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Abstract.  In this paper we introduce non-commutative fields and forms on a new
kind of non-commutative algebrag:algebras. We also define thedficher—Nijenhuis
bracket in the non-commutative geometry @algebras.
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1. Introduction

There are some ways to define théligher—Nijenhuis bracket in non-commutative differ-
ential geometry. The Blicher—Nijenhuis bracket on the algebra of universal differential
forms of a non-commutative algebra, is presented in [2], tbédFrer—Nijenhuis bracketin
several kinds of differential graded algebras are defined in [6] and tlietrer—Nijenhuis
bracket on colour commutative algebras is defined in [7]. But this notion is not defined
on p-algebras in the context of non-commutative geometry. In this paper we introduce the
Frolicher—Nijenhuis bracket on a-algebraA using the algebra of universal differential
formsQ*(A).

A p-algebraA over the fieldk (C or R) is a G-graded algebra({ is a commutative
group) together with a twisted cocycte G x G — k. These algebras were defined for
the first time in the paper [1] and are generalizations of usual algebras (the cas&when
is trivial) and ofZ (Z;)-superalgebras (the case wh@ris Z resp.Zy). Our construction
of the Filicher—Nijenhuis bracket fags-algebras, in this paper, is a generalization of this
bracket from [2].

In 82 we present a class of non-commutative algebras which-atgebras, derivations
and bimodules. In 83 we define the algebra of (non-commutative) universal differential
forms Q*(A) of a p-algebraA. In 84 we present the Blicher—Nijenhuis calculus oA,
the Nijenhuis algebra of, and the Folicher—Nijenhuis bracket oA. We also show the
naturality of the Folicher—Nijenhuis bracket.

2. p-Algebras

In this section we present a class of non-commutative algebras thatagebras. For
more details see [1].

Let G be an abelian group, additively written, and lebe aG-graded algebra. This
implies that the vector spack has aG-gradingA = ®,ccA,, and thatd, A, C Ag4p
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(a, b € G). TheG-degree of a (non-zero) homogeneous elenfenit A is denoted agf|.
Futhermore lep: G x G — k be a map which satisfies
pla,b) = p(b, a)_l, a,begG, N}
pla+b,c)=pla,c)p,c), a,b,ceC. (2)

This impliesp(a, b) # 0, p(0,b) =0 andp(c,c) = £1foralla,b,c € G, c # 0. We
define for homogeneous elemerftaindg in A an expression, which js-commutator of
f andg as

[f. glo = fg—prUflighef. 3)

This expression as it stands make sense only for homogeneous elgfraamdg, but
can be extended linearly to general elementé:-§raded algebra with a given cocycle
o will be called p-commutative iffg = p(|f], |g)gf for all homogeneous elemenfs
andg in A.

Examples.

1) Any usual (commutative) algebra ispaalgebra with the trivial group.

2) LetG = Z (Z) be the group and the cocygiga, b) = (—1)??, for anya, b € G. In
this case any-(commutative) algebra is a super(commutative) algebra.

3) TheN-dimensional quantum hyperplane [1, 3,54], is the algebra generated by the
unit element andv linearly independent elements, . .. , xy satisfying the relations:

XiXj=gxjxi, <]

for some fixedy € k, g # 0. S}, is aZ"-graded algebra, i.e.,

q X q
SN == @ (SN)nl.A.nNs
ni,...,nN

with (SI‘{,),”,,,,,N the one-dimensional subspace spanned by prodtitts - x"V. The
7N -degree of these elements is denoted by

|x"1~-~x"N| =n=n1...,nN).
Define the functiorp: ZV x ZN — k as
p(n,n') = qZ_’an_m}{aik,

with ojy = 1for j < k,0for j = k and—1 for j > k. It is obvious thatSj{, is a
p-commutative algebra.
4) The algebra of matri®f, (C) [5] is p-commutative as follows:

Let
0 0 ..0 1
(1) S'“g e 0 ..0 0
p= and g=|0 ¢ ...0 0],
n—1
0 0. e 0 0 ... 10

p,q € M,(C), wheree" = 1,¢ # 1. Thenpg = egp andM,,(C) is generated by the
setB = {p?q®la,b=0,1,... ,n—1}.
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It is easy to see thap?q? = e%¢bp® and ¢’p® = e P peq® for anya,b =
0,1....,n—1LetG:=7Z,DZ,,x = (x1, x2) € G andx, := p*1g*2 € M,(C). If we
denoteo (o, B) = g¥2Pr—1p2 thenxq,xg = p(a, B)xgxq, foranya, B € G, xq, xg € B.

It is obvious that the map: G x G — C, p(«a, B) = ¢*2fi—21P2 js g cocycle and that
M, (C) is ap-commutative algebra.

Let @ be an element of the grou@. A p-derivationX of A, of degreeax is a bilinear
mapX: A — A of G-degregX|i.e. X: A, — A.4 x|, such that one has for all elements
fe A|f| andg € A,

X(f8) = (Xf)g+ ple. [ fDf(Xg). 4)

Without any difficulties it can be obtained that if algebtas p-commutative,f € Ay
andX is ap-derivation of degree, then f X is a p-derivation of degre¢f| + « and the
G-degred f| + | X]| i.e.

(fX)(gh) = (fX)h + p(fl+a, |ghg(fX)h

andfX: Ay — Ay f1+1x)-

We say thatX: A — A is a p-derivation if it has degree equal G-degree|X| i.e.
X: As > AsqixjandX (fg) = (Xf)g+p(X|.|f)f(Xg) forany f € A andg € A.

It is known [1] that theo-commutator of twqo-derivations is again a-derivation and
the linear space of ali-derivations is @-Lie algebra, denoted by-DerA.

One verifies immediately that for such an algeAr@-Der A is nhot only ap-Lie algebra
but also a leftA-module with the action oA on p-Der A defined by

(fX)g=f(Xg) [fgeA, Xep-Dera. ®)

Let M be aG-graded left module over a-commutative algebra, with the usual
properties, in particulakfvy| = |f| + |¥| for f € A, € M. ThenM is also a right
A-module with the right action o defined by

Vf =p¥l, 1 fDfY. (6)
In fact M is a bimodule oven, i.e.
fWe) =(fv)g f,geA yeM. (7)

Let M and N be two G-graded bimodules over the-algebraA. Let f: M — N
be an A-bimodule homomorphism of degree € G if f: Mg — Nyip such that
flam) = p(e, laaf(@m) and f(ma) = f(m)a for anya € A andm € M. We
denote by Hom(M, N) the space ofA-bimodule homomorphisms of degreeand by
Hom‘j(M, N) = ®yegHOM, (M, N) the space of alA-bimodule homomorphisms.

3. Differential forms on a p-algebra

A is ap-algebra as in the previous section. We denot&hyA) the space generated by
the elementsadbof G-degreda| + |b| = o with the usual relations:

d(a+b) =d(a) +d(b), dab)=d@)b+ad() and dl=0,

where 1 is the unit of the algebra
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If we denote byQl(4) = 3, QL(A) thenQ(A) is an A-bimodule and satisfies the
following theorem of universality.

Theorem 1. For any A-bimoduleM and for any derivationX: A — M of degree|X|
there is anA-bimodule homomorphisn: Q1(A) — M of degree|X| (f € Homx,
(Q21(A), M)) such thatX = f o d. The homomorphism is uniquely determined and
the correspondingX — f establishes an isomorphism betweeiDer x (A, M) and
Hom x| (Q1(A), M).

Proof. We define the mag: Q1(A) — M by f(adb) = p(|X|, lal)aX (b) which trans-
form the usual Leibniz rule for the operatdrinto the p-Leibniz rule for the deriva-
tion X. O

Starting from theA-bimodule21(A) and thep-algebra©2®(A) = A we build upthe
algebra of differential forms ovea.
This algebra will be a neyw-algebra

QA= D A

neN,aeG

graded by the grou@ = Z x G and generated by elements A, = Q&\ (A) of degree
(0, |a]) and their differentialgla € Q1 (A) of degree(l, |al).

lal
We will also require the universal derivatish A — Q1(A) which can be extended
to ap-derivation of the algebr&*(A) of degree(1, 0) in such a way that’? = 0 and
?lexg = p. Denote byw A 0 € Qgi’g(A) the product of forms € Q% (A), 0 Qg(A)
in the algebra2*(A). Then

dw A 6) =dw A6 +p((1,0), (n,a))w A dI,

and
dz(w ANO)=p((1,0), (n+ 1, a))dw Ado + 0((1, 0), (n, a))dw A do = 0.
(8)
Hence
0((1,0),n+1 ) +0(10), ", a)=0. )

From these relations it follows that
ﬁ((lv O)’ (}’l, a)) - (_1)n§0(0‘)a

whereg: G — U (k) is the group homomorphism(e) = p((1, 0), (0, «)). From the
properties of the cocycle,

p((n, ), (m, B)) = (=1)"" 9" ()¢" (B)p (e, B) (10)
foranyn,m € Z anda, B € G.

PROPOSITION 1

Let A be ap-algebra with the cocycle. Then any cocycl@ on the groupG with the
conditionsp|gx = p and(9) are given by(10) for some homomorphisgn G — U (k).
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We will denote below2*(A, ¢) or simply Q*(A) the G-graded algebra of forms with
the cocyclep and the derivatiod = d,, of degree (1, 0).

Therefore for any-algebraA, a group homomorphism: G — U (k) and an element
a € G, we have the complex:

d. d, d, d, . d, . d,
0— Ay 5 QLA ) 2 Q2(A,0) 5 2 QLA 0) 5 QA0 5.

The cohomology of this complex ter@, (A, ¢) is denoted byH' (A, ¢) and will be
called as thele Rham cohomology of tiwealgebraA.

PROPOSITION 2

Let f: A — B be a homomorphism of degree € G between theG-graded p-
algebras. There is a natural homomorphiser f): Q*(A) — Q*(B) which in degreex
is Q(f): QZ(A) — Q§+(n+1)a(A) and has the5’-degree(0, (n + 1)) given by

Q"(f)aodar A -+ Aday) = fao)df(a) A+ Adf(an). (11)

4. Frolicher-Nijenhuis bracket of p-algebras

4.1 Derivations

Here we present the &licher—Nijenhuis calculus over the algebra of forms defined in the
previous section.

Denote by Degi ) (2*(A)) the space of derivations of degr@e «) i.e. an elemend €
Der «) (2 (A)) satisfies the relations:

1) Dislinear,
2) theG’-degree ofD is |D| = (k, «), and
3) D(@ A6) = Do A6 +p((k, @), (n, B))w A DO for any6 € Q5 (A).

Theorem 2. The spac@-Der Q*(A) = @(k,a)eéDer(k,a) Q*(A) is ap-Lie algebra with
the bracke{D1, D2] = D10 D2 — p(|D1]|, |D2|)D2 o D;.

4.2 Fields

Let us denote by’: Homy (Q1(A), A) — p-Der (A) the isomorphism from Theorem 1.
We also denote b (A) = Homﬁ(Ql(A), A) the space of fields of the algeb#a Then

L: X(A) — p-Der(A; A) is an isomorphism of vectoG-graded spaces. The space of
p-derivationsp-Der(A) is a Lie p-algebra with thep-bracket [, -], and so we have an
inducedp-Lie bracket orX(A) which is given by

LAX,Y]) =[Lx, Lyl =LxLy — p(X]|,|YDLyLx (12)
and will be referred to as the-Lie bracket of fields.

Lemmal. Each fieldX € X(A) is by definition am-bimodule homomorphist;(A) —
A and it prolongs uniquely to a gradggiderivationj (X) = jx: Q(A) — Q(A) of degree
(=1, 1X]) by
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jx(@ =0 for aeA=g%A),
jx(@) = X(w) for we Q@A)
and

Jx(@i Awa A A wg)

k—1 i—1
=7 ((—1, XD, (z’ -1y |wl~|>> LA Ao A X (@)
i=1 j=1
k—1
X WA Ao +z<(—1, X1, (k— 1 Dm))
j=1

X wL A ANwp—1X (wr)

for any w; € SZ|1wl_|(A). The p-derivation jx is called the contraction operator of the
field X.

Proof. This is an easy computation. a

With some abuse of notation we also wii€X) = X (w) = jx (o) forw € Q(A) and
X € X(A) =Hom} (Q1(A), A).

4.2.1 Algebraic derivations: A p-derivationD € Dery )2 (A) is calledalgebraic if
D|goay = 0. ThenD(aw) = p((k, @), (0, |a]))aD(w) and D(wa) = D(w)a for any

a € Ay andw € Q(A). It results thatD is an A-bimodule homomorphism. We denote
by Hom, (€2;(A), Qk+1(A)) the space ofA-bimodule homomorphisms froM «)(A) to
Q+k,0)(A) Of degree(k, o). Then an algebraic derivatioD of degree(k, «) is from
Homy ((A), Qi4:(A)). We denote byﬁ—Der?,if’a)Q*(A) the space of all-algebraic
derivations of degreék, o) from Q*(A). SinceD is ap-derivation,D has the following

expression on the product of 1-formas € Q|1w,-\(A):

k i—1
DiAwa A Aop) =Y D <|D|, (i -1y |w,~|>)
i=1 j=1

X WL A Awj—1 AND(@j) A+ N wg
and the derivatiomD is uniquely determined by its restriction 61 (A),
K = Dlg,a) € Hom, (21(A), Qk+1(A)). (13)

We write D = j(K) = jg to express this dependence. Note thatw) = K(w) for
o € Q1(A). Next we will use the following notations:

QL o) = Qb o) (A) 1= Hom, (Q1(A), Q2 (A)),

Ql=ql) = . Qlp ) (A)-

&2
k>0,a€e

Elements of the spadé(lka) will be calledfield-valued(k, «)-forms
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4.2.2 Nijenhuis bracket:

Theorem 3. The mapj: @Y, ; ., (4) — ﬁ-Der?,i?a)Q*(A), K — jk defined by

Jrk(@i ANwa A A awg)

k i—1
=% ((k +1a), (i =3 |0)i|)>
i=1 j=1

1

XWI A Awi—1 A Jrg(wi)) A+ AN wg
is an isomorphism and satisfies the following properties

1) jk: Qu.p)(A) = Qutk,a+p)(A).
2) jk (@A) = jkw NG+ p((k, @), (n. B))w A jx0 for any6 € Q3(A).

3) jx(a) = 0andjk(w) = K (») for anyw € Q1(A).

The module ofp-algebraic derivations is obviously closed with respect to ghe
commutator of derivations.
Therefore we get @-Lie algebra structure on

— I
Nij(A) = @ p-DeryS, Q*(4)
(k,a)eG

which is called theNijenhuis algebraf the p-algebrad and its bracket is the-Nijenhuis
bracket

By definition, the Nijenhuis bracket of the elemektse Hom, (Q21(4), Q11%(A)) and
L € Homg(Q1(A), Q1 (A4)) is given by the formula

(K, L]* = jk o L —p((k, @), (I, B))jr o K
or

(K, L]*(o) = jk (L)) — (=)o~ (@) (@)p(a, B)jLK (@) (14)
for all w € Q1(A).

4.2.3 The Fidlicher—Nijenhuis bracket: The exterior derivative! is an element of-
Der1,0)2*(A). In the view of the formulalyx = [jx, d] for fields X we definek <
Q(lk,a)(A) the Lie derivationCx = L(K) € p-Defy o) *(A) by Lk := [jk,d]. Then
the mappingC: Q1 — 5-Der2(A) is injective by the universal property 6f*(A), since
Lk (a) = jx(da) = K(da) fora € A.

Theorem 4. For any p-derivation D € p-Dery, )2*(A), there are uniqgue homomor-
phismsQf, , (A) andL € Qf,, ,,(A) such that

D=Lk +jL. (15)

We havel = Oif and only if[D, d] = 0. D is algebraic if and only itk = 0.
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Proof. ThemapD|4: a — D(a)is ap-derivation of degree soD|4: A — Q.«)(A) has
the formk o d for an uniquek e Sz(lk,a)(A).The defining equation fa¥ is D(a)— jxda =
Lk (a)fora € A. ThusD — Lk is an algebraic derivation, 90 — L = j; for an unique
L € Q1 (A).

By the Jacob| identity, we have

0=[jk.[d.d]] =[ljx.d].d] +p((k, ). (1,0)[d, [jx.d]]

S0 2[Ck,d] = 0. It follows that [D, d] = [jr,d] = £ and using the injectivity o
results that. = 0. O

Let K € Qlka (A) andL € Ql (A) Definition of thep-Lie derivation results in
[[Lk,LL],d] = 0 and usmg the prewous theorem results that is a unique element which
is denoted by K, L] € Q(k+, wip)A) such that

[Lk, L] = Lik 1] (16)
and this element will be the denoted by the abstragli¢irer—Nijenhuis ofk andL.

Theorem 5. The spaceQl(A) = €9<k,a)669(1k,a)(‘4) with the usual grading and the
Frolicher—Nijenhuis is a@-_graded Lie algebra.C: (Qi, --]) — po-Der Q(A) is an
injective homomorphism af-graded Lie algebras. For fields ihlomﬁ(Ql(A), A) the
Frolicher—Nijenhuis coincides with the bracket definedlig).

4.3 Naturality of the Folicher—Nijenhuis bracket

Let f: A — B be an homomorphism of degree 0 betweenhgradedp-algebrasA and
B. Two formsK e Q(l (A) = Hom, (Q1(A), Q2 (A)) andK’ € szgk o (B) = Hom,
(R1(B), Q(B)) are f- relatedorf dependenif we have

K o QYN f) = (f)oK: QL(A) —» QE(B)
whereQ,(f): Q(A) — Q(B) is the homomorphism from (11) induced Iy
Theorem 6.

(1) If K andK’ are f-related as above thejx o Q(f) = Q(f) o jgx: Q(A) - Q(B).

(2) If jx o Q(NHlacay = Q(f) o jxlaa), thenk and K’ are f-related whered(A) C
Q1(A) is the space of exadtforms.

(3) If K; and K; are f-related forj = 1, 2 then jg, o K» and Jkj o K are f-related
and also[K1, K2]*, [K}, K5]* are f-related.

(4) If K andK’ are f-related thenCg: o Q(f) = Q(f) o Lx: Q(A) — Q(B).

(5) If Lk 0o Q(lag) = 2(f) o Lkl thenK andK’ are f-related.

(6) If K; and K} are f-related forj = 1, 2 then their Filicher—Nijenhuis brackets
[K1, K2] and[K 7, K] are also f-related.
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