“fl) —2w(an)| < 8.
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If we puta = b and u = 1, then from the last relation we get

(@) + o)) = 20(a)| = |w@v)| <.

Taking into account equality (a2v)" = (a")2v®" " v@" ™ ... v@p we get
nlo@)] = lo((@v)")] = (@)™ v ) <,
that is
5 1
lw(a“v)| < -6, forany n € N.
n
It follows that
a)(azv) =0 forany a € D andany v € T. 3.6)
y y

Now let x = bu be an arbitrary element of G. Then x2 = b%ulu. Therefore w(x) =
%w(xz) =0.So,w =00n G, and PJ(G) = PJ(D) = Jo(D). The proof of the theorem
is now complete. O

4. The theorem of embedding

In this setion, we prove that any group A can be embedded into some group G such that
the Jensen functional equation is stable on G. From now on, the set of pseudo-Jensen
functions on G invariant relative to B will be denoted by PJ (G, B; E) and if E = R, then
the space PJ (G, B; R) will be denoted PJ (G, B).

Let A and B be arbitrary groups. For each b € B denote by A(b) a group that is
isomorphic to A under isomorphism a — a(b). Denote by D = AB) = ]_[be g A(b) the
direct product of groups A(b). It is clear that if aj(b1)az(b2) - - - ax(by) is an element of
D, then for any b € B, the mapping

b*:ay(br)ax(by) - - - ax(br) — a1 (bib)az(byb) - - - ax (bib)

is an automorphism of D and b — b* is an embedding of B into Aut D.

Hence, we can form a semidirect product G = B - D. This group is called the wreath
product of the groups A and B, and will be denoted by G = A : B. We will identify
the group A with subgroup A(1) of D, where 1 € B. Hence, we can assume that A is a
subgroup of D.

Let us denote, by C, the group [ [,y Ci, where C; is a group of order two with generator
b;.

Theorem 4.1. Let A be an arbitrary group. Then A can be embedded into a group G such
that PJ(G) = Jo(G) = X(G). Hence eq. (2.1) is stable on group G.

Proof. Let C be a group as described above. Let us verify thateq. (2.1) is stableon G = A
C.Denote by D the subgroup of G generatedby A(b), b € C.By Lemma3.13 we have that
if f € PJ(G), then f|D € PJ(D,C).Leth;, i =1,2,...,k be distinct elements from
C.Thenforanya;, i = 1,2, ..., kthe subgroup of D generatedby a; (b;), i = 1,2,...,k
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is abelian. Hence if u = ay(b1)az(by) - - - ax(by), v = ay1(b1)a2(b2) - - - oy (br) € D and
f € PJ(D, C), then by Corollary 2.17

|fuv) + fuv™) —2f(u)]

k
D I (@i (b)) + flaie (i) —2f (a; (b,-m‘ :

i=1

Let b; for i € N be distinct elements from C. Let a,« € A. Consider elements u; =
a(bp)a(by) - --a(by) and vy = a(by)a(by)---a(by). Then by Corollary 2.17, for any
k € N, we have

|f (ueve) + f o) — 2f (ui)|

k
3 1f (e (b)) + flaa™ (b)) — 2f<a<bi>>]‘ .
i=1

By Lemma 3.13 we have f(d(b;)) = f(d(l)) for any d € A and for any i € N. Let
r = flaa(b)) + f(aa™" (b)) — 2f (a(bi)). Hence

| f o) + f gy — 2 (up)|

k
> [f@a(b) + flae™ (b)) — 2f(a<bi)>]’ .

i=1
= [k[f(aa(1)) + f(aa"' (1)) = 2f (@(I)]I.
=k-|r|.
Further we have
| f o) + f o) = 2f (up)] < c.
Hence
kir| <,

and
1
Ir] < CE Vk € N.

The latter is possible only if » = 0. Thus f € Jo(D, B). Denote by jj, the restriction of f
to A(b). Let a be an arbitrary element from A. According to the action of C on D we have
fa®) = fa®’) = fPam) = fad)),

that is, jp(a(b)) = ji(a(l)). Hence, there is an element j in Jo(A) such that j,(a(b)) =
j(a) forany a € A and for any b € B. Therefore, for any u = aj(by)az(bs) - - - ar(by) the
relation

k
flai(br)az(b2) - - - ax(by)) = Zj(ai)

i=i
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holds. Let b, b1, by € C; d,dy,d> € D and u = b;d;, v = brd,. Then
|f @v) + fv™) =2 @)
1 f by + foby 4 —2f Dl e @)
Further we have

|f(db) + f(db™") —2f(d)| < e,
|f(db) + f(db) —2f(d)| <c,
12f(db) —2f(d)| < ¢

or

|f(db) — f(d)| <

NS X eY

The latter is equivalent to
¢

|f(bd®) — f(d)] < 5 (4.2)

Taking into account f d?) = f(d) we get
c
|f(bd) — f(d)] = 7 (4.3)
Putting b; = b5 in (4.1) we obtain

_1b
|fddy) + f(dy*dy ") = 2 (bady)] < c. 4.4)
Now taking into account (4.3) and the relation f d® = f(d) we obtain from (4.4)

2 > | f(dPdy) + f(dvdyY) =21 (dh)
= |f(df2d2) — fldidy) + f(did2) + f(d1d{]) =21l

Hence

|f(ddy) — f(didy)|
= fd}dy) — f(did) + [f(didr) + f(drd5") —2f(dy)]
— [f(dvdy) + f(ddy") = 2 (@dD)]]
<|f@dr) — f(dida) + [ f(d1d2) + f(dldgl) =2f@nll
+Lf(drda) + f(drdy ") — 2 (@)]|
<2c+4c¢=3c 4.5)

forany di,d, € D andany b € C.
Let b # 1. Then from (4.5) we obtain | f (a1 (b)az (1)) — f(aiaz)| < 3cforanyay, a; €
A, thatis, |j (a1 (b)) + j(ax(1)) — j(ajaz)| < 3cforanyaj,ar € A,and |j(ay)+ j(az) —
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j(arax)| < 3cforanyaj,ar € A. Hence, j € PX(A). But PX(A) N Jp(A) = X(A) and
we see that j € X(A).

Lety = f | p- Then ¢ is an element of X (D) invariant relative to C. Let us extend  to
G as follows: ¥1 (bd) = ¥ (d). It is easy to see that | € K X (G). From Theorem 2.16 it
follows thatA Y1 € KJ(G). From Lemma 2.8 we see that 1/71 € PJ(G). Let us verify that

Y1 (xy) = Y1 () forall x, y € G.
Indeed, by Lemma 2.8 there is ¢ > 0 such that

Y1) =10 =g, VxeG. (4.6)
From the relation y; € K X (G) we see that for some § > 0,

[Y1(xy) —¥1(x) —yi(y) <6, Vx,y€G. 4.7)
This implies that for x, y, z € G the following relation holds:

Y1 (xyz) = ¥1(x) — ¥ (y) — ¥ (2)| =28, 4.8)
From (4.6) and (4.8) we have

[ ()™ = Y1 () = Y1 ()™ — ()| < g +28, Vx.y e G. (4.9)
Now applying (4.7) we obtain

Y1) = 10" D < g +38, Va.yeG. (4.10)
Similarly, we get

[P ()" = Y1 (x) = Y1) — i ()| < g +28, ¥x,y € G. (4.11)

Now again using (4.6), (4.7) and (4.8) we obtain

91 ()" = Y10 = Y10l =g +38, Vx.y €G.
From the equality

P1(0)") = 1)) + P1 ()
and (4.6) we get

[P ()" = Y1 ((yx)") — Y (yx)| < 24. (4.12)
From (4.11) and (4.12) we obtain that for p = 3¢g + 34§ the following relations hold:

Y1 (n)™ ) =g (0™ < p Va,yeG and VneN.

(n + DIY1(xy) = 1 (30| < p.

This implies that

Iﬁl(xy) — 1}1(yx)| < % Vx,y€e G and VneN.

The latter is possible only if ﬁl(xy) = 1}1 (yx).
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Now by Theorem 2.16 we get that I/A/] € PX(G) such that 1/}1 ‘D = .

It is clear that g = f — 1}1 € PJ(G) and g|CUD = 0. Let us verify that g = O on G.
Indeed, for any bd € G we have 2g(bd) = g((bd)z) = g(b2dbd) = g(dbd) = 0. Hence
g(bd) = 0. So, we see that f = ¥ and f € PX(G).

Now let us verify that f € X(G). To do it we verify that 2 f is a character of the group
G. Indeed,

2f(b1d1badr) — 2 f(b1dy) — 2 f(bad2)
= f@r2db g ayy — f@ldy) — f(dPdy)

= £ + F@) + @) + f(da) — f(d)
— fldy) — f(dr) — f(d2)

=0.
So,2f € X(G) and we obtain that f € X(G). Hence, f € Jo(G) and the equation (2.1)
is stable on G. This completes the proof. |
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