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Abstract. In this paper we introduce non-commutative fields and forms on a new
kind of non-commutative algebras:ρ-algebras. We also define the Frölicher–Nijenhuis
bracket in the non-commutative geometry onρ-algebras.
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1. Introduction

There are some ways to define the Frölicher–Nijenhuis bracket in non-commutative differ-
ential geometry. The Frölicher–Nijenhuis bracket on the algebra of universal differential
forms of a non-commutative algebra, is presented in [2], the Frölicher–Nijenhuis bracket in
several kinds of differential graded algebras are defined in [6] and the Frölicher–Nijenhuis
bracket on colour commutative algebras is defined in [7]. But this notion is not defined
onρ-algebras in the context of non-commutative geometry. In this paper we introduce the
Frölicher–Nijenhuis bracket on aρ-algebraA using the algebra of universal differential
forms�∗

(A).
A ρ-algebraA over the fieldk (C or R) is aG-graded algebra (G is a commutative

group) together with a twisted cocycleρ: G×G → k. These algebras were defined for
the first time in the paper [1] and are generalizations of usual algebras (the case whenG

is trivial) and ofZ (Z2)-superalgebras (the case whenG is Z resp.Z2). Our construction
of the Fr̈olicher–Nijenhuis bracket forρ-algebras, in this paper, is a generalization of this
bracket from [2].

In §2 we present a class of non-commutative algebras which areρ-algebras, derivations
and bimodules. In §3 we define the algebra of (non-commutative) universal differential
forms�∗

(A) of a ρ-algebraA. In §4 we present the Frölicher–Nijenhuis calculus onA,
the Nijenhuis algebra ofA, and the Fr̈olicher–Nijenhuis bracket onA. We also show the
naturality of the Fr̈olicher–Nijenhuis bracket.

2. ρρρ-Algebras

In this section we present a class of non-commutative algebras that areρ-algebras. For
more details see [1].

Let G be an abelian group, additively written, and letA be aG-graded algebra. This
implies that the vector spaceA has aG-gradingA = ⊕

a∈G

A

a

, and thatA
a

A

b

⊂ A

a+b
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(a, b ∈ G). TheG-degree of a (non-zero) homogeneous elementf ofA is denoted as|f |.
Futhermore letρ: G×G → k be a map which satisfies

ρ(a, b) = ρ(b, a)

−1
, a, b ∈ G, (1)

ρ(a + b, c) = ρ(a, c)ρ(b, c), a, b, c ∈ G. (2)

This impliesρ(a, b) 6= 0,ρ(0, b) = 0 andρ(c, c) = ±1 for all a, b, c ∈ G, c 6= 0. We
define for homogeneous elementsf andg in A an expression, which isρ-commutator of
f andg as

[f, g]
ρ

= fg − ρ(

|

f

| |

g

|

)gf. (3)

This expression as it stands make sense only for homogeneous elementsf andg, but
can be extended linearly to general elements. AG-graded algebraA with a given cocycle
ρ will be calledρ-commutative iffg = ρ(

|

f

|

,

|

g

|

)gf for all homogeneous elementsf
andg in A.

Examples.

1) Any usual (commutative) algebra is aρ-algebra with the trivial groupG.
2) LetG = Z (Z2) be the group and the cocycleρ(a, b) = (−1)ab, for anya, b ∈ G. In

this case anyρ-(commutative) algebra is a super(commutative) algebra.
3) TheN -dimensional quantum hyperplane [1, 3, 4]Sq

N

, is the algebra generated by the
unit element andN linearly independent elementsx1, . . . , xN satisfying the relations:

x

i

x

j

= qx

j

x

i

, i < j

for some fixedq ∈ k, q 6= 0. Sq
N

is aZ

N -graded algebra, i.e.,

S

q

N

=

∞

⊕

n1,... ,nN
(S

q

N

)

n1...nN ,

with (Sq
N

)

n1...nN the one-dimensional subspace spanned by productsx

n1
· · · x

n

N . The
Z

N -degree of these elements is denoted by
∣

∣

x

n1
· · · x

n

N

∣

∣

= n = (n1, . . . , nN).

Define the functionρ: Z

N

× Z

N

→ k as

ρ(n, n

′

) = q

∑

N

j,k=1 nj n
′

k

α

jk

,

with α
jk

= 1 for j < k, 0 for j = k and−1 for j > k. It is obvious thatSq
N

is a
ρ-commutative algebra.

4) The algebra of matrixM
n

(C) [5] is ρ-commutative as follows:
Let

p =









1 0 . . . 0
0 ε . . . 0
. . .

0 0 . . . ε

n−1









and q =













0 0 . . . 0 1
ε 0 . . . 0 0
0 ε

2
. . . 0 0

. . .

0 0 . . . ε

n−1 0













,

p, q ∈ M

n

(C), whereεn = 1, ε 6= 1. Thenpq = εqp andM
n

(C) is generated by the
setB = {p

a

q

b

|a, b = 0, 1, . . . , n− 1}.
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It is easy to see thatpaqb = ε

ab

q

b

p

a and qbpa = ε

−ab

p

a

q

b for any a, b =

0, 1, . . . , n− 1. LetG := Z

n

⊕ Z

n

, α = (α1, α2) ∈ G andx
α

:= p

α1
q

α2
∈ M

n

(C). If we
denoteρ(α, β) = ε

α2β1−α1β2 thenx
α

x

β

= ρ(α, β)x

β

x

α

, for anyα, β ∈ G, x
α

, x

β

∈ B.
It is obvious that the mapρ: G×G → C, ρ(α, β) = ε

α2βi−α1β2 is a cocycle and that
M

n

(C) is aρ-commutative algebra.

Let α be an element of the groupG. A ρ-derivationX of A, of degreeα is a bilinear
mapX: A → A of G-degree|X| i.e.X: A

∗

→ A

∗+|X|

, such that one has for all elements
f ∈ A

|f |

andg ∈ A,

X(fg) = (Xf )g + ρ(α,

|

f

|

)f (Xg). (4)

Without any difficulties it can be obtained that if algebraA is ρ-commutative,f ∈ A

|f |

andX is aρ-derivation of degreeα, thenfX is aρ-derivation of degree|f |

+ α and the
G-degree|f |

+

|

X

| i.e.

(fX)(gh) = ((fX)g)h+ ρ(

|

f

|

+ α,

|

g

|

)g(fX)h

andfX: A
∗

→ A

∗+|f |+|X|

.
We say thatX: A → A is a ρ-derivation if it has degree equal toG-degree|X| i.e.

X: A
∗

→ A

∗+|X|

andX(fg) = (Xf )g+ρ(

|

X

|

,

|

f

|

)f (Xg) for anyf ∈ A

|f |

andg ∈ A.
It is known [1] that theρ-commutator of twoρ-derivations is again aρ-derivation and

the linear space of allρ-derivations is aρ-Lie algebra, denoted byρ-DerA.
One verifies immediately that for such an algebraA, ρ-DerA is not only aρ-Lie algebra

but also a leftA-module with the action ofA onρ-DerA defined by

(fX)g = f (Xg) f, g ∈ A, X ∈ ρ-DerA. (5)

Let M be aG-graded left module over aρ-commutative algebraA, with the usual
properties, in particular|fψ |

=

|

f

|

+

|

ψ

| for f ∈ A,ψ ∈ M. ThenM is also a right
A-module with the right action onM defined by

ψf = ρ(

|

ψ

|

,

|

f

|

)fψ. (6)

In factM is a bimodule overA, i.e.

f (ψg) = (fψ)g f, g ∈ A, ψ ∈ M. (7)

Let M andN be twoG-graded bimodules over theρ-algebraA. Let f : M → N

be anA-bimodule homomorphism of degreeα ∈ G if f : M
β

→ N

α+β

such that
f (am) = ρ(α,

|

a

|

)af (m) and f (ma) = f (m)a for any a ∈ A

|a|

andm ∈ M. We
denote by Hom

α

(M,N) the space ofA-bimodule homomorphisms of degreeα and by
HomA

A

(M,N) = ⊕

α∈G

Hom
α

(M,N) the space of allA-bimodule homomorphisms.

3. Differential forms on a ρρρ-algebra

A is aρ-algebra as in the previous section. We denote by�

1
α

(A) the space generated by
the elements:adbof G-degree|a| +

|

b

|

= α with the usual relations:

d(a + b) = d(a)+ d(b), d(ab) = d(a)b + ad(b) and d1 = 0,

where 1 is the unit of the algebraA.
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If we denote by�1
(A) =

∑

α

�

1
α

(A) then�1
(A) is anA-bimodule and satisfies the

following theorem of universality.

Theorem 1. For anyA-bimoduleM and for any derivationX : A → M of degree|X|

there is anA-bimodule homomorphismf : �1
(A) → M of degree|

X

|

(f ∈ Hom
|X|

(�

1
(A),M)) such thatX = f ◦ d. The homomorphism is uniquely determined and

the correspondingX 7→ f establishes an isomorphism betweenρ-Der
|X|

(A,M) and
Hom

|X|

(�

1
(A),M).

Proof. We define the mapf : �1
(A) → M by f (adb) = ρ(

|

X

|

,

|

a

|

)aX(b) which trans-
form the usual Leibniz rule for the operatord into the ρ-Leibniz rule for the deriva-
tionX. 2

Starting from theA-bimodule�1
(A) and theρ-algebra�0

(A) = A we build upthe
algebra of differential forms overA.

This algebra will be a newρ-algebra

�

∗

(A) =

∑

n∈N,α∈G

�

n

α

(A)

graded by the groupG = Z×G and generated by elementsa ∈ A

|a|

= �

0
|a|

(A) of degree

(0, |a|) and their differentialsda ∈ �

1
|a|

(A) of degree(1, |a|).

We will also require the universal derivationd: A → �

1
(A) which can be extended

to aρ-derivation of the algebra�∗

(A) of degree(1, 0) in such a way thatd2
= 0 and

ρ|

G×G

= ρ. Denote byω ∧ θ ∈ �

n+m

α+β

(A) the product of formsω ∈ �

n

α

(A), θ ∈ �

m

β

(A)

in the algebra�∗

(A). Then

d(ω ∧ θ) = dω ∧ θ + ρ((1, 0), (n, α))ω ∧ dθ,

and

d2
(ω ∧ θ) = ρ((1, 0), (n+ 1, α))dω ∧ dθ + ρ((1, 0), (n, α))dω ∧ dθ = 0.

(8)

Hence

ρ((1, 0), (n+ 1, α))+ ρ((1, 0), (n, α)) = 0. (9)

From these relations it follows that

ρ((1, 0), (n, α)) = (−1)nϕ(α),

whereϕ: G → U(k) is the group homomorphismϕ(α) = ρ((1, 0), (0, α)). From the
properties of the cocycleρ,

ρ((n, α), (m, β)) = (−1)nmϕ−m

(α)ϕ

n

(β)ρ(α, β) (10)

for anyn,m ∈ Z andα, β ∈ G.

PROPOSITION 1

LetA be aρ-algebra with the cocycleρ. Then any cocycleρ on the groupG with the
conditionsρ|

G×G

= ρ and(9) are given by(10) for some homomorphismϕ: G → U(k).
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We will denote below�∗

(A, ϕ) or simply�∗

(A) theG-graded algebra of forms with
the cocycleρ and the derivationd = d

ϕ

of degree (1, 0).
Therefore for anyρ-algebraA, a group homomorphismϕ: G → U(k) and an element

α ∈ G, we have the complex:

0 → A

α

d

ϕ

→�

1
α

(A, ϕ)

d

ϕ

→�

2
α

(A, ϕ)

d

ϕ

→ · · ·

d

ϕ

→�

i

α

(A, ϕ)

d

ϕ

→�

i+1
α

(A, ϕ)

d

ϕ

→ · · · .

The cohomology of this complex term�i
α

(A, ϕ) is denoted byHi

α

(A, ϕ) and will be
called as thede Rham cohomology of theρ-algebraA.

PROPOSITION 2

Let f : A → B be a homomorphism of degreeα ∈ G between theG-graded ρ-
algebras. There is a natural homomorphism�(f ): �∗

(A) → �

∗

(B) which in degreen
is�(f ): �n

β

(A) → �

n

β+(n+1)α(A) and has theG′-degree(0, (n+ 1)α) given by

�

n

(f )(a0da1 ∧ · · · ∧ da
n

) = f (a0)df (a1) ∧ · · · ∧ df (a
n

). (11)

4. Frölicher–Nijenhuis bracket ofρρρ-algebras

4.1 Derivations

Here we present the Frölicher–Nijenhuis calculus over the algebra of forms defined in the
previous section.

Denote by Der
(k,α)

(�

∗

(A)) the space of derivations of degree(k, α) i.e. an elementD ∈

Der
(k,α)

(�

∗

(A)) satisfies the relations:

1) D is linear,
2) theG′-degree ofD is |

D

|

= (k, α), and
3) D(ω ∧ θ) = Dω ∧ θ + ρ((k, α), (n, β))ω ∧Dθ for anyθ ∈ �

n

β

(A).

Theorem 2. The spaceρ-Der�∗

(A) = ⊕

(k,α)∈G

Der
(k,α)

�

∗

(A) is aρ-Lie algebra with
the bracket[D1,D2] = D1 ◦D2 − ρ(

|

D1| , |D2|)D2 ◦D1.

4.2 Fields

Let us denote byL: HomA
A

(�

1
(A),A) → ρ-Der (A) the isomorphism from Theorem 1.

We also denote byX(A) := HomA
A

(�

1
(A),A) the space of fields of the algebraA. Then

L: X(A) → ρ-Der(A;A) is an isomorphism of vectorG-graded spaces. The space of
ρ-derivationsρ-Der(A) is a Lie ρ-algebra with theρ-bracket [·, ·], and so we have an
inducedρ-Lie bracket onX(A) which is given by

L([X, Y ]) = [L
X

,L

Y

] = L

X

L

Y

− ρ(

|

X

|

,

|

Y

|

)L

Y

L

X

(12)

and will be referred to as theρ-Lie bracket of fields.

Lemma1. Each fieldX ∈ X(A) is by definition anA-bimodule homomorphism�1(A) →

A and it prolongs uniquely to a gradedρ-derivationj (X) = j

X

: �(A) → �(A) of degree
(−1, |X|

) by
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j

X

(a) = 0 for a ∈ A = �

0
(A),

j

X

(ω) = X(ω) for ω ∈ �

1
(A)

and

j

X

(ω1 ∧ ω2 ∧ · · · ∧ ω

k

)

=

k−1
∑

i=1

ρ

(

(−1, |X|) ,

(

i − 1,
i−1
∑

j=1

|ω

i

|

))

ω1 ∧ · · · ∧ ω

i−1 ∧X(ω

i

)

× ω

i+1 ∧ · · · ∧ ω

k

+ ρ

(

(−1, |X|) ,

(

k − 1,
k−1
∑

j=1

|ω

i

|

))

× ω1 ∧ · · · ∧ ω

k−1X(ωk)

for any ω
i

∈ �

1
|ω

i

|

(A). Theρ-derivation j
X

is called the contraction operator of the
fieldX.

Proof. This is an easy computation. 2

With some abuse of notation we also writeω(X) = X(ω) = j

X

(ω) for ω ∈ �

1
(A) and

X ∈ X(A) =HomA
A

(�

1
(A),A).

4.2.1 Algebraic derivations: A ρ-derivationD ∈ Der
(k,α)

�(A) is calledalgebraic if
D|

�

0
(A)

= 0. ThenD(aω) = ρ((k, α), (0, |a|))aD(ω) andD(ωa) = D(ω)a for any
a ∈ A

|a|

andω ∈ �(A). It results thatD is anA-bimodule homomorphism. We denote
by Hom

α

(�

l

(A),�

k+l

(A)) the space ofA-bimodule homomorphisms from�
(l,α)

(A) to
�

(l+k,α)

(A) of degree(k, α). Then an algebraic derivationD of degree(k, α) is from

Hom
α

(�

l

(A),�

k+l

(A)). We denote byρ-Deralg
(k,α)

�

∗

(A) the space of allρ-algebraic
derivations of degree(k, α) from�

∗

(A). SinceD is aρ-derivation,D has the following
expression on the product of 1-formsω

i

∈ �

1
|ω

i

|

(A):

D(ω1 ∧ ω2 ∧ · · · ∧ ω

k

) =

k

∑

i=1

ρ

(

|D|,

(

i − 1,
i−1
∑

j=1

|ω

i

|

))

× ω1 ∧ · · · ∧ ω

i−1 ∧D(ω

i

) ∧ · · · ∧ ω

k

and the derivationD is uniquely determined by its restriction on�1
(A),

K := D|

�1(A) ∈ Hom
α

(�1(A),�k+1(A)). (13)

We writeD = j (K) = j

K

to express this dependence. Note thatj

K

(ω) = K(ω) for
ω ∈ �1(A). Next we will use the following notations:

�

1
(k,α)

= �

1
(k,α)

(A) := Hom
α

(�1(A),�k(A)),

�

1
∗

= �

1
∗

(A) = ⊕

k≥0,α∈G

�

1
(k,α)

(A).

Elements of the space�1
(kα)

will be calledfield-valued(k, α)-forms.
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4.2.2 Nijenhuis bracket:

Theorem 3. The mapj : �1
(k+1,α)(A) → ρ-Deralg

(k,α)

�

∗

(A),K 7→ j

K

defined by

j

K

(ω1 ∧ ω2 ∧ · · · ∧ ω

k

)

=

k

∑

i=1

ρ

(

(k + 1, α),

(

i − 1,
i−1
∑

j=1

|ω

i

|

))

× ω1 ∧ · · · ∧ ω

i−1 ∧ j

K

(ω

i

) ∧ · · · ∧ ω

k

is an isomorphism and satisfies the following properties:

1) j
K

: �
(n,β)

(A) → �

(n+k,α+β)

(A).
2) j

K

(ω ∧ θ) = j

K

ω ∧ θ + ρ((k, α), (n, β))ω ∧ j

K

θ for anyθ ∈ �

n

β

(A).

3) j
K

(a) = 0 andj
K

(ω) = K(ω) for anyω ∈ �

1
(A).

The module ofρ-algebraic derivations is obviously closed with respect to theρ-
commutator of derivations.

Therefore we get aρ-Lie algebra structure on

N

ij

(A) = ⊕

(k,α)∈G

ρ-Deralg
(k,α)

�

∗

(A)

which is called theNijenhuis algebraof theρ-algebraA and its bracket is theρ-Nijenhuis
bracket.

By definition, the Nijenhuis bracket of the elementsK ∈ Hom
α

(�

1
(A),�

1+k

(A)) and
L ∈ Hom

β

(�

1
(A),�

1+l

(A)) is given by the formula

[K,L]1 = j

K

◦ L− ρ((k, α), (l, β))j

L

◦K

or

[K,L]1(ω) = j

K

(L(ω))− (−1)klϕ−l

(α)ϕ

k

(α)ρ(α, β)j

L

K(ω) (14)

for all ω ∈ �

1
(A).

4.2.3 The Fr̈olicher–Nijenhuis bracket: The exterior derivatived is an element ofρ-
Der

(1,0)�
∗

(A). In the view of the formulaL
X

= [j
X

, d] for fields X we defineK ∈

�

1
(k,α)

(A) the Lie derivationL
K

= L(K) ∈ ρ-Der
(k,α)

�

∗

(A) by L

K

:= [j
K

, d]. Then

the mappingL: �1
∗

→ ρ-Der�(A) is injective by the universal property of�1
(A), since

L

K

(a) = j

K

(da) = K(da) for a ∈ A.

Theorem 4. For any ρ-derivationD ∈ ρ-Der
(k,α)

�

∗

(A), there are unique homomor-
phisms�1

(k,α)

(A) andL ∈ �

1
(k+1,α)(A) such that

D = L

K

+ j

L

. (15)

We haveL = 0 if and only if[D, d] = 0.D is algebraic if and only ifK = 0.
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Proof. The mapD|

A

: a 7→ D(a) is aρ-derivation of degreeα soD|

A

: A → �

(k,α)

(A)has
the formK◦ d for an uniqueK ∈ �

1
(k,α)

(A). The defining equation forK isD(a)−j
K

da =

L

K

(a) for a ∈ A. ThusD−L

K

is an algebraic derivation, soD−L

K

= j

L

for an unique
L ∈ �

1
(k+1,α)(A).

By the Jacobi identity, we have

0 = [j
K

, [d, d]] = [[j
K

, d], d] + ρ((k, α), (1, 0))[d, [j
K

, d]]

so 2[L
K

, d] = 0. It follows that [D, d] = [j
L

, d] = L

L

and using the injectivity ofL
results thatL = 0. 2

Let K ∈ �

1
(k,α)

(A) andL ∈ �

1
(l,β)

(A). Definition of theρ-Lie derivation results in
[[L

K

,L

L

], d] = 0 and using the previous theorem results that is a unique element which
is denoted by [K,L] ∈ �

1
(k+l,α+β)

(A) such that

[L
K

,L

L

] = L[K,L] (16)

and this element will be the denoted by the abstract Frölicher–Nijenhuis ofK andL.

Theorem 5. The space�1
∗

(A) = ⊕

(k,α)∈G

�

1
(k,α)

(A) with the usual grading and the

Frölicher–Nijenhuis is aG-graded Lie algebra.L: (�1
∗

, [·, ·]) → ρ-Der �(A) is an
injective homomorphism ofG-graded Lie algebras. For fields inHomA

A

(�

1
(A),A) the

Frölicher–Nijenhuis coincides with the bracket defined in(12).

4.3 Naturality of the Fr̈olicher–Nijenhuis bracket

Letf : A → B be an homomorphism of degree 0 between theG-gradedρ-algebrasA and
B. Two formsK ∈ �

1
(k,α)

(A) = Hom
α

(�1(A),�k(A)) andK ′

∈ �

1
(k,α)

(B) = Hom
α

(�1(B),�k(B)) aref -relatedor f -dependentif we have

K

′

◦�

1
(f ) = �

k

(f ) ◦K: �1
α

(A) → �

k

α

(B)

where�
∗

(f ): �(A) → �(B) is the homomorphism from (11) induced byf .

Theorem 6.

(1) If K andK ′ aref -related as above thenj
K

′

◦�(f ) = �(f ) ◦ j

K

: �(A) → �(B).
(2) If j

K

◦ �(f )|

d(A)

= �(f ) ◦ j

K

|

d(A)

, thenK andK ′ are f -related, whered(A) ⊂

�

1
(A) is the space of exact1-forms.

(3) If K
j

andK ′

j

are f -related forj = 1, 2 thenj
K1 ◦ K2 andj

K

′

1
◦ K

′

2 are f -related

and also[K1,K2]1, [K ′

1,K
′

2]1 aref -related.
(4) If K andK ′ aref -related thenL

K

′

◦�(f ) = �(f ) ◦ L

K

: �(A) → �(B).
(5) If L

K

′

◦�(f )|

�0(A) = �(f ) ◦ L

K

|

�0(A) thenK andK ′ aref -related.
(6) If K

j

andK ′

j

are f -related for j = 1, 2 then their Fr̈olicher–Nijenhuis brackets
[K1,K2] and[K ′

1,K
′

2] are alsof -related.

Acknowledgement

The author wishes to express his thanks to Prof. Gh. Pitis¸ for many valuable remarks and
for a very fruitful and exciting collaboration.



Fields and forms onρ-algebras 65

References

[1] Bongaarts P J M andPijls H G J,Almost commutative algebra and differential calculus
on the quantum hyperplane,J. Math. Phys.35(2)(1994) 959–970

[2] Cap A, Kriegl A, Michor P W and Vanzura J, The Frölicher–Nijenhuis bracket in non-
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commutative differential geometry.J. Pure Appl. Algebra.121(1997) 107–135

[7] Lychagin V, Colour calculus and colour quantizations,Acta Appl. Math.41 (1995) 193–
226


