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Abstract. We prove a necessary and sufficient condition for the automorphisms of a
coherent sheaf to be representable by a group scheme.
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The main result of this note is the following theorem.

Theorem 1. (Representability of the functorGLEg). Let S be a noetherian scheme
and E a coherentOg-module. LetGLg denote the contrafunctor ofi-schemes which
associates to ang-schemef : T — § the group of allOr-linear automorphisms of
the pullbackEr = f*E (this functor is a sheaf in the fpgc topology). Thél g is
representable by a group scheme o§eaf and only if E is locally free.

The ‘if’ part is obvious. The main work is in proving the ‘only if’ part, for which we
need various preliminaries. The following lemma is standard, and is the first step in the
construction of a flattening stratification of a noetherian sché&fioe a coherent sheaf on
P

s

Lemma2. If R is a noetherian local ring and: a finite R-module there exists an ideal
I C m with the following propertythe moduleE /I E is free overR /I, and for any ideal
J C R,themoduleZ/J E isfreeoverrR/J ifand onlyif/ C J.Byits property! is unique.

Proof. Definel to be the ideal generated by the matrix entries of the ma®? — R?

whereRY % RP — E — 0is an exact sequence in whighis minimal (equal to the
dimension of the vector spade/mE over R/m, wherem denotes the maximal ideal in
R). It can be seen that thishas the desired property. ]

Remark 3. As a consequenceRiis a noetherian local ring anfd a finite R-module such
that E/m"E is a free module oveR /m" for eachn > 2, thenE is free overR. By the
above lemmal ¢ m" for eachn > 2, hencel = 0.

Lemmad. (Srinivas) Let R be an artin local ring with maximal ideah, and letE be a
finite R-module with corresponding ideal as in Lemm&. Suppose that the idedlis a
principal idealandn/ = 0. ThenE is isomorphic to a direct sum of the forRY' & (R /)",
wherem, n are non-negative integers.

Proof. Let R% 5% RP — E — 0 be an exact sequence Bfmodules such that =
dimg/m(E/mE). The ideall is generated by the matrix entries of the mgapR? — R”.
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By assumption, there exists somes m with I = (a¢) andma = 0. If a = O thenE is
free, so now assume # 0. Hence every non-zero elementiois of the formua where

u € R —mis some unit ofR. Hence the non-zero matrix entrieswf RY — R? (if any)
are of the formua. Hence there is another matnx whose non-zero entries are units of
R, with ¢ = ayr. Changing the free basis &7 andR? gives row and column operations
onvr, which can be used to put it in a block form

1m Xm Om X (g—m)
Op—myxm O(p—m)x(q—m)
The lemma follows. O

Lemmab. Let S be a noetherian schemand letE be a coheren®g-module. LetE’ be a
coherent subsheaf &f, such that the quotierit / E’ is locally free. IfG L ¢ is representable
then the subfunctoP of G L g which consists of automorphismsifover base changgs
which preserver’ is also representablend is represented by a closed subgroup scheme
of GLg oversS.

Proof. If f: F' — F is a homomorphism of coherent sheaves on a schésiech that
F is locally free, therf” has a closed subschefig— T with the universal property that
f vanishes identically under a base-chaffige~ T if and only if it factors viaTy — T.
Applying this withT = GLg, F' = E}, F = (E/E)r,and withf : E}. — (E/E)r
the compositeE), — Er 5 Er > (E/E"Yr whereu : Ey — Er is the universal
family of automorphisms ovef = GLg, we get a closed subschemfeC GL g which
has the desired properties. a

Lemmab. Let X be a schemeand/ c Ox a quasi-coherent ideal sheatith /" = 0 for
somen > 1. Suppose that the closed subschéme X defined byl is affine. Thenx is
affine.

Proof. By induction onn, we can reduce to the case whde = 0. As /%> = 0, I
becomes ai®y-module. Asl is quasi-coherent ovaPy, it is quasi-coherent ovay.

If F is any quasi-coherent sheaf &n then we have a short exact sequence 0 F —

F — F/IF — 0.AsI? = 0, both/F and F/IF are Oy-modules, and these are
quasi-coherent. Hence &sis affine, H1(Y, IF) = HY(Y, F/I F) = 0. But these are just
cohomologies over the spa&e as topologicallyy is X. Hence by the long exact sequence
of 0> IF - F — F/IF — 0, it follows thatH1(X, F) = 0. As this holds for every
guasi-coheren®x-module,X is affine by Serre’s theorem. o

Lemmar. LetA bearingandl c A anideal with/" = Ofor some: > 1. LetB be anA-
algebrg suchthatB /I B isfinite-type oven (equivalentlyoverA/I). Letbs, ... ,b,, € B
suchthatB/I = A[bs, ..., b,], whereb;, € B/I isthe residue o;. ThenB is generated
as anA-algebra byby, ... , by,.

Proof. By induction onn, we are reduced to the case where = 0. As B/l =
A[b1,...,by], anyx € B can be written as = f(b1,...,b,) +uy where f is a
polynomial inm variables over, u € I, andy € B. Similarly,y = g(b1, ... , by) + vz
whereg is a polynomial inm variables over, v € I, andz € B. As I%2 = 0, we get
x=f(1,...,by) +ugbs,...,by). HenceB = A[b1, ..., by]. O
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Lemma8. Let R be an artin local ring with maximal ideah, and let0 £ I C m be a
non-zero proper ideal. LeE = (R/I)" & R™ wheren > 1 andm > 0. Then the functor
G Lg is not representable.

Proof. By Nakayamaml! # I, so we can base-changeRgm/ and assume that/ = 0,
in particular,/? = 0. SupposeG L is represented by a group-scheddeover R. The
restriction ofG to R/I is the affine schem&L, ., g/ overR/I, andI is a nilpotent
ideal. Hences must be affine by Lemma 6, and finite-type oydny Lemma 7. By Lemma
5, the automorphisms which preseii/I)" c E are represented by a closed subgroup
schemeP C G. Let P = SpecA) whereA is a finitely generate®-algebra.

The elements of the group(R) are matrices with the block for }é ; where
X € GL,(R/I), Y € Hom(R™,(R/I)") = (R/I)™, andZ € GL,,(R). Hence the
elementsg € P(R) which restrict to the identity inP(R/I), that is, elements of the

L 0 where
0 1+wW

kernel of P(R) — P(R/I), are exactly the elements of the fo
W € M,,(I) is an arbitrary matrix with all entries ih.
The restriction ofP to R/ is the parabolic subgroup scherleC GL, . g/ Which

preservegR/I1)" C (R/1)"*™, with coordinate ring
B =R/I[xi}, yip: zap, detix; )71, det(zg.p) 1]

where1<i,j <n,and 1< o, <m.AsB = A/IA wherel? = 0, by Lemma 7 we
get that

A=RI[xij, Yip, zap detix; )7L, det(zg.p)71/J

for some ideall C IR[xij, yi.g, Za.p delx; )7L, det(zy 5) 1] Let V e M,(I) be
any arbitrary: x n-matrix over/. We can define aR-algebra homomorphisst — R by

xl-,jv—>8i’j+vi’j, yi,ﬂ|—>0 and Za,ﬁ'—>5a,ﬁ~

Modulo I, this specializes to identity, hence this contradicts the above description of the
kernel of P(R) — P(R/I). This contradiction proves the lemma. O

Now all the necessary preliminaries are in place for completing the proof of the main
result.

Proof of Theoreni. Suppose thak is not locally free. By first passing to the local ring
of § at some point wheré& is not locally free and then going modulo a high power of
the maximal ideal (see Remark 3), we can assumesSthatSpe¢R) whereR is an artin
local ring, andE is a finite R module which is not free. Let @ I C m be the ideal
defined byE as in Lemma 2, wheren is the maximal ideal oR. Let I = (a1, ... ,a,)
wherer is the smallest number of generators needed to generate thd ideal> 2, let

J = (a1, ...,a,—1) C I. Then going moduld (that is, by base-changing ®/J), we
are reduced to the case whéres a principal ideal. By further going modute/, we can
assumen/ = 0. Hence by Lemma 4 splits as a direct suR™ & (R/I)", wheren > 1
asE is not free. Henc& L is not representable by Lemma 8, which completes the proof
of the theorem. O
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Exampled. The functor on commutative rings, definediby-> (R/2R)* (the multiplica-
tive group of units in the ringR /2R), is not representable by a scheme. This follows by
taking S = SpecZ) andE = Z/27 in Theorem 1. A shorter direct proof is also possible
in this example, by using discrete valuation rings instead of artin local rings.

Direct proof. If a group schem& — SpecZ) represents this functor, then the fibei®f
over the closed poin®) will be G,, r,, while over the open complement Sggg— (2), the
restriction of G will be trivial. Let U be an affine open neighborhooddhof the identity
pointle G, F, C G, and letx € G, r, be a closed point other than 1 which istin(the
purpose of using an affine opéhis to avoid any assumption about separatedness).of
The residue field (x) atx is a finite extension df;, hence separable oves. Let A be the
henselization of the local ring 2 with respect to the residue field extenslenC « (x).
This is a discrete valuation ring of characteristic zero, with maximal idéa<A is étale
over Z), and residue field (x). Therefore,G(k(x)) = «(x)* = (A/2A)* = G(A),
and sox uniquely prolongs to am-valued point ofG, which we denote by’. Note
thatx’ : SpecA — G factors throughy c G. Therefore we have points 1 and of
U (A) which coincide over the generic point df but differ over the special point. This
contradicts the separatednesg/of> SpecZ). O
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