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Abstract. Let G, be the set of all partial completely monotone multisequences of
order n and degree k, i.e., multisequences ¢, (3;, B2, - - - Bi)s 81, Bas - - - B =0,1,2, ...,

Bl +52 + e +6k S nvcn(0707 . 70) = 1 and (_1)60Aﬂo Cn(ﬁhﬁb . ~7ﬁk) 2 0
whenever By <n— (B + 08, + -+ ;) where Ac,(By,0,...,0) = cu(By + 1,
Boye s B)Fen(Bry Ba + 1,0, B)+ - +eun(Br, Bay - -+, B 1) —ca(By, Bas - -+, Br)-
Further, let [],, be the set of all symmetric probabilities on {0,1,2,... ,k}". We
establish a one-to-one correspondence between the sets G, and an and use it to
formulate and answer interesting questions about both. Assigning to G, the uniform
probability measure, we show that, as n—oo, any fixed section {c¢, (3, 3,, ..., B)s
1 <> B; < m}, properly centered and normalized, is asymptotically multivariate

normal. That iS, { (n:k)(c’l(ﬁlwgb"wﬁk) 7C0(ﬁl7527"'7ﬁk)’ 1< ﬂl +/62 +e

+03, < m; converges weakly to MVN[0, X,,]; the centering constants ¢y (53, 35, . . -

and the asymptotic covariances depend on the moments of the Dirichlet (1, 1, ..

distribution on the standard simplex in R¥.

7ﬂk)
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1. Introduction

The notion of a completely monotone multisequence was introduced in [2] in the context
of solving the moment problem on the standard k-simplex. We recall the definition.

DEFINITION

A multisequence of real numbers

c(Byy Bas-- oy B0), 81, B2y -, B =0,1,2,...,¢(0,0,...,0) =1

is said to be completely monotone if

(=) A3y, By ) =0V By, Bay . B =0,1,2,. ..,

where

Ac(ﬁhﬂ%"'aﬂk) :C(ﬂl +1’627"')ﬂk)+c(ﬁl752+1a"'7ﬂk)+'

+c(B1; 825+ B+ 1) — (B, By - -+, Br)

and A stands for 3, iterates of the operator A.

(1.3)
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The following theorem solves the moment problem on the standard k-simplex

Se =, x2, ., x%) i > 0,x x4+ -+ x < 1} (1.4)
Theorem 1.1. [2]. There exists a probability measure P on Si such that

/ x‘f‘xgz--~xfde:c(ﬁl,ﬁz,...,ﬁk) (1.5)
Sk

forall B,,08,,...,0,=0,1,2,... if and only if the multisequence {c(B,,0,,...,B) :
81,82, B, =0,1,2,...} is completely monotone.

For k =1,8; = [0, 1], a completely monotone multisequence is just a completely
monotone sequence and the above theorem reduces to Hausdorff’s solution [4] to the
moment problem on [0, 1]. In the sequel, for the sake of brevity, we call a completely
monotone sequence an H-sequence and a competely monotone multisequence a G-
multisequence.

In [3] we explored the interplay between partial H-sequences and symmetric probabi-
lities on products of {0, 1}. In response to a query raised by a referee of [2] and [3], in this
paper we carry out an analysis of the interplay between G-multisequences on the one
hand and symmetric probabilities on products of {0,1,2,...,k} on the other. This paper
is organized as follows. In § 2 we establish an affine bijection between the set of all partial
G-multisequences of order n and degree k (see below for definition) and the set of all
symmetric probabilities on {0,1,2,...,k}" and use it to answer questions about both
these sets. In §3 we formulate and prove a normal limit theorem for partial G-
multisequences. In §4 we make some remarks.

2. G-multisequences and symmetric probabilities

We introduce the notion of a partial G-multisequence of order n and degree k.

DEFINITION
A multisequence
Cn(ﬂlaﬂb"'aﬂk)v ﬂlaﬂ%"'aﬂk = 07 1727"'
cn(0707"'10):15ﬁl+ﬁ2+"'+ﬁk§n (21)
such that
(1) A, (B, Bsy. . B) 20 By <n— By — B — = B (2.2)
is called a partial G-multisequence of order n and degree k. The set
G”,k ::{{Cil(ﬂhﬁ%"wﬁk)?l S ﬂl +52 + - +ﬂk S n} :
(=12 A%, (By, By, B) = 0
forﬂ():()vlv"'ﬂn_ﬂl_ﬂZ_“'_ﬂk} (23)
with the understanding that ¢,(0,0,...,0) =1 denotes the set of all partial G-multi-

sequences of order n and degree k.

Notation. k is a natural number; o, 5;,7;,6i,i = 1,2,...,k, are non-negative integers
and x1,x7,...,x; are real numbers.
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Forﬁz (ﬁl7ﬁ27"'7ﬁk>’
Bl :== 51+ B+ + B

k

B; — .

xP .= H x;" where X = (X1,X2,...,X);
i=1

Lk :={(81,82,---,00) : Bl =m}, m=0,1,2,...;
J
Lix = Lk = {B: Bl <Jj};
m=0

J
Liy:= U Lur=1{Bp:1< B <jh
m=1
k
p =T 5
i=1

<g> - k”—' (2.4)

[~ 1D
i=1

We Sayﬁ: (ﬁlaﬁZ?"Wﬂk) S’Y: (71772a"'77k) lfﬁz S'Yiai: 1,2,...,kand in that
case define

(o) =w

We define oo V B := (a1 V 81,00V By,...,0ax V ;). For 8 = e+ B + v, we define

(o) 1G5 )

i=1

For & = ()\la>\27"'a)‘k) andy: (717727"'77/()’

71 "2

Z stands for Z Z Z

—0 \,=0

For a partial multisequence c¢,(p) of order n, we define, for |f| < m < n,

qm(B) = (_l)m_wAmilmcn(ﬁ) (25)
and observe that, by (2.2),
an(B) =0, [Bl<m=<n. (2.6)

For m > |B| + 1, we define

VQm(B) ZQm(B) +Qm(51 + 17627-“;6]() +"'+q1n(61,ﬁ2’“-7ﬁk + 1)

By (2.5) and (2.7), it easily follows that
Van(B) = gn1(B), [Bl+1<m<n. (2.8)
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Consequently, for |B| < m < n,

w®=v"a®=3 ("") ¥ (§)aw+d

=0 8Ly
- ¥ (”;’” Gn(B+9). (2.9)
SELy—mk
By (2.5), for p € L, 4,
a®=aa®m= Y ("5M)a0+o. (2.10)
0Ly |5k

By (2.5), for B € L, 1,
a® = o em = 50 00 (" P awre. ean
€L, 5k
By (2.10),
> (g) 4n(B) = V"q:(0) = ¢,(0) = 1. (2.12)
BELk

Finally, by (2.9), the non-negativity of ¢,(B)’s implies that conditions (2.2) hold and
consequently,

Gn,k = {{cn(B)aB € En,k} : QH(I}) Z oV B € En,k}7 (213)

where g,(B)’s are given by (2.11). Of course ¢,(0) = 1. ~

Let E; :={0,1,2,...,k}. Given an element {c,(B),p € L,x} of G,x, let Q, be the
symmetric measure on the n-fold product space E} which assigns mass ¢,(p) to each
point w = (wi,ws,...,w,) of E} for which #{i:w;=j}=0;, j=1,2,...,k and
#{i:w; =0} =n—|p|. By (2.6) and (2.12), Q, is a probability. Conversely, given
{q.(B),B € Enjk}, eqs (2.10) determine an element of G, ;. This establishes a one-to-one
correspondence between G, x and

1= S{a:(B).B € Los} - qu(B) >0, > (n)qn(B) <1y, (2.14)

mk BEL P
the set of all symmetric probabilities on E}. Of course
n
w0 =1- 3 (3)a®. 2.15)
BELwk

Equations (2.10) and (2.11) define maps
d)n : GnJc — H
nk

and

Uu: [ — Guk- (2.16)
nk
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Clearly, these maps establish an affine congruence between the convex sets G, x and [ [, ,.
Further, these maps are inverses of each other.
We define the projection map

Tt Gugrk — G
by

{c(B) : B € Lo} — {c(B) : B € Lok} (2.17)
Likewise, we define

fe I

nt1k nk

by

q —q, (2.18)

where ¢ is the n-dimensional marginal of ¢* in [ ], , ,. We note that both these projection
maps are affine. We briefly illustrate the use of these maps to answer questions about Gy,

and Hm "

(a) Extreme points of G, and [], ;. Clearly, the extreme points of [],, correspond to
probabilities Q7,y € L, x, where Q7 is the uniform probability distribution on the set of
those elements of E} for which #{i:w; =j} =~;,j=1,2,...,k ie,

n

am=1{(

0  otherwise.

L
) (2.19)

The extreme points of Gy, x, which are otherwise not so apparent, can easily be obtained
by using the map 1), which, being an affine congruence, maps 0[], , onto 0G, . Simple
calculations show that

8G”,k = {{CZ(ﬁ)aﬁ S En,k} Y € £n,k}7
where

5

() _maeo-ne-srn o
HOE () n(n—1)---(n— 6] +1) - (2.20)

0 otherwise.

(b) Extendability of partial G-multisequences. We define

Gn-&-m,k . {{C(B)aﬁ S Zm,k} : H{C(B)al} S En+m,k - ﬁn,k} S.t. } (2 21)

nk T . A . .
{C(B) . ﬁ € £n+m,k} S Gn+m,k

This is the set of those partial multisequences of order n which can be extended to ones of

order n + m. Clearly,

n+mk __
Gn,k =Tp O Mpt1 O O Tppm—1 (Gn+m.k)
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and consequently,

GZ;W( = Convex Hull {7, o my410...0 Tyim—1(0Guimi)}-
Simple calculations show that

0G, " = {{c)(B),B € Lak} : ¥ € Lusmi},

where

(73) _ Hf:l('}/i(% 1) (y, =B+ 1)

ey (B) = (”E"’) S (ntm(n+m—1)---(n+m—|8+1) itp<vy
0 otherwise.
(2.22)

(c) Extendability of symmetric probabilities. We define

T - {{q(ﬁ), B Lus HaB)oB € Lyt — Lo} } 2.23)

S.t. {q(ﬁ),ﬁ S £n+m,k} S Hner,k

This is the set of those symmetric probabilities on E} which can be extended to symme-
tric probabilities on E} ™. Simple calculations show that

nk

n+m.k

0[] = a1 B):B € Los}: 7 € Luimi),
nk

where

()

if p<vand |p| > |y| - m

q,(B) = (”tm) (2.24)
0 otherwise.

(d) The moment space of the standard k-simplex. We define

My = ﬂ GZ;'"’/‘ = ﬂ [Convex Hull {{c)(B),B € Lor}: 7 € Lurms}l,

m=1 m=1
(2.25)

where ¢](-) are given by (2.22). This is the set of those partial multisequences of order
n which can be extended to ones of order m +n for each m =1,2,.... In view of
Theorem 1.1, it follows that

M,y = {{cn(ﬂ) = / xd, B e Z,,‘k} tA e A}, (2.26)

Sk

where A is the set of all probability measures on the simplex Sj.

Equation (2.25) expresses the nth moment space, i.e., the space of all moments of total
order n or less, of the simplex, as an intersection of a decreasing sequence of polytopes in
R+ Each Gﬁm‘k can be written as an intersection of finitely many closed half-spaces
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and consequently, M, can be expressed as an intersection of countably many closed
half-spaces of R,

The above description of My, x is rather indirect and we do not consider it very useful.
Kemperman and Skibinsky [6], among others, gave explicit description of Myy for
n = 2,3 and k = 2; their description involves some non-linear conditions.

3. A normal limit theorem for G-multisequences

To get a better insight into the shape and structure of the sets G, x, we would like to look
at a typical point of it. For this purpose, for each n = 1,2, ..., we put uniform probability
measure on G, i.e., the Lebesgue measure normalized by volume (G, x). The coordinate
variables c,(B) can now be viewed as random variables on the probability space G, x. We
fix an initial segment {c,(p),p € Emk}, and prove that, after suitable centering and
normalization, it converges in law, as n — oo, to a multivariate normal (briefly: MVN).
This convergence to MVN is controlled by the Dirichlet distribution D = D(1,1,...1;1)
on the simplex Sy in the sense that the centering constants and the covariance matrix of
the limiting MVN depend on the moments of D; see (3.12) and (3.13).

We find it convenient to introduce a suitable system of canonical coordinates in the
space G, . Let

Suk = {a(B),B € Lus} 1 pa(B) >0, Y pulB) <1 (3.1)

BeLnx

be the standard simplex in R", where

N = N(nk) = |£og| = (”:k> Y (3.2)

We put

pn(o) =1- Z pn(ﬁ) (33)

BELuy

and set up a bijection between S, and Hn’,( by putting

pa(B) = (;) an(B), Be En,k- (3.4)
Of course, by (2.15) and (3.4),
Pn(0) = ¢x(0). (3.5)
This gives a bijection between G, x and S, x. Explicitly, by (2.10), (2.11) and (3.4), we have
1 +0
o =pe X (P50 )mb+a (36)

n
(3) (SE;CU,MJ(

and

p®=(5) X (")t (57)
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We shall employ {p.(B),p € E@k} as the canonical coordinates of the space
G,x C RO We take {e(B),p € L,x} as the standard basis in RV"%) and order the
elements of this basis by assigning the natural order to L, j = 1,2,...,n and within
each L;; choosing and fixing some linear order. Clearly, the matrices of linear trans-
formations (3.6) and (3.7) with respect to the chosen ordered basis, are upper triangular.

Further,

We need some combinatorial identities.

PROPOSITION 3.1
~ (s+] s+1+1
o () (o
~ (—a\[(-b —(a+b)
& 3 () (7)) fri=ona e

J=0

real a and b, or equivalently,

th(;(aJr;:j:—l) (b+§—1) _ (a+bjt—l).
© Zcﬁgz(mgﬁ—v

VELjk

forj=0,1,2,...,k=1,2,... and 8= (061,55,.--,0),3: =0,1,2,....

@ 3 <ﬁ+7) _ (Iﬁ|+k+z>f0rk:1’27.“,t2071’2’w

YEL k ﬂ t
k k-1 ko
© Y0+ -3 (r+k_ 1) I
tk I YELk 1

fort=0,1,2,... and k=1,2,....

® I o=TIen )

BELw r=0
forn=0,1,2,....k=1,2,....

0 2 ()05)

(3.8)

(3.9a)

(3.9b)

(3.9¢)

(3.9d)

(3.9¢)

(3.9f)

A(Jal+|B]) v
B ~ t+k—1 o+ A
- Z Z(,\) Z <r+k—1>(¢+A—5¢+>\—aa+ﬂ—¢—/\)

r=o A=0 o€L, 1
y<p+A<a+s

for a,8€ L, and v =V (.

(3.9g)
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Proof. (a) This is easily proved by induction. O

(b) This follows by comparing the coefficients of x' in the identity (1 4 x) (1 +x) " =
(1 + x)—((H—b) ) ]

(c) The case k = 1 is trivial. Fix k > 2; we use induction. Assume that the identity holds
for all j, all P and k replaced by k — 1. Then

s ()-500) s 1)

"/ELj_k i=0 Yot V3t NS =
Z’: ﬂl+z |B|—61+k—1+j—i—1
pa J—i
by induction hypothesis
+hk+j—-1
_ <|I3| i > by (b). O
J

(d) This follows from (c) and (a). O

(e) The identity trivially holds forr =0,k =1,2... and fork =1, =1,2,.... We give
the lexicographic ordering to the index set I = {(s,\) : s =0,1,2,...,A=1,2,...}.
Fix (¢,k),t > 1 and k > 2 and assume the induction hypothesis that the equality holds
for all elements of I strictly preceding (z,k). We prove the equality for (z,k). The

Y1 k Vi : :
term p,' [[;_, p/’, with y € L, ;, occurs in

k

ZH +p)" =Y ()" [T+ )

§€L,k i= 661‘,1{ i=2

with coefficient
O B Gy
i= \m r—vy +k-2 _” r—v +k-2
(71+1+ 1))

.(-—1+k:ij8;r—m—lv
k- > y (3.9).

(!
(iii:i)

k 5 L t+k—1 - i
ST+ =;<r+k—1>w,§kﬂpi' -

€L,y i=1

‘ o

Thus

(f) Theidentity trivially holds forn = 0,k =1,2,...andk = 1,n =1,2,.... We give the
lexicographic ordering to the index set I = {(m,A\) :m=0,1,2,... . A=1,2,...}.
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Fix (n,k),n > 1 and k > 2 and assume the induction hypothesis that the equality
holds for all elements of [ strictly preceding (n, k). We prove the equality for (n, k).
We have

n

[Ie=11 II ©Gs...658

BeLyk r=0 By+B3++B <n—r

{ Ln,kl} 111 s

r=0 8L, i1

i)
iz

by the induction hypothesis

s=0

r=l

2 () |L(n—rk—1)] 2 k=D (k)
o { T |

=TT ) by (3.92). 0

=0

<

(g) Letx = (xla-x27"'7xk)7y = (ylay27"'ayk) and 1+p ::(1+p11 1 +p2>"'a1 +Pk>
with p; = x; + y; + x;¥;. The LHS of the identity can be identified with the coefficient

of x*y” in
MNIA+x)A+y)] " =1+p) > (1+p)°
§€L,_k 6€Lr.k
= (t+k—1 ‘
SR S (A D SRS
; r+k—1 @;k
[
v <t+k_1> LED
= p’ .
r—o;(X)o;; r+k—1

We now observe that the coefficient of u%+” in (u + v + uv)™ equals <m7 b a +b7m)
if avb <m < a+ b and zero otherwise. Thus

t+k—1 b+
LHS= 2;() Zk (r+k1)(¢+k|3¢+kaa+|3¢x)'

Y<o+A<a+ s

We now observe that if r > |a| + |B| then || + |A| > |ot| + |B] + |A] and v; < ¢ + i <
a; + (; is violated for some i. Thus LHS of the identity equals

tA(lel+B]) z’): (,Y) Z (l+k— 1) ( ¢ y )
— W A k=1 \e+A—Bdtr—aatp-d—i/
y<o+A<a+3

O
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We put
Vux = Volume (G, x). (3.10)

PROPOSITION 3.2

As n—o00,
—7 log Vix— — Ak
where
()
2 G+ 2 . (3.11)
The constants Ay are positive with A; —% Ay = 15—2, Az = ;—3, ...; for k=1 the above

result agrees with the corresponding one in [3)].

Proof.
Vi = de,(B)
= dpn by 3 8)
nG) Lo
_ lpez,, BHITL [(n — J)]‘L’kl} "4
N(n, )\ !) £ e
= sz(l( 'k))(:{:l'))(( 7 B by (3.2) and (3.9f).
Now,
log N(n, k)! = o(n**1),
. s s
( :k> logn!:Tbgn ]; + o(n*t!)
and

n —_— k-1
log{rl_[l(r!)(kﬂ)( &4 l)}— (k+1) _1| (1—7) (rlogr—r)+ o(n*h)
(kD IS (

k=11 Zn

k-1
1_f) Flogz—kzlogn—q—ko(nk*l)
1 n n n n

n

k4 Dkt Tt 1
= (;:7);1' |:/ X(l —)C)kfl logxdx+]0gn/ X(l _X)k71M
-1 o 0

_ /01 X(1 - x)kldx] +o(ntH).
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Thus
k(k+ 1 !
log Vs = ( ]:'_ ) WA / x(1 —x)" Mogxdx + o(n**")
! 0
K+ c () 1)

=_ TP + o(n*). I
Jj=0 J

PROPOSITION 3.3

The uniform probability measure on the space G is equivalent to having the uniform
probability measure on the space S, of canonical coordinates.

Proof. This is an immediate consequence of (3.8) and the change of variables formula for
an integral on G, x to S, and vice-versa. O

The main result of this section is the following.

Theorem 3.4. For each m = 1,2,...,as n— oo, the law of

{ ("7 ) - e, ﬂezm,k}

relative to uniform probability on G,y converges weakly to a multivariate normal
distribution MVN [0, %,,] on RN"5 where

I ~
CO(B) — (k T “}l)" Zm = ((U(av ﬁ)))aﬂeﬁm.k
_ (B
U(a’l})_(‘a|—|—“}|+k)!. (3.12)

We note that the centering constants and the covariances are given by the moments of
the Dirichlet distribution D(1,1,...;1) on S:

co(B) = u(B),  o(o,B) = (o +B),

where

p(y) = / X107 e xt dxy dxg - dixge (3.13)
Sk

Proof. The uniform probability on the simplex S, is just the Dirichlet (1,1,...,1;1)
distribution on it. Let Zy,Z; ... be a sequence of i.i.d. standard exponential random
variables defined on, say, the probability space (92, F,P). We relabel these random

variables as Z,,a € UZO:OLVL](' The law, under P, of { ﬁ Ppe Zn‘k} is Dirichlet

ueL"y/‘ « -
(1,1,...;1). Hence, by (3.6) and Proposition 3.3, the law of {c,(B),p € L.}, under
uniform probability on G, x, is same as the law, under P, of
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Y,I(B):LE;H (“ga)zw)} / [(ﬁ) aezﬁn_kzw)}, Belu (14

Now_choose and fix an integer m > 1 and consider n > m. We observe that, for

BE Lk,
o= [ £ O3] /I CIC) o

= co(P) by (3.12).

We further observe that

[zﬁ; Z(a)} / ("] s

Hence, by (3.14) and (3.15), to prove the stated weak convergence of { ("Ik) (cn(B)—
co(B)). B € Zm,k}, it suffices to prove that

{TW(B)v B € Em,k} = MVN(07 Zm)7

= | T (3 eoon] /(G C)]

For o, € L,.x, Let y = aV B. Then, for n > |a| 4 |B| + |y|, we have

enmnm-| £ (2059)]/[06)C)

and, by (3.9g),

{(Z) (ﬁ) ( Z k) ] Cov (Tu(o). Tu(B)) = ZH Wim i (1)

t=0 r=0 A=0

<t+k— >( ¢+ A )
& \r+k— b+h—PBP+A—aat+Pp—¢—7r

v<p+A<a+

where

(3.16)

X

_|a+[ ¢+)\' %‘ -

- r=0 X\ EL/‘ ¢+)"_[i¢+)v—d d—‘rB—d)—)\, e r+k—1
Y<p+A<a+

_ "”ﬁ'z’ < ><n— |Y|+k>

_r:O /\:O SELy b+2r— l}¢+;\«—dd+ﬁ é—2L r+k

Y<p+A<at

by (3.9a).
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As n — oo, the dominating term corresponds to r = e+ B| and the conditions r =
lo+Bl,d €Ls,y <b+h<oa+pimply that ¢ = o+ p and A = 0. Thus

Cov (T:(3), Tu(B)) ~ [(Z) (ﬁ) (” . kﬂ 71 <|Z|+|Yl|s|++kk> (a . B)

~ ol = o B by (12) (3.17)

By the Cramér—Wold theorem it suffices to prove that

> aB)T.(B)=N[0.> Y al@a(B)o(a.B)

BELmx

for all {a(B),B € L1} We have

.
("7 o [ﬁ%a(m (5) h p (P37 @m+a- 1)}
- (”‘Z">_]/2 3 ntaie -, (3.18)
where
SUED “(%}) (3.19)
We write h |

= > Xu(y) with X,,(y) = ba(y)(2(y) — 1)

YELk

and observe that U, is a sum of independent random variables centered at their expecta-
tions. Further, we have the following:

0 = vaw) = (" v <Za<ﬁm<ﬁ>)
~<”+">ZZ (,B) by (3.17)
(ii) Sl3 > EXa(y . Z b, (Y)PE|Z(y) — 1]

nyeL, k n YEL

— 0, asn— oo,

since [b,(v)| < Y5z, a(B)] by (3.19), |Cxl = ("1¥) and 53 = 0((";’<)3/2) by (i).
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Hence, by Loéve [7], p. 275, U, /s, = N(0, 1), or equivalently,

S alB)T(B) = (n:k>1/2Un:N{Oazza(d)a(ﬁ)a(a,ﬁ) .

ﬂeim.k

This completes the proof. |

4. Remarks

The moment spaces M, of [0,1] — in our notation M, =M,; - have been
comprehensively treated in the literature. Karlin and McGregor [5] study a random
walk {X,},-, on the nonnegative integers Z, such that

PX,p1=jlX,=i)=<¢ 1—p; ifj=i+1 (4.1)
0 otherwise

and 0 < p; < 1 for i > 1, while pg = 0; they show that there exists a unique probability
measure A of infinite support on [0, 1] such that

1
PV = P(Xy, = 0[Xo = 0) = / X" d\ for all n > 0. (4.2)
0
This essentially establishes a one-to-one correspondence between the moment sequences
on one hand and the parameters {p;}., of the associated random walks on the other;
taking 0 < p; < 1 amounts to confining oneself to the interior of M,. The parameters
pi,i > 1, associated with A turn out to be canonical moments of X introduced by Skibinsky
[8]. Chang, Kemperman and Studden [1] employ {p;} as the canonical coordinates of the
space M, and prove a normal limit theorem for moment sequences.

All our efforts to find analogues of the random walk of Karlin and McGregor [5] or of
canonical moments associated with a probability measure on S; were unsuccessful. It
would be desirable to do an asymptotic analysis of the moment spaces M, x for k > 2.
That, in the present state of our knowledge, appears to be a formidable task.
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