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1. Introduction

1.1

In the year 1921, Nevanlinna [7] suggested and discussed an interesting method of sum-
mation calledN,-method. Moursund [5] applied this method for summation of Fourier
series and its conjugate series. Later, Moursund [6] develdpgednethod (wherep is

a positive integer) and applied it yeth derived Fourier series. Samal [9] discusség-
method(0 < o < 1) and studied absolut®, -summability of some series associated
with Fourier series. In his Ph.D. thesis [10] he exten¥gg¢method of summation t,,-

method for anyr > 0 and studied absoluté,,-summability of Fourier series. Earlier we

[8] have studied absolut¥, -summability of a series conjugate to a Fourier series. In the
present paper we shall study the absolg-summability ofrth (r < o) derived series

of a conjugate series.

1.2.

DEFINITION 1 [6,10]

Let F(w) be afunction of a continuous parametedefined for alw > 0. TheN, -method
consists in forming thev, -transform or mean

1
Ny F(w) = / o (1) F (wt)dt
0
and then considering the limit

lim Ny, F(w),
w— o0
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where the class of functiong, (¢) is such that
(1) go(r) =0for0<r <1,

1
@ f Ge (D)0 = 1,
0

d? . . .
3) dt_ﬂq“(t) exists and is absolutely continuous for<0r < 1,8 =1,2,... ,k — 1,
where ] = k,

d?

(4) 55 =0forr=1,=012... k-1,
k

(5) PR (t) exists for O< ¢t < 1,

o«
6) (— 1)"0| +qe (1) > 0 and monotonic increasing for0+ < 1,

0 " Qk(u) Q) (Qk(ﬂ)y

0 1+0{ k a—k
where
1 ' dk
Q1) = ) =D an(u)du-
—t
Also we set

1
o) = / o (u)du.
1—¢

IF1im 00 Ny, F(w) exists, we say thaV, -limit of F(w) exists.

DEFINITION 2 [9,10]

Let Y7 ,u, be an infinite series witl§(w) = D on<w U M HIM oy 00 (D2, un O(L —
(n/w))} = 1, we say thad _ u, is summable by\fqa method to the sum 1. In short we
write that)  u, = 1(N,, ). Further the serie}_ u,, is said to beéN,, |-summable (absolute
Ny,-summable) if

/‘X’dw

for some positive constarit.
Fora = 0, the method reduces to the origing)-method [7] and ifx is any positive
integerp, then the method reduces Ay -method of Moursund [6].

> nuna (2] <

n<w

1.3.

Let f () be a periodic function with periodi2and Lebesque integrable overr, ).
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Let
1 o0 o0
F0) ~ Sao+ > (an cosnt +b, sinnt) =Y Ay (). (1.3.1)
n=1 n=0
The series conjugate to (1.3.1)rat x is given by
o0 o
Z(b" cosnx —a, SiN nx) = Z B, (x), (1.3.2)
n=1 n=1

r—1
6;
P(u) =Zi—iu’ for —m<u<m,
i=0 "

whereg;sfori =0,1,2,...,r — 1 are arbitrary constants.
B — {f(x+u) — P} — (—D)"{f(x —u) — P(—u)}
() = o :

Ho(t) = h(1),
t
Hp(t) = %ﬁ) fo (t —w)’h(u)du, (B > 0),

hg(t) = T(1+ Byt PHg(r), (B> 0).

2. Purpose of the present paper
In the present paper we shall prove the following theorems:

Theorem 1. Letg = o —r. If Hg(+0) =0 andfg t_ﬂ|dH5(t)| < oo, whereg > 0,
then therth derived series of the conjugate seriesf©f) ats = x is |N,, |-summable.

Theorem 2. Letp =a—r—1.If p > Oandfg t‘1|hp(t)|dt < o0, then therth derived
series of the conjugate series pfr) att = x is | N, |-summable.

By taking8 = p + 1, p > 0 in Theorem 1, we can obtain Theorem 2 at once as it is
known [4] that

H,;1(+0) =0 and / =" YNdH, 1(1)] < 0o
0

<= hp41(t) € BV(0, ) and

— @ € L(O, ).

By taking gy (1) = (« + 8)(1 — )%~ wheres > O anda + 8 < k + 1 ([o] = k) in
Theorems 1 and 2, we obtain the following corollaries respectively.

COROLLARY 1 [3]

—h”?([) € L(O, )

If Hg(4+0) = 0 and fg t_ﬁldHﬁ(t)| < 00, then therth derived series of the conjugate
series off (¢) atr = x is summableC, g + r + §|, whereg > 0andé > O.

COROLLARY 2 [3]

Ifp>0 andfO fl|hp(t)|dt < 00, then therth derived series of the conjugate series of
f(¢) att = x issummableC, p +r + 1+ 3|.
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3. Notations and lemmas

3.1. Notations

For our purpose we use the following notations throughout this paper.

[a] =k,
m=mink —r,r),
k k ot
g (u) = (=1 Mqa(u),
d\/
(cosnu); = <£> cos nu,

S (x,u) =Y (x —n)'(cosnu);.

n<x

N
Gi(w,u) = an (%) (—) cosnu, for i=0,12,...,m,

= du
1 d\* ,x\ d .
g0, w,u) = (=1 (a> g (=) 5o S o
for i=0,1,2,...,m.
3.2. Lemmas

We need the following lemmas for the proof of our theorem.
Lemmal [1]. If 8 > a > 0, Hy(¢) is of BV (0, w) and H,(4+0) = 0, then Hg(¢) is an
integral in (0, ) and for almost all values af,

1 t
l _ _ \B—a—1
Hj(1) = TG —o /0 (t —u) dH, (u).

Lemma2 [6]. If « > 1, the kernelg,(¢) is monotonic decreasindts derivatives of odd
orders less thait are negative and monotonic increasjntp derivatives of even orders
less thark are positive and monotonic decreasing and there exists a constamich that

df

1dk
/

W qu ()

and

dr < Ag.

Lemma3 [10]. Qk(¢) is continuous and monotonic increasing functions oDy (¢) >
0,00)=0andQ(1) =1.

This follows directly from the definition 0©(z) and Q (¢).

Lemma4 [10,8] folqk(t)/((l — 1)*k)dr exists.
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Lemmeb [8]. Letx > 0.
@) fl/x <u <, then

. O(x‘u=i=Y for 0<j <i,
S (x, u) = o
O(x/u="1) for j>j=>0.
(i) If1/x >u > 0,then
SHT (x,u) = O(x'T*Y),

Lemmab [2]. LetA = {),} be a positive monotonic increasing sequence with— oo
asn — oo. Then

M) =A)) =Y ay

A <x

and

Al (x) = Z (x — An) an(r > 0).

I <x

If k is a positive integer
1 /d\*
) =5 <£) Af(x).

Lemmar [8,10] Fora > 1,
1 1
Zoa (@) oft (- D)o fea ()

Lemma8 [8,10] Fora > landr =0,1,2,... ,k— 1,

> (' () = 0.

n<w

Lemmad. Fori =0,1,2,... ,k—1,

> (="' € |Ngal.

n<w

Proof. Fori =0,1,2,... ,k — 2,

/Oodw
1 w?

Z n(—1)nniqa (ﬁ)' = /oo 0(1)% by Lemma 8
1

n<w w

=0(1)
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and

by Lemma 7

1 1
—0 (/ qk(u)du> o </ Q) du)
0 0

u
=001

by Lemma 2 and the definitions @f (1) andQy (1). This completes the proof of Lemma 9.
Lemmall. Fori =0,1,2,...,m,

w
G,-(w,u):/ gi(x, w, u)dx.
1

Proof.

k+1—i
Gi(w,u) = Z Ga (%) ( d ) ’ cosnu

= du
=qa(D) ) (E) cosnu
w g . d \ k1
_/1 5 9 (5) {; (du) COSnu}dx
w d X 1 d k . d k+1—i
= _/1 1 9 (E) il (E) {r;(x —n) <£) cosnu ¢ dx
by Lemma 6

1433 d)’ d )" . ’
(RS (@) ) (@) )]
T p=1 x=1

w (=D (d\* d :
) g

(integrating by parts fotk — 1) times)
= / gi(x, w, u)dx
1

as the integrated part vanishes foe= w andx = 1.



Lemmal2. Fori =0,1,2, ...
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Lemmall. Forwt <wandi =0,1,2, ... ,m,

t+(1/w) )
/ u i — G (w, w)du = 0w,
t

Proof. Fori =0,1,2,... ,m,

t+(1/w) )
/ u T — G (w, u)du
t

t+(1/w) )
— / 'l (u — t)k—ot
t

SEITE) R

n<w

t+(1/w) . .
— / ur—l (I/l _ t)k—l)lo(wk+2—l)du
t

1 r—i et/ w)
=0 {(t + —) wk+2-i / (u — ) du
w t

_0 wt+1 r_iwk+2_i.
w

= 0w as wr <.

1
wk—a+1

,mandwt <,

/ W — G (w, w)du = 0w,
t

+(1/w)

Proof. By the use of Lemma 10,

T
/ W — G (w, u)du
t

+(1/w)

T X w
= / u " (u— t)k_“du/ gi(x, w, u)dx
t+(1/w) 1

T i 1
= / W T — nfFdu =
, k!

+(1/w)

v 1k d\* x
Xfl (D) (a) g (=

)

%Sk,k+1—i(x’ wydx

o 1 w( 1)k<£>k r dx
_(k—l)!/l 7\ q“<w)

b1
X / ur—z (Ll _ t)k—a Sk—l,k-’rl—l (x’ M)dl/l
t

+(1/w)

. 1 w e d k X ok
- (k—l)!/l =1 <$) Qe (E)dxw

§ ) :
x f w7l Sk—l,k-‘rl—l (.X, u)du,
t

+(1/w)

229
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for somer + (1/w) < & < 7, by an application of the mean value theorem. For 2,

using Lemma 5(i) in (3.2.1), we get

g
/ u i — G (w, u)du
t+(1/w)

_ 1 w «f d k X a—k
- (k—1)!f1 1 (E) Qe (E)w dx

§ ) .
x / u O(kalufk72+t)du
141/ w)

0] (w"‘"“) by Lemma 2.

Fori =1,

/S W SkLRL
t+(1/w)

§
= / u L SR (kL u)du
1+ (1/w)

_ I:urfl gh=Lh=1 (. u)]s

+(1/w)

_ (r—l) g ur—2 Sk—l,k—l (x’ M)du
t+(1/w)

k=1 £
=0 m +/ ur_zO(xk_lu_k)du
(t+ ) 1+(1/w)

by Lemma 5(i)
= 0ow?™).

Similarly, fori = 0, integrating by parts twice and using Lemma 5(i), it follows that

3 ) ;
/ w7l Sk—l,k+l—l (.X, u)du — O(ka—r).
t+(1/w)
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Hence, fori < 1, using the above estimation in (3.2.1)

g
/ W — )G (w, u)du
+(1/w)

_ Y k d ¢ d a+k—r
=0 (./1 (=1 (E) 9o (E) w dx
1
0

= 0w* ™) byLemma 2.
This completes the proof of Lemma 12.

Lemmal3.

t+(1/w) ) w—(m/1)
/ u 7 (u — t)k_“du/ gi(x, w, u)dx
t 1

wotfk ' T
=0 (tk+l—r q (1_ E)) .
Proof. For some 1< &€ < w — (7r/t), by an application of the mean value theorem,

t+(1/w) . w—(m/t)
/ u 7 u — t)k_“du/ gi(x, w, u)dx
t 1

t+Q/w)
= / u T — oFdu
t

w=Gr/n (—F d\* XN\ d g1
Xﬂ ‘ﬁ—<a>%4z)as Cx, )l

+Q/w) q ) d\* x
= —u 7 (u — l‘)kia -1 k <_> o\ — du
[ il ( |:( ) o ! (w) x=w—(mw/t)

w—(7/1) ¢ )
X \/%j aSk,k-Hl.—l (.X, u)dx

1 [+@/w) ur—i(u_t)k—ot qk (1_£> I:Sk,k+l—i(x’ M)]w—(n/t) e,

I wk wt x=

(3.2.2)

Fori = 0, using Lemma 5(i) in (3.2.2), we get

t+(1/w) . w—(m/1)
/ u 7 (u — t)k_“du/ gi(x, w, u)dx
t 1

_ k+1
_1 ”WWMW—ﬂk“k@_zgo w-5""1,,
k' J, wk q wt ukt+l
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k fig
w 1— = t+(1/w)
— 0 ( qtk(+1_r wt) / (M _ t)kfa du>
t
—k k
=0(—wa 9 (1_%))

th+l-r

Fori > 1, using Lemma 5(i) in (3.2.2), we obtain

t+(1/w) ) w—(m/t)
/ u 7w — t)kfo‘du/ gi(x, w, u)dx
t 1

1 t+1/w) ,,r—i —t k—a k
_ 1 qu(l_i)o LA P
k' J wk wt

k(1_ m) pr+/w
0] (—q z(k +2_;”) / (u — t)k“du)
t

woszJrl . T
=0 ( dro—r 4 (1_ E)) :
k

=0 Lk(l—l) as wt >
- tk"rl—rq wt :

This completes the proof of Lemma 13.

Lemmald. Fori =0,1,2, ... ,m,

b/ o
—i k—a ok k+1—i i _ w
\/t. u’ l(u—[) ® g l(w—?,u)du_0<m)

+(1/w)

Proof. By an application of the mean value theorem for same(l/w) < & < «,

T . . b4
/ ' (u— t)k—otSk,k—i-l—t (w _ 77 Lt) du
t

+(1/w)
& . . T
— wotfk/ urftSk,/H»lft (w -, u) du
1+(1/w) t
. . T &
— wot—k [ur—t Sk,k—z (w - =, u)]
t u=t+(1/w)

§ - ; b
—(r— i)w“_k/ u i lghk—i (w - —, u) du
t+(1/w) t

k £ k
w ; w
w0 ——— 1V + w“_k/ W to <—) du
{ (l T 1 )kJrlfr } t+(L/w) ukt1-i

w

=0 we + 0 « /E —1 d
= w U
thtl=r (L) URF2T

by Lemma 5(i)
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Lemmals. Fori =0,1,2,...,m,

x , w—(/1)
/ u T — )k du/ gi(x, w, u)dx
t 1

+(1/w)

_ O{waqu(l_%)>.

tk+17r

Proof. For some 1< n < w — (;t/t), by an application of the mean value theorem

b4 ) w— (/1)
/ u 7 (u — t)k_“du/ gi(x, w, u)dx
t t

+(1/w)

1 [~ . d\¥ X
= T — 0k du | (—1)F (d—) 9o <—)
k. t—(l/w) X w x=w— (/1)

w—(t/1) g ,
% [] aSk,k-l—l—l (x’ u)dx
_d (-5 {

" ' k—a ok k4+1—i T
r—i —a ¢k, —i
Tk /t ut(u—1)"%S (w—7,u>du

+(1/w)

T
_/ ' (u— t)k—(x Sk,k—i—l—t . u)du}
t+(1/w)

k big o
¢ (1-7)w
=0 ( wk tk—t)ill.—r )
k b4 a—k
¢ (1-7)w
= 0 ( tk-‘rlit—r ) ’

since by Lemma 14, the first integral@w® /(**1~")) and the second integral is domi-
nated by the first integral.

Lemmal6. Fori =0,1,2,... ,m andwu > w,

/w gi(x,w, u)dx = O(w2 u ko (i))

—(/t) wt

Proof. For 0 < 1, by use of Lemma 5(i),

/ gi(x, w, u)dx

w—(m/t)

w D% A\ a0\ ikt
= /;U_(n/t) (k — 1)[ <a> ql)l (E) Sk 1k+l (.X, M)dx

B 1 w . d k X k1=
(k-1 /w(n/t)(_l) (E) e (5) o < uk )dx
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2—i 1
=0 (w . / qk(é?)d9>
u 1—(/wt)

, T
=0 (wzu_k+’ Ok (E)) as wu > 7.

Fori > 2, by use of Lemma 5(i)

/ gi(x, w, u)dx

w—(m/1)

— v (_1)k d k X ke Lkili

- /w—(n/r) k—1! <a> 1a (5) S (x, w)dx
= 1 v k d k X xk—l
i, (@) e ()

1
1—(m/wt)

; T
=0 (wzufkﬂ o) (E» as wu > 7.

Hence

/w gilx,w,u)dx =0 (wz uki Qk( ))

T
—(/1) wt

Lemmal?7. Fori =0,1,2,... ,m andwt > 7,

b . d . w
/ u i — ke — SEME N uydu = 0 < — ) )
t+(1/w) dx e

Proof. Leti = 0. By mean value theorem for some- (1/w) < & < 7,
w . d .
[ Mr—l (l/l _ t)k—ﬁt_sk,k+1—l (.X, M) dM
1(1/w) dx

T
= k/ u (u— )k SFLRL ) du
t+(1/w)

§
— kwotfk/‘ MrSk71’k+l()C, M) du
t+(1/w)
— kwa—k |:M}’Sk—:|.,k(x7 M)]s

u=t+(1/w)

&
— krw®* / u" LS LR (L w) du
t+(1/w)
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ol
- ( + (L/w))kr

—k —1ck—1,k-1 &
— kruw® [ur S (x, u)]u=t+(1/w)

§
+kr(r — Dw* / u 28K L=1(x uydu by Lemma 5(i)
t+(1/w)

w® 4 .Xk_l

:0<tk_—r>+krwa O{W}
(t+3)
& k—1
T kr(r — 1)w°‘_k/ W20 (x - ) du
1+(1/w) u

w® woc—l

= (ﬂc—r) +0 (,k—r+1>

w(X
=0 (,k—r) as wt > 7.

Fori > 1, using the technique used in the proof of Lemma 14, it can be proved that

™ . d .
/ urfl (I/l _ t)k*()t_ Sk,k‘l’l*l (X, M) du
1+(1/w) dx

woz—l
=0 <t1<—+1>

wa
=0< ) as wt > m.

tk—r

This completes the proof of Lemma 17.

Lemmal8. Fori =0,1,2,...,m,

7/t dw
[

/ u T — G (w, u) du
t

o)
a—r

Proof.

'y

[

T/t g

= /1 W2

T/t dw

+ /1 >

= /:/t %O(w“"“), by Lemmas 11 and 12

o)

e
/ W= G (w, u) du
t

t+(1/w) .
/ i — )G (w, u) du
t

n .
/ u T — DG (w, u) du
t+(1/w)
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Lemmal9. Fori =0,1,2,...,m andwt > 7,

T .
/ u T — DG (w, u) du
t
wa—qu (1 _ lt) wa—k+1Qk ( t)
=0 < tk—r+1 - +0 tk—r .

Proof. Using Lemma 10,

S|:|

T
/ Wl — )G (w, u) du
t
T ) w
:/ u T — ke du/ gi(x, w,u)dx
t 1
t+(1/w) . w
=/ u T — )k duf gi(x, w, u)dx
t 1

b ) w
+ / u T — ke du/ gi(x, w, u)dx
t 1

+(1/w)
=J1+ Jo, say
Using Lemmas 13 and 16,

t+(1/w) ) w—(m/1)
J1= / u i — ke du/ gi(x, w, u)dx
t 1
t+(1/w) . w
+/ u T — )k du/ gi(x, w,u)dx
t w— (/1)

0 (w"“qu (1- %))

tk7r+1

1+(1/w)
r—k k—a, 2 i
+0</z u " (u—1) ka(E>du)
a—k _ T a—k+1 E
Co(aR) o) s,

tk—r+l tk—r
and

T . w—(m/t)
Jo = / T duf gi(x, w,u)dx
t+(1/w) 1

T ) w
+ / u T — )k du/ gi(x, w, u)dx
t

+(1/w) w—(x/1)
wa—k k 1—- X w
=0 qk_(_;'_l wt) +/ dx
e w—(/1)

7
% / Wi — t)k—ozgl, (x, w, u)dx by Lemma 15,
t+(1/w)
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Al ) A W O f(9Y, (2
o ()R [ e (f) e (D) e

T ) d )
X / ur—l (I/l _ t)k—(){_sk,k+1—l (x’ u) dx
1+(1/w) dx

0 (M)
- lk—r+1
+1/w (—DF LAY (x>0 w? dx byLemma 17
k! w— (/1) dx e w th=r y
wotfqu (1 _ L) wotfk+l 1
=0 ———— v/ +0< / qk(e)de>
( tk—r-i—l tk—r 1—(]‘[/101)
wafqu (1 _ lt) wO{*k‘i’le (Lt)
=0 (,k——ﬂw +0 tk——w :

This completes the proof of Lemma 19.

Lemma20. Fori =0,1,2,...,m
/“’o dw
T/t w?

Proof. By the use of Lemma 19, we get

/OO dw
T/t w?

T[ .
/ u T — DG (w, u) du
t

ES)

g
/ u "l — )G (w, u) du
'

we— —k—2 k(l 71) oole—k—le (L)
t d wt d
( h—r+1 w) +0 (/n/t pra w
1 1
B q*(6) 1 01 (u)
- ( o (1—6)*— k d@) +0 (tar 0 uo—k+1 du)
= ( = r) by Lemma 4.

4. Proof of the theorem

Proof of Theoremi. We have for > 1,

d - (-1
<a> By(x) = /O [fa+uw) = (~1 fx —w))

d\" .
X (E) sinnu du
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= (—1)’Ef h(u)u” <i) sin nu du
T Jo du

L2 (71 . dy" .
+ (=D ;/0 E{P(u)—(—l) P(—u)} (E) sin nu du
=oay + By, Ssay

For the proof of our theorem it is enough to show that

Zan € |Na|

and

Z.Bn € |Nu|

Now

2 (" d\" .
noy, = (—1)’—/ nh(wu" | — | sinnudu
T Jo du

T r+1
:(—1)’“3[ h(uyu" <i> cosnu du
T Jo du

k—r

= (=1 V+12 Z_l jle' d -
= (-1 ; =D J(”)($>

j=1

{ d r+1 T
x {u" (—) COSnu}:|
du

u=0

T k—r r+1
+ (—1)k+12/ Hy_(u) <£) {ur <E> COSnu} du
7 Jo du du

= J1(n) + Jo(n), say (4.1)

Sinceforj =1,2,...,k —r, Hj(+0) = O itis clear that/,(n) is the sum of the terms
containing(—1)"n”, wherep isevenand + 1 < p < k.
By the use of Lemma 9,fop =1, 2,..., k,

/‘X’dw
1 w?

< Q.

PIRUC A ES

n<w

Hence

> (=)

n<w

< oo. (4.2)

|
1 w?
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Now

T k—r r+1
Jo(n) = (—1)"“3/ Hy_r (1) <£> {u’ (i) COSnM} du
7 Jo du du

B 2( 1)k+1 k—r , d r+1
- nF(k—a+1)/ (du> ! (d_u) cosu (- cu

X /u(u - t)k_adHﬂ(t) byLemmalag =« —randp] =%
B 2( 1)k+1 o k—r
- nr(k—a+1>f dHﬂ(”f =0 (_>

[ d
X {u <£) COSnu} du

B 2( 1)k+1 k a
_nF(k—oz—f-l)/ dHﬁ(t)/(”

x {é("‘)(dd) w(d‘i)m lcos,m} du

wherem = min(k —r, r)

B 2( 1)k+1 m 7l T
_nr(k_H)Z( l )(r_l)'/ dHy (1)

i=0

T ) d k+1—i
X / (u — )l (—) cosnu du.
; du

By the use of Lemmas 20 and 18,

=

5|2 S (=)

n<w ‘

2 N k—r
s () e [ ol [T 5
/” u = G (w, u) du
t

2 ~(k—r r!
_m;< i >(r 1)1/ |dHg ()|

w/t dw
AL

> dw g r—i k—a
+ — u T u—1)""%Gi(w, u) du
x/t W t

X

b
f u Y — DG (w, u) du
t

|
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2 me—i\ ! n 1
an(k—oe—i-l)l.:O( i )(r—i)!/o |dHﬁ(t)|0<t"">

by Lemmas 18 and 20

m k—r rl T ’dHﬁ(l‘)|
=0(§< i )(r—i)!/ v ) ase —r=p

=0(1). (4.3)
From (4.1), (4.2) and (4.3) it is clear that

D €N,

Letr be an odd number, i.e.=2p + 1, wherep =0,1,2,... . Then

2 T 1 d 2p+1
B = __/ {Pw)+ P(—uw)} [ — sin nu du
TJo 2 du
2 T p 92.u2j
— (_1)P+1_n2P+1f - cosnu du
b 0 ]2:(:) @n!

_ p+1 420t SN Y
= (-1 2(2_)| u“’ cosnu du
J):Jo

2 L9,
_ 1p+l 2p+1 J _(_\n
= (-1 §j(2]),< 1)

j .
el —2u 2j-2ut1 (2!
" <Z( D @) - 20!

n=1
_ 2( 1)11 ( 1)p+/in2p 2u+1 Jj 7T2j72u'
Letr be an even number, i.e= 2p, wherep = 1, 2, ... .Then

2 ("1 d\?"
Bn = —/ —{P) — P(—u)} (—) sin nu du
T Jo 2 du

_(_ p_ 2p < 92/ 1 2j—1 o
=(-DP—n Z u sin nu du

1 (2j—D!
2 P i1 .
=(—1)P;n2PZ(2 5D
J=

j .
=1, —2u+1_2j—2u+1 2j - D!
X<Z( S T A

u=1

P P 92 i1 )
— 2(_1)n (_1)p+ufln2p72u+l : J 7_[2‘]72/4,.
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So by the use of Lemma 9,

> e ()

n<w

< 00,

[‘X’dw
1 w?

i.e.Y" Bu € |Ng,|. This terminates the proof of Theorem 1.
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