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Abstract. We discuss subsetsS of R
n such that every real valued functionf onS is

of the form

f (x1, x2, . . . , xn) = u1(x1)+ u2(x2)+ · · · + un(xn),

and the related concepts and situations in analysis.

Keywords. Good set; sequentially good set; linked component; sequentially good
measure; simplicial measure.

Introduction

LetX1, X2, . . . , Xn be non-empty sets. LetS ⊂ X1 ×X2 × · · · ×Xn. A pointx ∈ S will
look like x = (x1, x2, . . . , xn). Let f : S −→ R be a function. We say thatS is good for
f , if we can writef in the form

f (x) = u1(x1)+ u2(x2)+ · · · + un(xn), x ∈ S,
where for eachi, ui is a function fromXi to R. If this holds for every function in a class
A of functions onS, then we say thatS is good forA. We callS good, if it is good for
everyf : S −→ R.

The purpose of this note is to give some descriptions of good sets and comment on
the connection of such sets with Kolmogorov’s theorem on superposition of functions
and related questions in function algebras. Connection with simplicial measures is also
discussed (see §5). Forn = 2 a geometric description of good sets is known, but this
description does not immediately generalize for the casen > 2 (see §4).

1. Description of good sets

Call a finite setL = {x1, x2, . . . , xk} of distinct points inX1 ×X2 × · · · ×Xn a loop if:

(i) there exist non-zero integersp1, p2, . . . , pk such that

p1x
1 + p2x

2 + · · · + pkx
k = 0, (1)

by which we mean that ifxji is theith coordinate ofxj , then for eachi, 1 ≤ i ≤ n,
the formal sump1x

1
i + p2x

2
i + · · · + pkx

k
i vanishes,
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(ii) no proper subset ofL satisfies(1).

Note that(1) means that
∑k
j=1pj1{xji }

= 0 for eachi.

Remark.Forn = 2 the integerspi can be chosen to be+1 or−1, but forn ≥ 3 this fails
and there is no universal upper bound (depending onn) on the integersp1, p2, . . . , pk
(see §4).

Theorem 1.1. LetS ⊂ X1 ×X2 × · · · ×Xn and letf : S −→ R be such that whenever
the formal sum

∑k
j=1pjx

(j) = 0, then
∑k
j=1pjf (x

(j)) = 0. Then there exist real valued
functionsu1, u2, . . . , un defined onX1, X2, . . . , Xn respectively such that

f (x) = f (x1, x2, . . . , xn) = u1(x1)+ u2(x2)+ · · · + un(xn), (2)

for all (x1, x2, . . . , xn) ∈ S.

Proof. It is clear that iff is of the form(2), then for any loopL = {x1, x2, . . . , xk} of
points inS the sum

∑k
j=1pjf (x

j ) vanishes.

Assume now that for any loopL = {x1, x2, . . . , xk} of points in S the sum∑k
j=1pjf (x

j ) vanishes. We can suppose without loss of generality thatXi ∩Xj = ∅ for
i 6= j . Let� = X1 ∪X2 ∪ · · · ∪Xn. Everyx = (x1, x2, . . . , xn) ∈ S has associated to it
a subset of�, namely the set{x1, x2, . . . , xn} with n points. Let

C = {{x1, x2, . . . , xn} : (x1, x2, . . . , xn) ∈ S}.
ThenC is a collection of subsets of�. Define onC the functionµ by

µ({x1, x2, . . . , xn}) = f (x1, x2, . . . , xn).

The classV of functions of the form
∑l
j=1 rj1Cj , rj rational,Cj ∈ C, l ≥ 1, is a

vector space over the field of rational numbers and the condition that for any loopL =
{x1, x2, . . . , xk} of points inS the sum

∑k
j=1pjf (x

j ) vanishes, ensures that the mapT
onV defined by

T

(
l∑

j=1

rj1Cj

)
=

l∑
j=1

rjµ(Cj )

is well defined and linear. We extend this map linearly to the larger classW of functions
of the form

∑l
j=1 rj1Cj , rj rational,Cj ⊂ �, l ≥ 1, and continue to denote the extended

map byT . Let us defineui : Xi −→ R by ui(xi) = T 1{xi } for xi ∈ Xi , 1 ≤ i ≤ n. Now,
for anyx = (x1, x2, . . . xn) ∈ S,

f (x) = µ({x1, x2, . . . , xn}) = T 1{x1,x2,... ,xn}
= T 1{x1} + · · · + T 1{xn} = u1(x1)+ u2(x2)+ · · · + un(xn). �

Theorem 1.2. A setS ⊂ X1 ×X2 × · · · ×Xn is good if and only ifS has no loop in it.
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Proof. If S ⊂ X1×X2×· · ·×Xn does not admit a loop, then the hypothesis of Theorem 1.1
is vacuously satisfied and so any real valued function onS is of the form

f (x1, x2, . . . , xn) = u1(x1)+ u2(x2)+ · · · + un(xn),

(x1, x2, . . . , xn) ∈ S, whereu1, u2, . . . , un are functions defined onX1, X2, . . . , Xn
respectively. On the other hand, ifS admits a loop then anf violating the condition of
Theorem 1.1 can be constructed easily, so Theorem 1.2 follows. �
Remarks

(i) Clearly Theorem 1.2 is also valid for complex-valued functionsf . One simply treats
real and imaginary parts separately. In the sequel we shall takef to be complex
valued.

(ii) If S ⊂ R
n is good and the canonical projections ofS on the coordinate axes are

pairwise disjoint, then clearly we can choose theui ’s all equal. IfS ⊂ R
n is good,

then for anyc ∈ R
n the setS + c is also good and, whenS is bounded, for a suitable

c the canonical projections ofS + c on the coordinate axes are pairwise disjoint, so
one can choose the functionsui , for a givenf on such anS + c, to be the same.

To end this section we shall give a description of good subsetsS of X1 ×X2 × · · · ×Xn,
when all the setsX1, X2, . . . , Xn are finite, i.e, cardXi = mi < +∞, 1 ≤ i ≤ n.

Let5i : X1 ×X2 × · · · ×Xn −→ Xi , 1 ≤ i ≤ n, be the canonical projections onXi .
If S is good, then any functionf : S −→ R, f = u1 + u2 + · · · + un, is completely
determined by the values ofui on5iS, 1 ≤ i ≤ n. Hence we can assume in addition that
5iS = Xi , 1 ≤ i ≤ n.

LetXi = {x(i)1 , x
(i)
2 , . . . , x

(i)
mi }, 1 ≤ i ≤ n, andS = {s1, s2, . . . , sk}, where

sj = (x
(1)
j1
, x
(2)
j2
, . . . , x

(n)
jn
) 1 ≤ j ≤ k, 1 ≤ ji ≤ mi.

We consider thek× (m1 +m2 +· · ·+mn)-matrixM (calledthe matrix ofS) with rows
Mj, 1 ≤ j ≤ k, given by

Mj = (0, . . . ,0, 1, 0, . . . ,0, 1, 0, . . . ,0, 1, 0, . . . ,0),

where 1 occurs at the placesj1,m1+j2,m1+m2+j3, etc. corresponding to the subscripts
in the pointsj = (x

(1)
j1
, x
(2)
j2
, . . . , x

(n)
jn
), 1 ≤ j ≤ k. SinceS is good,

f (sj ) = f (x
(1)
j1
, x
(2)
j2
, . . . , x

(n)
jn
)

= u1(x
(1)
j1
)+ u2(x

(2)
j2
)+ · · · + un(x

(n)
jn
), 1 ≤ j ≤ k.

We put

u1(x
(1)
1 ) = α

(1)
1 , . . . , u1(x

(1)
m1
) = α(1)m1

,

u2(x
(2)
1 ) = α

(2)
1 , . . . , u2(x

(2)
m2
) = α(2)m2

,

· · ·
un(x

(n)
1 ) = α

(n)
1 , . . . , un(x

(n)
mn
) = α(n)mn .
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The relation(2) gives usk equalities

α
(1)
j1

+ α
(2)
j2

+ · · · + α
(n)
jn

= f (sj ), 1 ≤ j ≤ k.

In other words, the column vector

(α
(1)
1 , . . . , α(1)m1

, α
(2)
1 , . . . , α(2)m2

, . . . , α
(n)
1 , . . . , α(n)mn )

t ∈ R
m1+m2+···+mn

is a solution of the matrix equation

M Eα = Ez, (3)

whereEz = (f (s1), f (s2), . . . , f (sk))
t ∈ R

k.

SinceS is good, we know that(3)has solution for everyEz. SinceM hasm1+m2+· · ·+mn
columns and since then− 1 vectors

(1, 1, . . . ,1︸ ︷︷ ︸
m1 times

,−1, . . . ,−1︸ ︷︷ ︸
m2 times

, 0, 0, 0, . . . )t

(1, 1, . . . ,1︸ ︷︷ ︸
m1 times

, 0, . . . ,0︸ ︷︷ ︸
m2 times

,−1, . . . ,−1︸ ︷︷ ︸
m3 times

, 0, 0, 0, . . . )t

· · ·
(1, 1, . . . ,1︸ ︷︷ ︸

m1 times

, 0, . . . ,0,−1, . . . ,−1︸ ︷︷ ︸
mn times

)t

are linearly independent solutions of the homogeneous equationM Eα = E0, we see that the
rank ofM is at mostm1 +m2 + · · · +mn − (n− 1). Clearlyk cannot exceed the rank of
M. On the other hand the union ofn sets

(X1 × {x2} × · · · × {xn}) ∪ ({x1} ×X2 × {x3} × · · ·
× {xn}) ∪ · · · ∪ ({x1} × · · · × {xn−1} ×Xn)

is a good subset ofX1 ×X2 × · · · ×Xn of cardinalitym1 +m2 + · · · +mn − (n− 1). It
is clear that if the rank ofM is k andk ≤ m1 +m2 + · · · +mn − (n− 1) thenS is good.
We have proved:

Theorem 1.3. LetS be a finite subset ofX1 ×X2 × · · · ×Xn of cardinalityk and letmi
denote the cardinality of5iS, the canonical projection ofS onXi . ThenS is good if and
only if k ≤ m1 +m2 + · · · +mn − (n− 1) and the matrixM of S defined above hasrank
k. There always exist a good set of cardinalityk ≤ m1 +m2 + · · · +mn − (n− 1).

Let us remark also that the procedure described in Proposition 2.7 of [5] does not work
even in the three-dimensional case.

2. Sequentially good sets

We say thatS is sequentially good for a complex valued functionf defined onS if

f (x1, x2, . . . , xn) = lim
k→∞

(u1,k(x1)+ u2,k(x2)+ · · · + un,k(xn)),
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where(x1, x2, . . . , xn) ∈ S andu1,k, u2,k, . . . , un,k, k = 1, 2, 3, . . . are functions on
X1, X2, . . . , Xn respectively. IfS is sequentially good for every function onS, then we
say thatS is sequentially good. It is clear that if a setS is good forf , then it is sequentially
good forf . The converse holds in view of Theorem 1.2. Indeed, ifS is sequentially good
for f , but not good forf , then there exists a loopL = {x1, x2, . . . , xk} of points inS
such that the sum

∑k
j=1pjf (x

j ) does not vanish, and at the same timef is the pointwise

limit of a sequence of functionsgn, n = 1, 2, . . . such that for eachgn,
∑k
j=1pjgn(x

j )

vanishes. The contradiction shows thatS is good forf .
Say that a subsetS of X1 × X2 × · · · × Xn is sequentially good for a collectionF of

functions onS, if everyf ∈ F is of the form

f (x1, x2, . . . , xn) = lim
k→∞

(u1,k(x1)+ u2,k(x2)+ · · · + un,k(xn)),

(x1, x2, . . . , xn) ∈ S, u1,k, u2,k, . . . , un,k, k = 1, 2, . . . being functions onX1, X2, . . . ,

Xn respectively.
Assume now thatS is sequentially good for an algebraF of functions onS which

is closed under conjugation, separates points and contains constants. Then in factS is
sequentially good (hence good). For otherwiseS will admit a loopL. The restriction of
functions inF to L (denoted byF |L) is an algebra of functions onL, closed under
conjugation, separating points and containing constants. SinceL is a finite set (hence
compact in the discrete topology), by Stone–Weierstrass theorem, the algebraF|L is dense
in the collection of functions onL, hence actually equal to the collection of all functions
on the finite setL. SinceL is sequentially good for all functions onL, we see by our earlier
conclusion thatL is good and so not a loop. The contradiction shows thatS is good. We
have proved:

Theorem 2.1. The following are equivalent for a setS ⊂ X1 ×X2 × · · · ×Xn:

(i) S is good,
(ii) S is sequentially good,

(iii) every finite subset ofS is good,
(iv) S is sequentially good for an algebra of functions onS, which is closed under con-

jugation, separates points ofS and contains constants.

3. Sequentially good measures

Let X1, X2, . . . , Xn be Polish spaces. Call a probability measureµ on Borel subsets of
� = X1×X2×· · ·×Xn sequentially good for a collectionF of complex-valued functions
on� if every functionf ∈ F is of the form

f (x1, x2, . . . , xn) = lim
k→∞

(u1,k(x1)+ u2,k(x2)+ · · · + un,k(xn)), µ− a.e.,

whereu1,k, u2,k, . . . , un,k, k = 1, 2, . . . are Borel measurable.

LetA1, A2, A3, . . . be a countable collection of Borel subsets of�which is closed under
finite unions and compliments and separates points of�. Let µ be a sequentially good
probability measure for the countable collection of functions1Ai , i = 1, 2, 3, . . . . Then
there is a Borel subsetS of full µ measure which is sequentially good for the collection
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1Ai , i = 1, 2, 3, . . . . The setS continues to be sequentially good for the algebraA of finite
linear combinations of1Ai , i = 1, 2, 3, . . .with complex coefficients, an algebra which
is closed under conjugation, separates points and contains constants. By Theorem 2.1 the
setS is sequentially good, hence a good set. We have proved:

Theorem 3.1. If µ is sequentially good for the countable collection of indicator functions
1Ai , i = 1, 2, 3, . . . of sets in a countable field of Borel sets which separate points of
X1 ×X2 × · · · ×Xn, thenµ admits a Borel supportS which is good.

4. Casesn = 2 andn > 2

A good subset ofR2 has a geometric description which does not seem to be available for
n > 2.

Two arbitrary points(x, y), (z, w) in S ⊆ X× Y (S is not necessarily good) are said to
be linked(and we write(x, y)L(z,w)), if there exists a finite sequence of points(x1, y1),
(x2, y2), . . . , (xn, yn) in S (calleda link of lengthn joining (x, y) to (z, w)) such that:

(i) (x1, y1) = (x, y), (xn, yn) = (z, w);
(ii) for any i, 1 ≤ i ≤ n− 1 exactly oneof the following equalities holds:

xi = xi+1, yi = yi+1;
(iii) for any i, 1 ≤ i ≤ n− 2, it is not possible to havexi = xi+1 = xi+2 or yi = yi+1 =

yi+2.

Note thatL is an equivalence relation. An equivalence class ofL is calleda linked
componentof S. If (x, y) ∈ S, then the equivalence class to which(x, y) belongs is called
the linked componentof (x, y). Two points(x, y), (z, w) ∈ S are said to beuniquely
linked, if there is a unique link joining(x, y) to (z, w). A linked component ofS ⊆ X×Y
is said to beuniquely linkedif any two points in it are uniquely linked.

One can prove (see [5,7]) that a subsetS ⊂ X×Y is good if and only if each of its linked
components is uniquely linked. See [8,9] for more discussion on good sets forn = 2.

A geometric description of good subsetsS of X × Y × Z, and more generally of
X1 ×X2 × · · · ×Xn is not available. We only have a partial answer. We consider here the
casen = 3. Forn > 3 the notion of a link and linked component can be similarly defined.

DEFINITION

Two arbitrary points(x, y, z), (p, q, r) ∈ S ⊆ X×Y×Z are said to belinked(and we write
(x, y, z)L(p, q, r)), if there exists a finite sequence of points{(x1, y1, z1), (x2, y2, z2), . . . ,

(xn, yn, zn)} in S (called alink joining (x, y, z) to (p, q, r)) such that:

(i) (x1, y1, z1) = (x, y, z), (xn, yn, zn) = (p, q, r),
(ii) for any 1 ≤ i ≤ n− 1 exactly oneof the following holds

xi 6= xi+1, yi 6= yi+1, zi 6= zi+1,

(iii) for any i, 1 ≤ i ≤ n− 2, none of the following holds:

(xi 6= xi+1 and xi+1 6= xi+2),

(yi 6= yi+1 and yi+1 6= yi+2),

(zi 6= zi+1 and zi+1 6= zi+2).
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As beforeL is an equivalence relation. A uniquely linked set is similarly defined. An
equivalence class ofL is calleda linked componentof S. We callS linked, if it has only
one linked component. As in the case of two-dimensional sets, one can prove:

A linked setS ⊂ X × Y × Z is good if and only if it is uniquely linked.

However, it is not true that a subsetS ⊂ R
3 is good if each linked component is uniquely

linked, as the following example shows:
The set{(0, 0, 0), (0, 0, 1), (1, 1, 0), (1, 1, 1)} has two uniquely linked components,

namely,{(0, 0, 0), (0, 0, 1)} and {(1, 1, 0), (1, 1, 1)}, but it is not a good set, as can be
seen by writing four linear equations in six unknownsu(0), v(0), w(0), u(1), v(1), w(1)
ontoR

4.
In casen = 2, the coefficientspi in the definition of a loop can be chosen to be+1 or

−1. However, forn > 2 the coefficientspi do not have a universal bound (depending only
onn). Here are two examples: The set

{(0, 0, 0), (0, 0, 1), (0, 1, 0), (1, 0, 0), (1, 1, 1)}
is not a good subset of{0, 1}3. It is also a loop, because the formal sum

2(0, 0, 0)− (0, 0, 1)− (0, 1, 0)− (1, 0, 0)+ (1, 1, 1)

is equal to 0. This loop is minimal (i.e. each of its proper subset is good) and one cannot
have the formal sum above vanish with all the coefficients equal to+1 or −1. For the
second example, letX1 = X2 = X3 = R. For the obvious loop described by the following
expression not allp′

i s can be chosen less than five.

5 (1 1 1)
−(2 3 1) −(12, 1, 13) −(1, 22, 23)
−(4 5 1) −(14, 1, 15) −(1, 24, 25)
−(6, 7, 1) −(16, 1, 17) −(1, 26, 27)
−(8, 9, 1) −(18, 1, 19) −(1, 28, 29)
−(10, 11, 1) −(20, 1, 21) −(1, 30, 31)
+(2, 5, 13) +(12, 22, 25)
+(4, 7, 15) +(14, 24, 27)
+(6, 9, 17) +(16, 26, 29)
+(8, 11, 19) +(18, 28, 31)
+(10, 3, 21) +(20, 30, 23)

The above example can be modified so that at least onepi is bigger thanP , a pre-
assigned positive integer≥ 2.

5. Discussions

As a solution to Hilbert’s 13th problem, Kolmogorov (see [11,12,14]) proved that one
can imbed the unit cubeEn = [0, 1]n in R

2n+1 homeomorphically by a map of the type
ψ : (x1, . . . , xn) −→ (

∑n
p=1ψ1,p(xp), . . . ,

∑n
p=1ψ2n+1,p(xp)), with ψq,p continuous

and monotonic increasing on [0, 1], such that every continuous functiong onψ(En) is of
the form

g(y1, . . . , y2n+1) =
2n+1∑
q=1

gq(yq).
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In particular this implies thatψ(En) is a good set for complex valued continuous functions,
and since such functions form an algebra closed under conjugation, contain constants, and
separate points, we see by Theorem 2.1 thatψ(En) is a good set. It has been observed by
Lorentz [14] thatψ can be chosen so thatg1, . . . , gn are all equal. Remark (ii) following
Theorem 1.2 shows how this may be arranged.

Two questions naturally arise:
(A) describe compact subsets ofC ⊂ R

n such that every continuous functiong onC is of
the form

g(y1, . . . , yn) =
n∑
q=1

gq(yq),

with g1, . . . , gn continuous,
(B) describe compact subsets ofC ⊂ R

n such that every continuous functiong onC is of
the form

g(y1, . . . , yn) = lim
l→∞

n∑
q=1

gq,l(yq),

with gq,l, 1 ≤ q ≤ n, l = 1, 2, . . . continuous.

For n = 2 these questions are well discussed in the literature. For question (A) a
necessary and sufficient condition onC is that it be loopfree (i.e., a good set) and the
lengths of links inC be bounded [15,17,18]. For question (B) a sufficient condition is that
C be loopfree and that linked components be closed [16] or more generally that linked
components admit a Borel cross-section [10].

For n > 2 natural analogues of these are not known since a good definition of linked
component is not available (see also [19,21]). Theorem 2.1 however shows that a necessary
condition onC for both question (A) and (B) is thatC be loopfree.

LetX1, X2, . . . , Xn be Polish spaces and let� = X1 ×X2 × · · · ×Xn. A probability
measureµ on � is said to besimplicial, if µ is an extreme point of the convex set of
all probability measuresλ on�, whose one-dimensional marginals are the same as those
of µ. Letµ be a simplicial measure and letµ1, µ2, . . . , µn denote the one-dimensional
marginals ofµ. A theorem of Lindenstrauss [13] and Douglas [6] states that:

A probability measureµ on� is simplicial if and only if the collection of functions of
the form

f (x1, x2, . . . , xn) = u1(x1)+ u2(x2)+ · · · + un(xn),

whereui ∈ L1(Xi, µi), 1 ≤ i ≤ n, is dense inL1(�,µ).

This theorem is usually proved forn = 2, but the same proof holds for anyn. It is
clear from this theorem that a simplicial measure is sequentially good for the functions
1Ai , i = 1, 2, 3, . . . , where{Ai : i = 1, 2, 3, . . . } form a countable field of Borel sets
which separate points of� and so by Theorem 3.1 admits a Borel support which is a good
set. We have proved:

Theorem 5.1. A simplicial measure admits a good Borel set as support.

Forn = 2 this result is due to Beneš andŠťeṕan [3,4].
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If λ1, λ2, · · · , λn are continuous probability measures onX1, X2, . . . , Xn respectively,
then it is an easy consequence of Fubini theorem that any Borel set of positiveλ1 × λ2 ×
· · · × λn measure contains a loop of the typeB1 ×B2 × · · · ×Bn with eachBi a two point
set. Since a simplicial measure admits a good Borel set as support, we see thata simplicial
measure is singular toλ1 × λ2 × · · · × λn for any choice of continuousλ1, λ2, . . . , λn on
X1, X2, . . . , Xn respectively(see [13,20] for the casen = 2).

Let us briefly return to question (B) above and letC be a compact subset ofR
n such that

every continuous function onC is approximable as described there. Then every probability
measure onC is simplicial. For, ifµ1 andµ2 are two distinct probability measures on Borel
subsets ofC with the same one-dimensional marginals thenµ1−µ2 is a non-trivial signed
measure which integrates all continuous functions onC to zero, which is not possible.

Remark.For a discussion of Hilbert’s 13th problem from algebraic point of view see [1,2].
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