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Abstract. Euler—Maclaurinand Poisson analogues of the summalions_, x (n) f (n),

Y wenapd) f(0), Y, dm)x(n) f(n) have been obtained in a unified manner,
where(x (n)) is a periodic complex sequencé(n) is the divisor function and (x) is

a sufficiently smooth function oru[ b]. We also state a generalised Abel’s summation
formula, generalised Euler's summation formula and Euler's summation formula in
several variables.
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1. Introduction

Voronoi[4] conjectured that ifc(n)) is a given arithmetical function andjfis a continuous
function on an intervald, b] with only finite number of maxima and minima there, then
there exist analytic functions(x) andd(x), depending only upor(n) (and not upon
f(x)) such that

b ) b
Z’ cn)f(n) = / f(x)8(x)dx + Z c(n) / f(@)a(nx)dx.
a<n<b a n=1 a

The prime on the summation sign ', <, <p c(n) f (n) means that ifi = a orn = b, only
(1/2)c(a) f (a) or (1/2)c(b) f (b) respectively is counted. In the special cage) = d(n),
whered (n) = the number of divisors of, Voronoi obtained the formula

b 00 b
> o = [ dogx + 27 e + 3w [ s,
a n=1 a

a<n<b

with a(x) = 4Ko(4n/x) — 21 Yo(4m \/x), whereKq andYy are the well-known Bessel
functions andy is the Euler’s constant. Obviously, Voronoi’s summation formula is
a generalisation of Poisson’s summation formula. Berndt [1] and Berndt and Schoen-
feld [2] have given the Euler—-Maclaurin and the Poisson analogues of the summation
> <n<p X (@) f(n), where(x (n)) is a periodic sequence of complex humbers.

The object of this paper is as follows:

(1) Togivethe analogues ofthe Euler—-Maclaurin's summation formaof, _, x (n)f (n),
Y enepd@) f(m) andd", _, ., d(n)x(n) f(n), where f (x) is a sufficiently smooth
function on the intervald, b]; d(n) is the divisor function andy (r)) is a periodic
sequence of complex numbers of periosee Theorem 1).
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(2) To give the analogues of the Poisson’s summation formulior, _, x (n) f (n),
Y uenpdm) fyandy",_, ., d(n)x (n) f (n) (see Theorem 2). These will be accom-
plished virtually effortlessly without the use of complex contour integration. Inciden-
tally in particular, choosing (n) to be the constant sequends,, so thatk = 1, we
can obtain Euler-Maclaurin and Poisson summation formulag for, _, f () from
the corresponding results f3r,_,,_,, x (n) f(n). -

Next, we introduce our notation and state our theorems.

Notation. Inwhatfollows, the summatioq o> or>", willalways mean the summation
in the sense liM .o Y-, <y; and)_ "2 or Z’n shall denote exclusion of the term
corresponding taa = 0. Forx real, [x] denotes the integral part of. We shall write
¥ (x) = x — [x] — (1/2). Thus for non-integer, we havey (x) = — 3./, (€277 /2win).
We shall call a Riemann-integrable functigron an interval§, 5] of the real line, a good
function on [z, b], if it admits the interchange df" and | in the Riemann—Stieltjes integral

[Py ax + Bdf(x), e,

e2mn(ozx+ﬁ) b e27nn(ozx+ﬂ)
/ e drw=- 3 | s,

n=—oo

wherex, B are some real constants withOa < 1. (If f is differentiable with its derivative
finite and integrable, whether in the Riemann sense or in the Lebesgue sensghjon [
then f is good on §, b]. Also, if f is a function of bounded variation, thehis good.)

For an integer > 0, we shall write

& Ba()

1ﬂr(x) = —Xn: (27[in)r+1 = (r T l)' ,

whereB, (x) is the Bernoulli polynomial of degreeand(r + 1)! denoteqr + 1) factorial.
Note thatyo(x) = ¥ (x) and(d/dx)y, (x) = ¥,_1(x) for r > 1.
Next, we state our theorems.

Theorem 1. Letthe functiory have continuous derivatives upt®+1)th order onfa, b].

() Let(x(n)) be a complex sequence with periodnd letd (n) be the divisor function.
Then we have

1E b
> x(n)f(n)zsz(l) / f(w)du
_1 a

a<n<b

eZmnh/k
—Z( k)r{f(’)(b)z 06 M) G

e2mna/k
_rn) ’ )
[ (a) Xn: T(x, —n) 2riny i }

F(= k) Z (;j(TX’)R+1/f(R+l)( )e2mnu/kdu,

wheret (x, n) = Zle)((l)ezm’”/k.
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(I We have
> dm)fm)
a<n<b
1
/ f)d(u) (m;m)
u 1 .
+ ;)(—1)“”) {f(’)(b) Z iy (Z;’m’ezj”"b/’")

1 .
_r) - r2mina/m
f (a); Zniny L (mZSbm e? )]
1 b .
+ (- 1)R§ ( )R+l/ f<R+1>(u)<§ mReZﬂ’""/m> du

m=<b

(1) We have

> xmdm) f(n) = ZZx(mz) > / S (uydu

a<n<b r1 1ro= m=<b
m=r1(mod k)

+ Z( 1 Z Z x (r1r2)

ri=1rp;=

e 2rinr/k

X f(r)(b)z G )r+1 Z g2rinb/mk

m<b
m=r1(mod k)

e 2rwinry/k

f(r)( )Z (ann)r+1 Z g2rina/mk

m<b
m=r1(mod k)

b
+ (k¥ Z Z x(rlrz)Z’e—Z”’"’Z”‘ / FE )

r1=1rp=

Z eZninu/mk du.

m<b
m=r1(mod k)

Theorem 2. Let a functionf be good on the intervdla, b]. Let (x (n)) be a complex
sequence of periokland letd (n) be the divisor function. Thewe have

00

1 b ,
(l) Z X(I’L)f(l’l) = % Z (¥, n) / f(u)efzmnu/kdu’

a<n<b n=-—00

wheret (x, n) = Zle)((l)ez”i”l/k.
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(I We have

% b
a<n<b n=—oovda m<b

()
> xmd®m) f(n)
a<n<b
k k ) i
— Z Z X(rer) Z/ e—2mnr2/k
ri=1rp;=1 n=—00

b
% / duf(u) Z ieZNinu/mk

m<b m
m=r1(mod k)

1 & b 1
FEY Y k) (/ f(u)du) > o
r1=1rp=1 m=b

m=r1(mod k)

Berndt [1] and Berndt and Schoenfeld [2] have given the Euler—Maclaurin and the
Poisson analogues for the summati®n, _,_, x (n) f (n) by different methods. Their
results are similar to our results fdr,, _, _, x (n) £ (n). Jutila [3] obtained transformation
formulae in analytic number theory, where he deals with the summaliong(n) f (n)
and ), a(n) f(n); a(n) being thenth Fourier coefficient of a cusp form. We can also
obtain the Euler—Maclaurin and the Poisson analogue$ gl (n) f (n), using our
approach. More generally, we can deal with the summaXigr(n) f (n), wherer (n) is
the Fourier coefficient of a periodic integrable functig(x) of period 1. Thus writing
r(x) = folg(u)e_z’”x”du, we haver (n) = folg(u)e_z’”"”du.

Note that

d 1 )
—r(x) = (—Zm'x)/ g(u)e_zmx“du,
dx 0

d2 1 .
—r(x) = (—27'[ix)2/ g(u)e_zj”x"du,
dx2 0
and so on.

Thusr (x) is a smooth function. In particular, we may chog$e) = i, (u) = h(u+iy)
for a fixedy > 0, whereh(z) = h(x + iy) is a cusp form under consideration as in the
case of Jutila [3]. Iff is a smooth function o], b], then¢ (x) = f(x) - r(x) is a smooth
function on [z, b] and we can apply Euler—Maclaurin or Poisson summation formula to
the summatiory ", _,, ., ¢ (n).

We actually show that all the above results can be obtained using the two facts, namely,

(1) generalised Euler's summation formula (see Corollary 1 of Lemma 1),
2 Yy =x—[x] - 5 = -3 e@rinx/2tim the series being convergent bound-
edly.

Next we prove the theorems. For this, we state our main results as lemmas and derive
the proofs of our theorems from these lemmas.
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Lemmal (Genealised Abelssummatioformuld). Let (A(n))"=>_ be astrictly increas-

n=—oo

ing sequence of real numbers such thét) — oo asn — oo; andA(n) — —oo as
n — —oo. Let f be a function on an intervdk, b] such thatf is continuous from left at
every point of the sequene (A(n)) witha < A(n) < b. Let (c¢(n)) be a compkx sequence
and letS(t) = >, i< ¢(n), whereig is a fixed constant. Then

b
Y e fom) = / f@®)dS (@)

a<\(n)<b
b
— F(B)S®) - f(@S(a) - / Sdf o).

A corresponding result may be given,fifis continuous from right at every poiatn)
witha < A(n) <b.

COROLLARY 1 (Genealised Euler s summatia formula)

Let f be Riemann-integrable on the intenjal, 5] such thatf is continuous from left at
every integen witha < n < b. Then

b b
Y rmy= / £ (uydu + f (u—[u]—%) df (u)

a<n<b
+ f(a) (a—[a] —%) — f(b) <b—[b] _%)

Note. If f is such that its derivativg” exists and is finite ond], b] and is integrable on
[a, b] (either in Riemann or Lebesgue sense), then we can rejﬁfa(ze— [u] — 3)df W)

byfab (u—[u] - %)f’(u)du.

COROLLARY 2 (Eulerssummatia formula for two variableg

Let f(x, y) be a function of two variables such that its partial derivatives up to second
order are continuous in the rectangle < x < b,¢c < y < d), wherea, b, c,d are
integers. Then with obvious notatigns

b pd
> f(m,n>=f / f(x, y)dxdy

c<n<da<m=<b

b d

4 / / Foe ) (x — [xDdedy
b d

+/ / fy@x, »( — [yDdxdy

b d
4 / f Fey(ra ) — [y — [y)dxdy.

Proof. Using Euler's summation formula (for fixed, we have

b b
> fomm = [ remdcr [ A -

a<m=<b
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Hence,

> ( > f(m,n))=/abdx< 3 f(x,n))

c<n<d \a<m<b c<n<d

b
+/ dx(x — [x]) ( Z fx(X,”)) .

c<n<d

Using Euler's summation formula once more, for the summatphs,,_, f(x, n) and
> cen<a fx(x,n), we get the result as stated.

COROLLARY 3

We have for integers, k with 0 < r < k, if f is continuous from left at the integer
n =r(modk) witha < n < b, then

b b B
® > sw=i [ rwacs [v (” - ) df

a<n<b
a—ry\ b b—r
+f(a)-1ﬂ<7) f()'W( i )

n=r(mod k)
provided f is Riemann-integrable ofa, b].
(1) Puttingr = Owe get form > 1, if f is continuous offa, b]

2 S = %/Qbﬂ”)du +/abw (=) drw+r@v ()

a/m<n<b/m
b
row(2)
m

(Il We have for integerz > 1 and integerk > 1,

b b _
S fmn) = kim/ f(u)du+/a v (W"Z#) df

a/m<n<b/m
+ fla)y <M) — fb)y (M) ,

n=r(mod k)
k k

providedf is continuous offia, b].

Proofs of Theorem$& and2. Firstly, we shall find the Poisson and the Euler—Maclaurin
analogues op _, _, ., x (n) f (n). We have

k
> x(n)f(n>=2x<l>< > f(n))
=1

a<n<b n=Il(mod k)

£ 1 b boo(u—1
=;X(“{E/a f(u)du+/a w( . )df(u)

+F@yw (“T_l) o (%)} .
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First, we shall obtain Poisson analogue. Integrating by parts, we have

b u—1 b eZmn((u 1)/ k)
/a W( X >df(u)=—fa ( Z T)df(u)

n=—0oo

P Z f e27nn((u 1)/k)df(u)
2min

n=—0o

- _ ’ eZnin((u—l)/k) uih
L o=

: b
_ 27;’" / f(u)ezmn«u—l)/k)du}
a

_ Z/anin (e27rin((b71)/k)f(b) _ eZnin((afl)/k)f(a))

b
"‘%Z// F(u)@rin(=D/) gy

Thus Theorem 2(1) follows.
Next, we prove the Euler-Maclaurin analogueXf, _, _, x (n) f (n). Integrating by

parts, we have
[ e (2
- / <d/du>wl< )f(u)du
A Y
k(e (") s - () @)
/m( )
~k(n (") ro-n () rw)

_ 1.2 el u-— "
k /a duW( k )f (u)u,
and so on. Thus, we get

k 1 b
> x(n)f(n)=Zx(l){%/ f()du
a<n<b =1 a
R
+ Y (D) (w( >f<’><b) wr( )f(’)(a)>
r=0

R b u—1\ (r+1)
—k / YR = f (u)du ¢ .

— l) ' (u)du
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This gives Theorem 1(1). Next, we deal with , _, _, d(n) f (n).
Now Za<r§b d(r)f(r) = Za<mn§b f(mn)
Noting that the summatiom < mn < b means summation over lattice points between
rectangular hyperbolaey = b andxy = a, the upper hyperbola included and the lower

hyperbola excluded, we get

> dr)fr) Z( > f(mn))
m<b

a/m<n<b/m

m;n—i(f:f<u>du)+z</abw(%)df<u)

a<r<b

m<b

+f@y (=) = Fow (%)) .

Substituting the series fgr(u/m), we can obtain both the Poisson and the Euler—Maclaurin
analogues fOangb d(n) f (n). Next we deal WichKnSb d(n)x (n) f(n). Now

Y x(mn)f(mn)

a<mn<b

> dmx ) f(n)

a<n<b

k
=Y > xmr)| D" fmn)
a<mn<b

m<brp=1
n=ro(mod k)

k
=Y Y xtmr| D> fomn)
1

a/m<n<b/m

m<b rp=
n=ro(mod k)
k 1 b
=Y > x(mry) k—/ f)du
m<b rp=1 m Ja

b _
+/ " (W) df(w)

+ f@)y (—(a/ ’”,Z - r2>

b —
o (Om=)),

Substituting the series far, then interchanging " and /" and then integrating by parts in
one way or the other as the case may be, we can get the Euler—Maclaurin or the Poisson

analogue op_, _,_, d(n)x (n) f (n).
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