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1. Introduction

1.1.

In the year 1921, Nevanlinna [7] suggested and discussed an interesting method of sum-
mation calledNq-method. Moursund [5] applied this method for summation of Fourier
series and its conjugate series. Later, Moursund [6] developedNqp-method (wherep is
a positive integer) and applied it topth derived Fourier series. Samal [9] discussedNqα-
method(0 ≤ α < 1) and studied absoluteNqα-summability of some series associated
with Fourier series. In his Ph.D. thesis [10] he extendedNqp-method of summation toNqα-
method for anyα ≥ 0 and studied absoluteNqα-summability of Fourier series. Earlier we
[8] have studied absoluteNqα-summability of a series conjugate to a Fourier series. In the
present paper we shall study the absoluteNqα-summability ofrth (r < α) derived series
of a conjugate series.

1.2.

DEFINITION 1  [6,10]

LetF(w) be a function of a continuous parameterw defined for allw > 0. TheNqα-method
consists in forming theNqα-transform or mean

NqαF (w) =
∫ 1

0
qα(t)F (wt)dt

and then considering the limit

lim
w→∞ NqαF (w),
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where the class of functionsqα(t) is such that

(1) qα(t) ≥ 0 for 0 ≤ t ≤ 1,

(2)
∫ 1

0
qα(t)dt = 1,

(3)
dβ

dtβ
qα(t) exists and is absolutely continuous for 0≤ t ≤ 1, β = 1, 2, . . . , k − 1,

where [α] = k,

(4)
dβ

dtβ
qα(t) = 0 for t = 1, β = 0, 1, 2, . . . , k − 1,

(5)
dk

dtk
qα(t) exists for 0< t < 1,

(6) (−1)k
dk

dtk
qα(t) ≥ 0 and monotonic increasing for 0< t < 1,

(7)
∫ t

0

Qk(u)

u1+α−k
du = O

(
Qk(t)

tα−k

)
,

where

Qk(t) =
∫ 1

1−t

(−1)k
dk

duk
qα(u)du.

Also we set

Q(t) =
∫ 1

1−t

qα(u)du.

If lim w→∞ NqαF (w) exists, we say thatNqα-limit of F(w) exists.

DEFINITION 2   [9,10]

Let
∑∞

n=0 un be an infinite series withS(w) = ∑
n≤w un. If lim w→∞{∑n≤w unQ(1 −

(n/w))} = 1, we say that
∑

un is summable byNqα-method to the sum 1. In short we
write that

∑
un = 1(Nqα ). Further the series

∑
un is said to be|Nqα |-summable (absolute

Nqα-summable) if

∫ ∞

A

dw

w2

∣∣∣∣∣
∑
n≤w

nunqα

( n

w

)∣∣∣∣∣ < ∞

for some positive constantA.
For α = 0, the method reduces to the originalNq-method [7] and ifα is any positive

integerp, then the method reduces toNqp-method of Moursund [6].

1.3.

Let f (t) be a periodic function with period 2π and Lebesque integrable over(−π, π).
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Let

f (t) ∼ 1

2
a0 +

∞∑
n=1

(an cos nt + bn sin nt) ≡
∞∑

n=0

An(t). (1.3.1)

The series conjugate to (1.3.1) att = x is given by

∞∑
n=1

(bn cos nx − an sin nx) ≡
∞∑

n=1

Bn(x), (1.3.2)

P(u) =
r−1∑
i=0

θi

i!
ui for − π ≤ u ≤ π,

whereθis for i = 0, 1, 2, . . . , r − 1 are arbitrary constants.

h(u) = {f (x + u) − P(u)} − (−1)r{f (x − u) − P(−u)}
2ur

,

H0(t) = h(t),

Hβ(t) = 1

0(β)

∫ t

0
(t − u)β−1h(u)du, (β > 0),

hβ(t) = 0(1 + β)t−βHβ(t), (β ≥ 0).

2. Purpose of the present paper

In the present paper we shall prove the following theorems:

Theorem 1. Let β = α − r. If Hβ(+0) = 0 and
∫ π

0 t−β |dHβ(t)| < ∞, whereβ > 0,
then therth derived series of the conjugate series off (t) at t = x is |Nqα |-summable.

Theorem 2. Letρ = α − r − 1. If ρ ≥ 0 and
∫ π

0 t−1|hρ(t)|dt < ∞, then therth derived
series of the conjugate series off (t) at t = x is |Nqα |-summable.

By takingβ = ρ + 1, ρ ≥ 0 in Theorem 1, we can obtain Theorem 2 at once as it is
known [4] that

Hρ+1(+0) = 0 and
∫ π

0
t−ρ−1|dHρ+1(t)| < ∞

⇐⇒ hρ+1(t) ∈ BV (0, π) and
hρ+1(t)

t
∈ L(0, π)

⇐⇒ hρ(t)

t
∈ L(0, π).

By takingqα(t) = (α + δ)(1 − t)α+δ−1, whereδ > 0 andα + δ < k + 1 ([α] = k) in
Theorems 1 and 2, we obtain the following corollaries respectively.

COROLLARY 1   [3]

If Hβ(+0) = 0 and
∫ π

0 t−β |dHβ(t)| < ∞, then therth derived series of the conjugate
series off (t) at t = x is summable|C, β + r + δ|, whereβ > 0 andδ > 0.

COROLLARY 2   [3]

If ρ ≥ 0 and
∫ π

0 t−1|hρ(t)|dt < ∞, then therth derived series of the conjugate series of
f (t) at t = x is summable|C, ρ + r + 1 + δ|.
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3. Notations and lemmas

3.1. Notations

For our purpose we use the following notations throughout this paper.

[α] = k,

m = min (k − r, r),

qk(u) = (−1)k
dk

duk
qα(u),

(cos nu)j =
(

d

du

)j

cos nu,

Si,j (x, u) =
∑
n≤x

(x − n)i(cos nu)j ,

Gi(w, u) =
∑
n≤w

qα

( n

w

)( d

du

)k+1−i

cos nu, for i = 0, 1, 2, . . . , m,

gi(x, w, u) = 1

k!
(−1)k

(
d

dx

)k

qα

( x

w

) d

dx
Sk,k+1−i (x, u)

for i = 0, 1, 2, . . . , m.

3.2. Lemmas

We need the following lemmas for the proof of our theorem.

Lemma1 [1]. If β > α > 0, Hα(t) is of BV (0, π) andHα(+0) = 0, thenHβ(t) is an
integral in (0, π) and for almost all values oft ,

H ′
β(t) = 1

0(β − α)

∫ t

0
(t − u)β−α−1dHα(u).

Lemma2 [6]. If α ≥ 1, the kernelqα(t) is monotonic decreasing, its derivatives of odd
orders less thank are negative and monotonic increasing, its derivatives of even orders
less thank are positive and monotonic decreasing and there exists a constantAk such that∣∣∣∣ dβ

dtβ
qα(t)

∣∣∣∣ < Ak (β = 0, 1, 2, . . . , k − 1)

and ∫ 1

0

∣∣∣∣ dk

dtk
qα(t)

∣∣∣∣ dt < Ak.

Lemma3 [10]. Qk(t) is continuous and monotonic increasing function oft , Qk(t) ≥
0, Q(0) = 0 andQ(1) = 1.

This follows directly from the definition ofQ(t) andQk(t).

Lemma4 [10,8].
∫ 1

0 qk(t)/((1 − t)α−k)dt exists.



On the absoluteNqα -summability ofrth derived conjugate series 227

Lemma5 [8]. Letx > 0.

(i) If 1/x < u ≤ π , then

Si,j (x, u) =
{

O(xiu−j−1) for 0 ≤ j ≤ i,

O(xju−i−1) for j > j ≥ 0.

(ii) If 1/x ≥ u > 0, then

Si,j (x, u) = O(xi+j+1).

Lemma6 [2]. Letλ = {λn} be a positive monotonic increasing sequence withλn → ∞
asn → ∞. Then

Aλ(x) = A0
λ(x) =

∑
λn≤x

an

and

Ar
λ(x) =

∑
λn≤x

(x − λn)
ran(r > 0).

If k is a positive integer,

Aλ(x) = 1

k!

(
d

dx

)k

Ak
λ(x).

Lemma7 [8,10]. For α ≥ 1,

∑
n≤w

(−1)nnkqα

( n

w

)
= O

{
qk

(
1 − 1

w

)}
+ O

{
wQk

(
1

w

)}
.

Lemma8 [8,10]. For α ≥ 1 andr = 0, 1, 2, . . . , k − 1,∑
n≤w

(−1)nnrqα

( n

w

)
= O(1).

Lemma9. For i = 0, 1, 2, . . . , k − 1,∑
n≤w

(−1)nni ∈ |Nqα|.

Proof. For i = 0, 1, 2, . . . , k − 2,

∫ ∞

1

dw

w2

∣∣∣∣∣
∑
n≤w

n(−1)nniqα

( n

w

)∣∣∣∣∣ =
∫ ∞

1
O(1)

dw

w2 by Lemma 8

= O(1)
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and ∫ ∞

1

dw

w2

∣∣∣∣∣
∑
n≤w

(−1)nnkqα

( n

w

)∣∣∣∣∣
=
∫ ∞

1
O

{
qk

(
1 − 1

w

)}
dw

w2

+
∫ ∞

1
O

{
wQk

(
1

w

)}
dw

w2 by Lemma 7

= O

(∫ 1

0
qk(u)du

)
+ O

(∫ 1

0

Qk(u)

u
du

)

= O(1)

by Lemma 2 and the definitions ofqk(u) andQk(u). This completes the proof of Lemma 9.

Lemma10. For i = 0, 1, 2, . . . , m,

Gi(w, u) =
∫ w

1
gi(x, w, u)dx.

Proof.

Gi(w, u) =
∑
n≤w

qα

( n

w

)( d

du

)k+1−i

cosnu

= qα(1)
∑
n≤w

(
d

du

)k+1−i

cosnu

−
∫ w

1

d

dx
qα

( x

w

){∑
n≤x

(
d

du

)k+1−i

cosnu

}
dx

= −
∫ w

1

d

dx
qα

( x

w

) 1

k!

(
d

dx

)k
{∑

n≤x

(x − n)k
(

d

du

)k+1−i

cosnu

}
dx

by Lemma 6

=
[

1

k!

k−1∑
ρ=1

(−1)ρ
(

d

dx

)ρ

qα

( x

w

)( d

dx

)k−ρ

Sk,k+1−i (x, u)

]w

x=1

+
∫ w

1

(−1)k

k!

(
d

dx

)k

qα

( x

w

) d

dx
Sk,k+1−i (x, u)dx

(integrating by parts for(k − 1) times)

=
∫ w

1
gi(x, w, u)dx

as the integrated part vanishes forx = w andx = 1.
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Lemma11. For wt ≤ π andi = 0, 1, 2, . . . , m,∫ t+(1/w)

t

ur−i (u − t)k−αGi(w, u)du = O(wα−r+1).

Proof. For i = 0, 1, 2, . . . , m,∫ t+(1/w)

t

ur−i (u − t)k−αGi(w, u)du

=
∫ t+(1/w)

t

ur−i (u − t)k−α

(∑
n≤w

qα

( n

w

)( d

du

)k+1−i

cosnu

)
du

=
∫ t+(1/w)

t

ur−i (u − t)k−αO(wk+2−i )du

= O

{(
t + 1

w

)r−i

wk+2−i

∫ t+(1/w)

t

(u − t)k−αdu

}

= O

{(
wt + 1

w

)r−i

wk+2−i · 1

wk−α+1

}

= O(wα−r+1) as wt ≤ π.

Lemma12. For i = 0, 1, 2, . . . , m andwt ≤ π ,∫ π

t+(1/w)

ur−i (u − t)k−αGi(w, u)du = O(wα−r+1).

Proof. By the use of Lemma 10,∫ π

t+(1/w)

ur−i (u − t)k−αGi(w, u)du

=
∫ π

t+(1/w)

ur−i (u − t)k−αdu

∫ w

1
gi(x, w, u)dx

=
∫ π

t+(1/w)

ur−i (u − t)k−αdu
1

k!

×
∫ w

1
(−1)k

(
d

dx

)k

qα

( x

w

) d

dx
Sk,k+1−i (x, u)dx

= 1

(k − 1)!

∫ w

1
(−1)k

(
d

dx

)k

qα

( x

w

)
dx

×
∫ π

t+(1/w)

ur−i (u − t)k−α Sk−1,k+1−i (x, u)du

= 1

(k − 1)!

∫ w

1
(−1)k

(
d

dx

)k

qα

( x

w

)
dx wα−k

×
∫ ξ

t+(1/w)

ur−i Sk−1,k+1−i (x, u)du, (3.2.1)
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for somet + (1/w) < ξ < π , by an application of the mean value theorem. Fori ≥ 2,
using Lemma 5(i) in (3.2.1), we get

∫ π

t+(1/w)

ur−i (u − t)k−αGi(w, u)du

= 1

(k − 1)!

∫ w

1
(−1)k

(
d

dx

)k

qα

( x

w

)
wα−kdx

×
∫ ξ

t+(1/w)

ur−iO(xk−1u−k−2+i )du

= 1

(k − 1)!

∫ w

1
(−1)k

(
d

dx

)k

qα

( x

w

)
wα−kO

{
xk−1(

t + 1
w

)k−r+1

}
dx

= O

(
wα−r+1

∫ w

1
(−1)k

(
d

dx

)k

qα

( x

w

)
xk−1dx

)

= O

(
wα−r+1

∫ 1

0
qk(θ)dθ

)

= O
(
wα−r+1

)
by Lemma 2.

For i = 1,

∫ ξ

t+(1/w)

ur−i Sk−1,k+1−i (x, u)du

=
∫ ξ

t+(1/w)

ur−1 Sk−1,k (x, u)du

=
[
ur−1 Sk−1,k−1 (x, u)

]ξ
t+(1/w)

− (r−1)

∫ ξ

t+(1/w)

ur−2 Sk−1,k−1 (x, u)du

= O

{
xk−1(

t + 1
w

)k−r+1

}
+
∫ ξ

t+(1/w)

ur−2O(xk−1u−k)du

by Lemma 5(i)

= O(w2k−r ).

Similarly, for i = 0, integrating by parts twice and using Lemma 5(i), it follows that

∫ ξ

t+(1/w)

ur−iSk−1,k+1−i (x, u)du = O(w2k−r ).
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Hence, fori ≤ 1, using the above estimation in (3.2.1)∫ π

t+(1/w)

ur−i (u − t)k−αGi(w, u)du

= O

(∫ w

1
(−1)k

(
d

dx

)k

qα

( x

w

)
wα+k−rdx

)

= O

(
wα−r+1

∫ 1

0
qk(θ)dθ

)

= O(wα−r+1) by Lemma 2.

This completes the proof of Lemma 12.

Lemma13. ∫ t+(1/w)

t

ur−i (u − t)k−αdu

∫ w−(π/t)

1
gi(x, w, u)dx

= O

(
wα−k

tk+1−r
qk
(
1 − π

wt

))
.

Proof. For some 1< ξ < w − (π/t), by an application of the mean value theorem,

∫ t+(1/w)

t

ur−i (u − t)k−αdu

∫ w−(π/t)

1
gi(x, w, u)dx

=
∫ t+(1/w)

t

ur−i (u − t)k−αdu

×
∫ w−(π/t)

1

(−1)k

k!

(
d

dx

)k

qα

( x

w

) d

dx
Sk,k+1−i (x, u)dx

=
∫ t+(1/w)

t

1

k!
ur−i (u − t)k−α

[
(−1)k

(
d

dx

)k

qα

( x

w

)]
x=w−(π/t)

du

×
∫ w−(π/t)

ξ

d

dx
Sk,k+1−i (x, u)dx

= 1

k!

∫ t+(1/w)

t

ur−i (u−t)k−α

wk
qk
(
1− π

wt

) [
Sk,k+1−i (x, u)

]w−(π/t)

x=ξ
du.

(3.2.2)

For i = 0, using Lemma 5(i) in (3.2.2), we get

∫ t+(1/w)

t

ur−i (u − t)k−αdu

∫ w−(π/t)

1
gi(x, w, u)dx

= 1

k!

∫ t+(1/w)

t

ur (u − t)k−α

wk
qk
(
1 − π

wt

)
O

{(
w − π

t

)k+1

uk+1

}
du
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= O

(
wqk

(
1 − π

wt

)
tk+1−r

∫ t+(1/w)

t

(u − t)k−α du

)

= O

(
wα−kqk

(
1 − π

kt

)
tk+1−r

)
.

For i ≥ 1, using Lemma 5(i) in (3.2.2), we obtain∫ t+(1/w)

t

ur−i (u − t)k−αdu

∫ w−(π/t)

1
gi(x, w, u)dx

= 1

k!

∫ t+(1/w)

t

ur−i (u − t)k−α

wk
qk
(
1 − π

wt

)
O

(
wk

uk+2−i

)
du

= O

(
qk
(
1 − π

wt

)
tk+2−r

∫ t+(1/w)

t

(u − t)k−αdu

)

= O

(
wα−k+1

tk+2−r
qk
(
1 − π

wt

))
.

= O

(
wα−k

tk+1−r
qk
(
1 − π

wt

))
as wt > π.

This completes the proof of Lemma 13.

Lemma14. For i = 0, 1, 2, . . . , m,∫ π

t+(1/w)

ur−i (u − t)k−α Sk,k+1−i
(
w − π

t
, u
)

du = O

(
wα

tk+1−r

)
.

Proof. By an application of the mean value theorem for somet + (1/w) < ξ < π ,∫ π

t+(1/w)

ur−i (u − t)k−αSk,k+1−i
(
w − π

t
, u
)

du

= wα−k

∫ ξ

t+(1/w)

ur−iSk,k+1−i
(
w − π

t
, u
)

du

= wα−k
[
ur−i Sk,k−i

(
w − π

t
, u
)]ξ

u=t+(1/w)

− (r − i)wα−k

∫ ξ

t+(1/w)

ur−i−1Sk,k−i
(
w − π

t
, u
)

du

= wα−kO

{
wk(

t + 1
w

)k+1−r

}
+ wα−k

∫ ξ

t+(1/w)

ur−i−1O

(
wk

uk+1−i

)
du

by Lemma 5(i)

= O

(
wα

tk+1−r

)
+ O

(
wα

∫ ξ

t+(1/w)

1

uk+2−r
du

)

= O

(
wα

tk+1−r

)
.
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Lemma15. For i = 0, 1, 2, . . . , m,

∫ π

t+(1/w)

ur−i (u − t)k−α du

∫ w−(π/t)

1
gi(x, w, u)dx

= O

{
wα−kqk

(
1 − π

wt

)
tk+1−r

}
.

Proof. For some 1< η < w − (π/t), by an application of the mean value theorem

∫ π

t+(1/w)

ur−i (u − t)k−αdu

∫ w−(π/t)

t

gi(x, w, u)dx

= 1

k!

∫ π

t−(1/w)

ur−i (u − t)k−αdu

[
(−1)k

(
d

dx

)k

qα

( x

w

)]
x=w−(π/t)

×
∫ w−(π/t)

η

d

dx
Sk,k+1−i (x, u)dx

= qk
(
1 − π

wt

)
k! wk

{∫ π

t+(1/w)

ur−i (u − t)k−αSk,k+1−i
(
w − π

t
, u
)

du

−
∫ π

t+(1/w)

ur−i (u − t)k−α Sk,k+1−i (η, u)du

}

= O

(
qk
(
1 − π

wt

)
wα

wk tk+1−r

)

= O

(
qk
(
1 − π

wt

)
wα−k

tk+1−r

)
,

since by Lemma 14, the first integral isO(wα/(tk+1−r )) and the second integral is domi-
nated by the first integral.

Lemma16. For i = 0, 1, 2, . . . , m andwu > π ,∫ w

w−(π/t)

gi(x, w, u)dx = O
(
w2 u−k+iQk

( π

wt

))
.

Proof. For 0≤ 1, by use of Lemma 5(i),

∫ w

w−(π/t)

gi(x, w, u)dx

=
∫ w

w−(π/t)

(−1)k

(k − 1)!

(
d

dx

)k

qα

( x

w

)
Sk−1,k+1−i (x, u)dx

= 1

(k − 1)!

∫ w

w−(π/t)

(−1)k
(

d

dx

)k

qα

( x

w

)
O

(
xk+1−i

uk

)
dx
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= O

(
w2−i

uk

∫ 1

1−(π/wt)

qk(θ)dθ

)

= O
(
w2u−k+i Qk

( π

wt

))
as wu > π.

For i ≥ 2, by use of Lemma 5(i)

∫ w

w−(π/t)

gi(x, w, u)dx

=
∫ w

w−(π/t)

(−1)k

(k − 1)!

(
d

dx

)k

qα

( x

w

)
Sk−1,k+1−i (x, u)dx

= 1

(k − 1)!

∫ w

w−(π/t)

(−1)k
(

d

dx

)k

qα

( x

w

)
O

(
xk−1

uk+2−i

)
dx

= O

(
u−k−2+i

∫ 1

1−(π/wt)

qk(θ)dθ

)

= O
(
w2u−k+i Qk

( π

wt

))
as wu > π.

Hence

∫ w

w−(π/t)

gi(x, w, u)dx = O
(
w2 u−k+i Qk

( π

wt

))
.

Lemma17. For i = 0, 1, 2, . . . , m andwt > π ,

∫ π

t+(1/w)

ur−i (u − t)k−α d

dx
Sk,k+1−i (x, u)du = O

(
wα

tk−r

)
.

Proof. Let i = 0. By mean value theorem for somet + (1/w) < ξ < π ,

∫ π

t+(1/w)

ur−i (u − t)k−α d

dx
Sk,k+1−i (x, u) du

= k

∫ π

t+(1/w)

ur(u − t)k−αSk−1,k+1(x, u) du

= kwα−k

∫ ξ

t+(1/w)

urSk−1,k+1(x, u) du

= kwα−k
[
urSk−1,k(x, u)

]ξ
u=t+(1/w)

− krwα−k

∫ ξ

t+(1/w)

ur−1Sk−1,k(x, u) du
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= kwα−kO

{
xk

(t + (1/w))k−r

}

− krwα−k
[
ur−1Sk−1,k−1(x, u)

]ξ
u=t+(1/w)

+ kr(r − 1)wα−k

∫ ξ

t+(1/w)

ur−2Sk−1,k−1(x, u) du by Lemma 5(i)

= O

(
wα

tk−r

)
+ krwα−kO

{
xk−1(

t + 1
w

)k−r+1

}

+ kr(r − 1)wα−k

∫ ξ

t+(1/w)

ur−2O

(
xk−1

uk

)
du

= O

(
wα

tk−r

)
+ O

(
wα−1

tk−r+1

)

= O

(
wα

tk−r

)
as wt > π.

For i > 1, using the technique used in the proof of Lemma 14, it can be proved that∫ π

t+(1/w)

ur−i (u − t)k−α d

dx
Sk,k+1−i (x, u) du

= O

(
wα−1

tk−r+1

)

= O

(
wα

tk−r

)
as wt > π.

This completes the proof of Lemma 17.

Lemma18. For i = 0, 1, 2, . . . , m,∫ π/t

1

dw

w2

∣∣∣∣
∫ π

t

ur−i (u − t)k−αGi(w, u) du

∣∣∣∣ = O

(
1

tα−r

)
.

Proof. ∫ π/t

1

dw

w2

∣∣∣∣
∫ π

t

ur−i (u − t)k−αGi(w, u) du

∣∣∣∣
≤
∫ π/t

1

dw

w2

∣∣∣∣∣
∫ t+(1/w)

t

ur−i (u − t)k−αGi(w, u) du

∣∣∣∣∣
+
∫ π/t

1

dw

w2

∣∣∣∣
∫ π

t+(1/w)

ur−i (u − t)k−αGi(w, u) du

∣∣∣∣
=
∫ π/t

1

dw

w2 O(wα−r+1), by Lemmas 11 and 12

= O

(
1

tα−r

)
.
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Lemma19. For i = 0, 1, 2, . . . , m andwt > π ,∫ π

t

ur−i (u − t)k−αGi(w, u) du

= O

(
wα−kqk

(
1 − π

wt

)
tk−r+1

)
+ O

(
wα−k+1Qk

(
π
wt

)
tk−r

)
.

Proof. Using Lemma 10,∫ π

t

ur−i (u − t)k−αGi(w, u) du

=
∫ π

t

ur−i (u − t)k−α du

∫ w

1
gi(x, w, u) dx

=
∫ t+(1/w)

t

ur−i (u − t)k−α du

∫ w

1
gi(x, w, u) dx

+
∫ π

t+(1/w)

ur−i (u − t)k−α du

∫ w

1
gi(x, w, u) dx

= J1 + J2, say.

Using Lemmas 13 and 16,

J1 =
∫ t+(1/w)

t

ur−i (u − t)k−α du

∫ w−(π/t)

1
gi(x, w, u) dx

+
∫ t+(1/w)

t

ur−i (u − t)k−α du

∫ w

w−(π/t)

gi(x, w, u) dx

= O

(
wα−kqk

(
1 − π

wt

)
tk−r+1

)

+ O

(∫ t+(1/w)

t

ur−k(u − t)k−αw2Qk

( π

wt

)
du

)

= O

(
wα−kqk

(
1 − π

wt

)
tk−r+1

)
+ O

(
wα−k+1Qk

(
π
wt

)
tk−r

)
as k ≥ r

and

J2 =
∫ π

t+(1/w)

ur−i (u − t)k−α du

∫ w−(π/t)

1
gi(x, w, u) dx

+
∫ π

t+(1/w)

ur−i (u − t)k−α du

∫ w

w−(π/t)

gi(x, w, u) dx

= O

(
wα−kqk

(
1 − π

wt

)
tk−r+1

)
+
∫ w

w−(π/t)

dx

×
∫ π

t+(1/w)

ur−i (u − t)k−αgi(x, w, u) dx by Lemma 15,
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= O

(
wα−kqk

(
1 − π

wt

)
tk−r+1

)
+ 1

k!

∫ w

w−(π/t)

(−1)k
(

d

dx

)k

qα

( x

w

)
dx

×
∫ π

t+(1/w)

ur−i (u − t)k−α d

dx
Sk,k+1−i (x, u) dx

= O

(
wα−kqk

(
1 − π

wt

)
tk−r+1

)

+ 1

k!

∫ w

w−(π/t)

(−1)k
(

d

dx

)k

qα

( x

w

)
O

(
wα

tk−r

)
dx by Lemma 17

= O

(
wα−kqk

(
1 − π

wt

)
tk−r+1

)
+ O

(
wα−k+1

tk−r

∫ 1

1−(π/wt)

qk(θ) dθ

)

= O

(
wα−kqk

(
1 − π

wt

)
tk−r+1

)
+ O

(
wα−k+1Qk

(
π
wt

)
tk−r

)
.

This completes the proof of Lemma 19.

Lemma20. For i = 0, 1, 2, . . . , m,∫ ∞

π/t

dw

w2

∣∣∣∣
∫ π

t

ur−i (u − t)k−αGi(w, u) du

∣∣∣∣ = O

(
1

tα−r

)
.

Proof. By the use of Lemma 19, we get∫ ∞

π/t

dw

w2

∣∣∣∣
∫ π

t

ur−i (u − t)k−αGi(w, u) du

∣∣∣∣
= O

(∫ ∞

π/t

wα−k−2qk
(
1 − π

wt

)
tk−r+1 dw

)
+ O

(∫ ∞

π/t

wα−k−1Qk

(
π
wt

)
tk−r

dw

)

= O

(
1

tα−r

∫ 1

0

qk(θ)

(1 − θ)α−k
dθ

)
+ O

(
1

tα−r

∫ 1

0

Qk(u)

uα−k+1 du

)

= O

(
1

tα−r

)
by Lemma 4.

4. Proof of the theorem

Proof of Theorem1. We have forr ≥ 1,(
d

dx

)r

Bn(x) = 2

π

∫ π

0

(−1)r

2

{
f (x + u) − (−1)rf (x − w)

}

×
(

d

du

)r

sinnu du
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= (−1)r
2

π

∫ π

0
h(u)ur

(
d

du

)r

sin nu du

+ (−1)r
2

π

∫ π

0

1

2

{
P(u)−(−1)rP (−u)

}( d

du

)r

sin nu du

= αn + βn, say.

For the proof of our theorem it is enough to show that

∑
αn ∈ ∣∣Nqα

∣∣
and

∑
βn ∈ ∣∣Nqα

∣∣.
Now

nαn = (−1)r
2

π

∫ π

0
nh(u)ur

(
d

du

)r

sin nu du

= (−1)r+1 2

π

∫ π

0
h(u)ur

(
d

du

)r+1

cosnu du

= (−1)r+1 2

π

[
k−r∑
j=1

(−1)j−1Hj(u)

(
d

du

)j−1

×
{

ur

(
d

du

)r+1

cosnu

}]π

u=0

+ (−1)k+1 2

π

∫ π

0
Hk−r (u)

(
d

du

)k−r
{

ur

(
d

du

)r+1

cosnu

}
du

= J1(n) + J2(n), say. (4.1)

Since forj = 1, 2, . . . , k − r, Hj (+0) = O it is clear thatJ1(n) is the sum of the terms
containing(−1)nnp, wherep is even andr + 1 ≤ p ≤ k.

By the use of Lemma 9, forp = 1, 2, . . . , k,

∫ ∞

1

dw

w2

∣∣∣∣∣
∑
n≤w

np(−1)nqα

( n

w

)∣∣∣∣∣ < ∞.

Hence

∫ ∞

1

dw

w2

∣∣∣∣∣
∑
n≤w

J1(n)qα

( n

w

)∣∣∣∣∣ < ∞. (4.2)
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Now

J2(n) = (−1)k+1 2

π

∫ π

0
Hk−r (u)

(
d

du

)k−r
{

ur

(
d

du

)r+1

cosnu

}
du

= 2(−1)k+1

π0(k − α + 1)

∫ π

0

(
d

du

)k−r
{

ur

(
d

du

)r+1

cosnu

}
du

×
∫ u

0
(u − t)k−αdHβ(t) by Lemma 1 asβ = α − r and [α] = k

= 2(−1)k+1

π0(k − α + 1)

∫ π

0
dHβ(t)

∫ π

t

(u − t)k−α

(
d

du

)k−r

×
{

ur

(
d

du

)r+1

cosnu

}
du

= 2(−1)k+1

π0(k − α + 1)

∫ π

0
dHβ(t)

∫ π

t

(u − t)k−α

×
{

m∑
i=0

(
k − r

i

)(
d

du

)i

ur

(
d

du

)k+1−i

cosnu

}
du

wherem = min(k − r, r)

= 2(−1)k+1

π0(k − α + 1)

m∑
i=0

(
k − r

i

)
r!

(r − i)!

∫ π

0
dHβ(t)

×
∫ π

t

(u − t)k−αur−i

(
d

du

)k+1−i

cosnu du.

By the use of Lemmas 20 and 18,

∫ ∞

1

dw

w2

∣∣∣∣∣
∑
n≤w

J2(n)qα

( n

w

)∣∣∣∣∣
≤ 2

π0(k − α + 1)

m∑
i=0

(
k − r

i

)
r!

(r − i)!

∫ π

0

∣∣dHβ(t)
∣∣ ∫ ∞

1

dw

w2

×
∣∣∣∣
∫ π

t

ur−i (u − t)k−αGi(w, u) du

∣∣∣∣
= 2

π0(k − α + 1)

m∑
i=0

(
k − r

i

)
r!

(r − i)!

∫ π

0

∣∣dHβ(t)
∣∣

×
{∫ π/t

1

dw

w2

∣∣∣∣
∫ π

t

ur−1(u − t)k−αGi(w, u) du

∣∣∣∣
+
∫ ∞

π/t

dw

w2

∣∣∣∣
∫ π

t

ur−i (u − t)k−αGi(w, u) du

∣∣∣∣
}
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= 2

π0(k − α + 1)

m∑
i=0

(
k − i

i

)
r!

(r − i)!

∫ π

0

∣∣dHβ(t)
∣∣O (

1

tα−r

)

by Lemmas 18 and 20

= O

(
m∑

i=0

(
k − r

i

)
r!

(r − i)!

∫ π

0

∣∣dHβ(t)
∣∣

tβ

)
asα − r = β

= O(1). (4.3)

From (4.1), (4.2) and (4.3) it is clear that∑
αn ∈ |Nqα |.

Let r be an odd number, i.e.r = 2p + 1, wherep = 0, 1, 2, . . . . Then

βn = − 2

π

∫ π

0

1

2
{P(u) + P(−u)}

(
d

du

)2p+1

sin nu du

= (−1)p+1 2

π
n2p+1

∫ π

0

(
p∑

j=0

θ2j u
2j

(2j)!

)
cosnu du

= (−1)p+1 2

π
n2p+1

p∑
j=0

θ2j

(2j)!

∫ u

0
u2j cosnu du

= (−1)p+1 2

π
n2p+1

p∑
j=1

θ2j

(2j)!
(−1)n

×
(

j∑
µ=1

(−1)µ+1n−2µπ2j−2µ+1 (2j)!

(2j − 2µ)!

)

= 2(−1)n
p∑

µ=1

(−1)p+µn2p−2µ+1
p∑

j=µ

θ2j

(2j − 2µ)!
π2j−2µ.

Let r be an even number, i.e.r = 2p, wherep = 1, 2, . . . . Then

βn = 2

π

∫ π

0

1

2
{P(u) − P(−u)}

(
d

du

)2p

sin nu du

= (−1)p
2

π
n2p

p∑
j=1

θ2j−1

(2j − 1)!

∫ π

0
u2j−1 sin nu du

= (−1)p
2

π
n2p

p∑
j=1

θ2j−1

(2j − 1)!
(−1)n

×
(

j∑
µ=1

(−1)µ−1n−2µ+1π2j−2µ+1 (2j − 1)!

(2j − 2µ)!

)

= 2(−1)n
p∑

µ=1

(−1)p+µ−1n2p−2µ+1
p∑

j=µ

θ2j−1

(2j − 2µ)!
π2j−2µ.
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So by the use of Lemma 9,

∫ ∞

1

dw

w2

∣∣∣∣∣
∑
n≤w

nβnqα

( n

w

)∣∣∣∣∣ < ∞,

i.e.
∑

βn ∈ ∣∣Nqα

∣∣. This terminates the proof of Theorem 1.
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