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Abstract. Let Gn;k be the set of all partial completely monotone multisequences of
order n and degree k, i.e., multisequences cn��1; �2; . . . ; �k�, �1; �2; . . . ; �k�0; 1; 2; . . . ,

�1 � �2 � � � � � �k � n; cn�0; 0; . . . ; 0� � 1 a n d �ÿ1��0 ��0 cn��1; �2; . . . ; �k� � 0
whenever �0 � nÿ ��1 � �2 � � � � � �k� where �cn��1; �2; . . . ; �k� � cn��1 � 1,
�2; . . . ; �k��cn��1; �2 �1; . . . ; �k�� � � � �cn��1; �2; . . . ; �k �1�ÿcn��1; �2; . . . ; �k�.
Further, let

Q
n;k be the set of all symmetric probabilities on f0; 1; 2; . . . ; kgn

. We
establish a one-to-one correspondence between the sets Gn;k and

Q
n;k and use it to

formulate and answer interesting questions about both. Assigning to Gn;k the uniform
probability measure, we show that, as n!1, any fixed section fcn��1; �2; . . . ; �k�,
1 �P�i � mg, properly centered and normalized, is asymptotically multivariate

normal. That is,
�����������

n�k
k

ÿ �q
�cn��1; �2; . . . ; �k� ÿ c0��1; �2; . . . ; �k�

n
, 1 � �1 � �2 � � � �

��k� m
o

converges weakly to MVN�0;�m�; the centering constants c0��1; �2; . . . ; �k�
and the asymptotic covariances depend on the moments of the Dirichlet �1; 1; . . . ; 1; 1�
distribution on the standard simplex in Rk.

Keywords. Moment spaces; completely monotone multisequences; normal limit.

1. Introduction

The notion of a completely monotone multisequence was introduced in [2] in the context

of solving the moment problem on the standard k-simplex. We recall the definition.

DEFINITION

A multisequence of real numbers

c��1; �2; . . . ; �k�; �1; �2; . . . ; �k � 0; 1; 2; . . . ; c�0; 0; . . . ; 0� � 1 �1:1�
is said to be completely monotone if

�ÿ1��0 ��0 c��1; �2; . . . ; �k� � 0 8 �1; �2; . . . ; �k � 0; 1; 2; . . . ; �1:2�
where

�c��1; �2; . . . ; �k� � c��1 � 1; �2; . . . ; �k� � c��1; �2 � 1; . . . ; �k� � � � �
� c��1; �2; . . . ; �k � 1� ÿ c��1; �2; . . . ; �k� �1:3�

and ��0 stands for �0 iterates of the operator �.
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The following theorem solves the moment problem on the standard k-simplex

Sk :� f�x1; x2; . . . ; xk� : xi � 0; x1 � x2 � � � � � xk � 1g: �1:4�

Theorem 1.1. [2]. There exists a probability measure P on Sk such thatZ
Sk

x
�1

1 x
�2

2 � � � x�k

k dP � c��1; �2; . . . ; �k� �1:5�

for all �1; �2; . . . ; �k � 0; 1; 2; . . . if and only if the multisequence fc��1; �2; . . . ; �k� :
�1; �2; . . . ; �k � 0; 1; 2; . . .g is completely monotone.

For k � 1; Sk � �0; 1�, a completely monotone multisequence is just a completely

monotone sequence and the above theorem reduces to Hausdorff's solution [4] to the

moment problem on �0; 1�. In the sequel, for the sake of brevity, we call a completely

monotone sequence an H-sequence and a competely monotone multisequence a G-

multisequence.

In [3] we explored the interplay between partial H-sequences and symmetric probabi-

lities on products of f0; 1g. In response to a query raised by a referee of [2] and [3], in this

paper we carry out an analysis of the interplay between G-multisequences on the one

hand and symmetric probabilities on products of f0; 1; 2; . . . ; kg on the other. This paper

is organized as follows. In x 2 we establish an affine bijection between the set of all partial

G-multisequences of order n and degree k (see below for definition) and the set of all

symmetric probabilities on f0; 1; 2; . . . ; kgn
and use it to answer questions about both

these sets. In x 3 we formulate and prove a normal limit theorem for partial G-

multisequences. In x 4 we make some remarks.

2. G-multisequences and symmetric probabilities

We introduce the notion of a partial G-multisequence of order n and degree k.

DEFINITION

A multisequence

cn��1; �2; . . . ; �k�; �1; �2; . . . ; �k � 0; 1; 2; . . .

cn�0; 0; . . . ; 0� � 1; �1 � �2 � � � � � �k � n �2:1�
such that

�ÿ1��0 ��0 cn��1; �2; . . . ; �k� � 0 8 �0 � nÿ �1 ÿ �2 ÿ � � � ÿ �k �2:2�
is called a partial G-multisequence of order n and degree k. The set

Gn;k :�ffcn��1; �2; . . . ; �k�; 1 � �1 � �2 � � � � � �k � ng :

�ÿ1��0 ��0 cn��1; �2; . . . ; �k� � 0

for �0 � 0; 1; . . . ; nÿ �1 ÿ �2 ÿ � � � ÿ �kg �2:3�
with the understanding that cn�0; 0; . . . ; 0� � 1 denotes the set of all partial G-multi-

sequences of order n and degree k.

Notation. k is a natural number; �i; �i; 
i; �i; i � 1; 2; . . . ; k, are non-negative integers

and x1; x2; . . . ; xk are real numbers.
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For b � ��1; �2; . . . ; �k�,
jbj :� �1 � �2 � � � � � �k;

xb :�
Yk

i�1

x
�i

i where x � �x1; x2; . . . ; xk�;

Lm;k :� f��1; �2; . . . ; �k� : jbj � mg; m � 0; 1; 2; . . . ;

Lj;k :�
[j

m�0

Lm;k � fb : jbj � jg;

~Lj;k :�
[j

m�1

Lm;k � fb : 1 � jbj � jg;

b! :�
Yk

i�1

�i!;

n

b

� �
:� n!Yk

i�1

�i!�nÿ jbj�!
: �2:4�

We say b � ��1; �2; . . . ; �k� � c � �
1; 
2; . . . ; 
k� if �i � 
i; i � 1; 2; . . . ; k and in that

case define

c
b

� �
:� c!

b!�cÿ b�! :

We define a _ b :� ��1 _ �1; �2 _ �2; . . . ; �k _ �k�: For d � a� b� c, we define

d
a b c

� �
:�
Yk

i�1

�i

�i �i 
i

� �
:

For k � ��1; �2; . . . ; �k� and c � �
1; 
2; . . . ; 
k�,Xc

k�0

stands for
X
1

�1�0

X
2

�2�0

. . .
X
k

�k�0

:

For a partial multisequence cn�b� of order n, we define, for jbj � m � n,

qm�b� � �ÿ1�mÿj�j�mÿj�jcn�b� �2:5�
and observe that, by (2.2),

qm�b� � 0; jbj � m � n: �2:6�
For m � jbj � 1; we define

rqm�b� � qm�b� � qm��1 � 1; �2; . . . ; �k� � � � � � qm��1; �2; . . . ; �k � 1�:
�2:7�

By (2.5) and (2.7), it easily follows that

rqm�b� � qmÿ1�b�; jbj � 1 � m � n: �2:8�
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Consequently, for jbj � m � n,

qm�b� � rnÿmqn�b� �
Xnÿm

j�0

nÿ m

j

� �X
�2Lj;k

j

d

� �
qn�b� d�

�
X

�2Lnÿm;k

nÿ m

d

� �
qn�b� d�: �2:9�

By (2.5), for b 2 Ln;k,

cn�b� � qj�j�b� �
X

�2Lnÿj�j;k

nÿ jbj
d

� �
qn�b� d�: �2:10�

By (2.5), for b 2 Ln;k,

qn�b� � �ÿ1�nÿj�j�nÿj�jcn�b� �
X

�2Lnÿj�j;k

�ÿ1�j�j nÿ jbj
d

� �
cn�b� d�: �2:11�

By (2.10), X
�2Ln;k

n

b

� �
qn�b� � rnqn�0� � cn�0� � 1: �2:12�

Finally, by (2.9), the non-negativity of qn�b�'s implies that conditions (2.2) hold and

consequently,

Gn;k � ffcn�b�; b 2 ~Ln;kg : qn�b� � 0 8 b 2 ~Ln;kg; �2:13�
where qn�b�'s are given by (2.11). Of course cn�0� � 1.

Let Ek :� f0; 1; 2; . . . ; kg. Given an element fcn�b�; b 2 ~Ln;kg of Gn;k, let Qn be the

symmetric measure on the n-fold product space En
k which assigns mass qn�b� to each

point ! � �!1; !2; . . . ; !n� of En
k for which #fi : !i � jg � �j, j � 1; 2; . . . ; k and

#fi : !i � 0g � nÿ jbj. By (2.6) and (2.12), Qn is a probability. Conversely, given

fqn�b�; b 2 ~Ln;kg, eqs (2.10) determine an element of Gn;k. This establishes a one-to-one

correspondence between Gn;k and

Y
n;k

:� fqn�b�; b 2 Ln;kg : qn�b� � 0;
X
�2 ~Ln;k

n

b

� �
qn�b� � 1

8<:
9=;; �2:14�

the set of all symmetric probabilities on En
k . Of course

qn�0� � 1ÿ
X
�2 ~Ln;k

n

b

� �
qn�b�: �2:15�

Equations (2.10) and (2.11) define maps

�n : Gn;kÿ!
Y
n;k

and

 n :
Y
n;k

ÿ!Gn;k: �2:16�
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Clearly, these maps establish an affine congruence between the convex sets Gn;k and
Q

n;k.

Further, these maps are inverses of each other.

We define the projection map

�n : Gn�1;kÿ!Gn;k

by

fc�b� : b 2 ~Ln�1;kg 7ÿ!fc�b� : b 2 ~Ln;kg: �2:17�
Likewise, we define

~�n :
Y

n�1;k

7ÿ!
Y
n;k

by

q� 7ÿ! q; �2:18�
where q is the n-dimensional marginal of q� in

Q
n�1;k. We note that both these projection

maps are affine. We briefly illustrate the use of these maps to answer questions about Gn;k

and
Q

n;k.

(a) Extreme points of Gn;k and
Q

n;k. Clearly, the extreme points of
Q

n;k correspond to

probabilities Q

n ; c 2 Ln;k, where Q


n is the uniform probability distribution on the set of

those elements of En
k for which #fi : wi � jg � 
j; j � 1; 2; . . . ; k; i.e.,

q
n�b� �
1

n



� � if b � c

0 otherwise:

8>><>>: �2:19�

The extreme points of Gn;k, which are otherwise not so apparent, can easily be obtained

by using the map  n which, being an affine congruence, maps @
Q

n;k onto @Gn;k. Simple

calculations show that

@Gn;k � ffc
n�b�; b 2 ~Ln;kg : c 2 Ln;kg;
where

c
n�b� �



�

� �
n
�

� � � Qk
i�1�
i�
i ÿ 1� � � � �
i ÿ �i � 1��

n�nÿ 1� � � � �nÿ j�j � 1� if b � c

0 otherwise:

8>>><>>>: �2:20�

(b) Extendability of partial G-multisequences. We define

Gn�m;k
n;k :� fc�b�; b 2 ~Lm;kg : 9fc�b�; b 2 ~Ln�m;k ÿ ~Ln;kg s:t:

fc�b� : b 2 ~Ln�m;kg 2 Gn�m;k

� �
: �2:21�

This is the set of those partial multisequences of order n which can be extended to ones of

order n� m. Clearly,

Gn�m;k
n;k � �n � �n�1 � � � � � �n�mÿ1�Gn�m;k�
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and consequently,

Gn�m;k
n;k � Convex Hull f�n � �n�1 � . . . � �n�mÿ1�@Gn�m;k�g:

Simple calculations show that

@Gn�m;k
n;k � ffc
n�b�; b 2 ~Ln;kg : c 2 Ln�m;kg;

where

c
n�b� �




�

� �
n�m
�

� � � Qk
i�1�
i�
i ÿ 1� � � � �
i ÿ �i � 1��

�n� m��n� mÿ 1� � � � �n� mÿ j�j � 1� if b � c

0 otherwise:

8>>><>>>:
�2:22�

(c) Extendability of symmetric probabilities. We defineYn�m;k

n;k

:� fq�b�; b 2 ~Ln;kg : 9fq�b�; b 2 ~Ln�m;k ÿ ~Ln;kg
s:t: fq�b�; b 2 ~Ln�m;kg 2

Q
n�m;k

( )
: �2:23�

This is the set of those symmetric probabilities on En
k which can be extended to symme-

tric probabilities on En�m
k . Simple calculations show that

@
Yn�m;k

n;k

� ffq
n�b�; b 2 ~Ln;kg : c 2 Ln�m;kg;

where

q
n�b� �

m

ÿ�
� �

n�m



� � if b � c and jbj � jcj ÿ m

0 otherwise:

8>>><>>>: �2:24�

(d) The moment space of the standard k-simplex. We define

Mn;k �
\1
m�1

Gn�m;k
n;k �

\1
m�1

�Convex Hull ffc
n�b�; b 2 ~Ln;kg : c 2 Ln�m;kg�;

�2:25�
where c
n��� are given by (2.22). This is the set of those partial multisequences of order

n which can be extended to ones of order m� n for each m � 1; 2; . . . : In view of

Theorem 1.1, it follows that

Mn;k � cn�b� �
Z

Sk

x�d�; b 2 ~Ln;k

� �
: � 2 �

� �
; �2:26�

where � is the set of all probability measures on the simplex Sk.

Equation (2.25) expresses the nth moment space, i.e., the space of all moments of total

order n or less, of the simplex, as an intersection of a decreasing sequence of polytopes in

Rj ~Ln;k j. Each Gn�m;k
n;k can be written as an intersection of finitely many closed half-spaces
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and consequently, Mn;k can be expressed as an intersection of countably many closed

half-spaces of Rj ~Ln;k j.
The above description of Mn;k is rather indirect and we do not consider it very useful.

Kemperman and Skibinsky [6], among others, gave explicit description of Mn;k for

n � 2; 3 and k � 2; their description involves some non-linear conditions.

3. A normal limit theorem for G-multisequences

To get a better insight into the shape and structure of the sets Gn;k, we would like to look

at a typical point of it. For this purpose, for each n � 1; 2; . . . ; we put uniform probability

measure on Gn;k, i.e., the Lebesgue measure normalized by volume �Gn;k�. The coordinate

variables cn�b� can now be viewed as random variables on the probability space Gn;k. We

fix an initial segment fcn�b�; b 2 ~Lm;kg, and prove that, after suitable centering and

normalization, it converges in law, as n!1, to a multivariate normal (briefly: MVN).

This convergence to MVN is controlled by the Dirichlet distribution D � D�1; 1; . . . 1; 1�
on the simplex Sk in the sense that the centering constants and the covariance matrix of

the limiting MVN depend on the moments of D; see (3.12) and (3.13).

We find it convenient to introduce a suitable system of canonical coordinates in the

space Gn;k. Let

Sn;k � fpn�b�; b 2 ~Ln;kg : pn�b� � 0;
X
�2 ~Ln;k

pn�b� � 1

8<:
9=; �3:1�

be the standard simplex in RN , where

N � N�n; k� � j ~Ln;kj � n� k

k

� �
ÿ 1: �3:2�

We put

pn�0� � 1ÿ
X
�2 ~Ln;k

pn�b� �3:3�

and set up a bijection between Sn;k and
Q

n;k by putting

pn�b� � n

b

� �
qn�b�; b 2 ~Ln;k: �3:4�

Of course, by (2.15) and (3.4),

pn�0� � qn�0�: �3:5�
This gives a bijection between Gn;k and Sn;k. Explicitly, by (2.10), (2.11) and (3.4), we have

cn�b� � 1

n
�

� � X
�2Lnÿj�j;k

b� d
b

� �
pn�b� d� �3:6�

and

pn�b� � n

b

� � X
�2Lnÿj�j;k

�ÿ1�j�j nÿ jbj
d

� �
cn�b� d�: �3:7�
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We shall employ fpn�b�; b 2 ~Ln;kg as the canonical coordinates of the space

Gn;k � RN�n;k�. We take fe�b�; b 2 ~Ln;kg as the standard basis in RN�n;k� and order the

elements of this basis by assigning the natural order to Lj;k; j � 1; 2; . . . ; n and within

each Lj;k choosing and fixing some linear order. Clearly, the matrices of linear trans-

formations (3.6) and (3.7) with respect to the chosen ordered basis, are upper triangular.

Further,

@�cn�b�; b 2 ~Ln;k�
@�pn�b�; b 2 ~Ln;k�

�
Y
�2 ~Ln;k

n

b

� �24 35ÿ1

: �3:8�

We need some combinatorial identities.

PROPOSITION 3.1

�a�
Xt

j�0

s� j

s

� �
� s� t � 1

s� 1

� �
for s; t � 0; 1; 2; . . . : �3:9a�

�b�
Xt

j�0

ÿa

t ÿ j

� � ÿb

j

� �
� ÿ�a� b�

t

� �
for t � 0; 1; 2; . . . and

real a and b; or equivalently;Xt

j�0

a� t ÿ jÿ 1

t ÿ j

� �
b� jÿ 1

j

� �
� a� b� t ÿ 1

t

� �
: �3:9b�

�c�
X

2Lj;k

� � 

�

� �
� j�j � k � jÿ 1

j

� �
�3:9c�

for j � 0; 1; 2; . . . ; k � 1; 2; . . . and � � ��1; �2; . . . ; �k�; �i � 0; 1; 2; . . . :

�d�
X

2Lt;k

� � 

�

� �
� j�j � k � t

t

� �
for k � 1; 2; . . . ; t � 0; 1; 2; . . . : �3:9d�

�e�
X
�2Lt;k

Yk

i�1

�1� �i��i �
Xt

r�0

t � k ÿ 1

r � k ÿ 1

� � X

2Lr;k

Yk

i�1

�

i

i �3:9e�

for t � 0; 1; 2; . . . and k � 1; 2; . . . :

�f�
Y
�2Ln;k

�! �
Yn

r�0

�r!�k nÿr�kÿ1
kÿ1� � �3:9f�

for n � 0; 1; 2; . . . ; k � 1; 2; . . . :

�g�
X
�2Lt;k


 � �
�

� �

 � �
�

� �

�
Xt^�j�j�j�j�

r�o

X

��0




�

� � X
�2Lr;k


��������

t � k ÿ 1

r � k ÿ 1

� �
�� �

�� �ÿ � �� �ÿ � �� � ÿ �ÿ �
� �

�3:9g�
for �; � 2 Lm;k and 
 � � _ �:
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Proof. (a) This is easily proved by induction. &

(b) This follows by comparing the coefficients of xt in the identity �1� x�ÿa�1� x�ÿb �
�1� x�ÿ�a�b�: &

(c) The case k � 1 is trivial. Fix k � 2; we use induction. Assume that the identity holds

for all j; all b and k replaced by k ÿ 1: Then

X

2Lj; k

b� c
b

� �
�
Xj

i�0

�1 � i

�1

� � X

2�
3�����
k�jÿi

Yk

��2

�� � 
�
��

� �

�
Xj

i�0

�1 � i

�1

� � jbj ÿ �1 � k ÿ 1� jÿ iÿ 1

jÿ i

� �
by induction hypothesis

� jbj � k � jÿ 1

j

� �
by �b�: &

(d) This follows from (c) and (a). &
(e) The identity trivially holds for t � 0; k � 1; 2 . . . and for k � 1; t � 1; 2; . . . . We give

the lexicographic ordering to the index set I � f�s; �� : s � 0; 1; 2; . . . ; � � 1; 2; . . .g.
Fix �t; k�; t � 1 and k � 2 and assume the induction hypothesis that the equality holds

for all elements of I strictly preceding �t; k�: We prove the equality for �t; k�: The

term �

1

1

Qk
i�2 �


i

i ; with c 2 Lr;k; occurs in

X
�2Lt;k

Yk

i�1

�1� �i��i �
X
�2Lt;k

�1� �1��1
Yk

i�2

�1� �i��i

with coefficient

Xtÿr�
1

�1�
1

�1


1

� �
t ÿ �1 � k ÿ 2

r ÿ 
1 � k ÿ 2

� �
�
Xtÿr

m�0


1 � m


1

� �
t ÿ 
1 ÿ m� k ÿ 2

r ÿ 
1 � k ÿ 2

� �

�
Xtÿr

m�0


1 � 1� �mÿ 1�
m

� �
:

r ÿ 
1 � k ÿ 1� �t ÿ r ÿ mÿ 1�
t ÿ r ÿ m

� �
� t � k ÿ 1

t ÿ r

� �
by �3:9b�:

� t � k ÿ 1

r � k ÿ 1

� �
:

Thus X
�2Lt;k

Yk

i�1

�1� �i��i �
Xt

r�0

t � k ÿ 1

r � k ÿ 1

� � X

2Lr;k

Yk

i�1

�

i

i : &

(f) The identity trivially holds for n � 0; k � 1; 2; . . . and k � 1; n � 1; 2; . . . :We give the

lexicographic ordering to the index set I � f�m; �� : m � 0; 1; 2; . . . ; � � 1; 2; . . .g:
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Fix �n; k�; n � 1 and k � 2 and assume the induction hypothesis that the equality

holds for all elements of I strictly preceding �n; k�: We prove the equality for �n; k�:
We haveY

�2Ln;k

b! �
Yn

r�0

Y
�2��3������k�nÿr

fr!��2!�3! . . .�k!g

�
Yn

r�0

�r!�jL�nÿr;kÿ1�j
( ) Yn

r�0

Y
�2Lnÿr;kÿ1

b!

8<:
9=;

�
Yn

r�0

�r!�jL�nÿr;kÿ1�j
( ) Yn

r�0

Ynÿr

s�0

�s!��kÿ1� nÿrÿs�kÿ2
kÿ2� �

( )
by the induction hypothesis

�
Yn

r�0

�r!�jL�nÿr;kÿ1�j
( ) Yn

s�0

�s!��kÿ1�
Pnÿs

r�0

nÿrÿs�kÿ2
kÿ2� �

( )

�
Yn

r�0

�r!�k nÿr�kÿ1
kÿ1� � by �3:9a�: &

(g) Let x � �x1; x2; . . . ; xk�; y � �y1; y2; . . . ; yk� and 1� q :��1� �1; 1� �2; . . . ; 1� �k�
with �i � xi � yi � xiyi: The LHS of the identity can be identified with the coefficient

of x�y� inX
�2Lt;k

��1� x��1� y��
�� � �1� q�

X
�2Lt;k

�1� q��

� �1� q�

Xt

r�0

t � k ÿ 1

r � k ÿ 1

� � X
�2Lr;k

q� by �3:9e�

�
Xt

r�0

X

��0

c
k

� � X
�2Lr;k

t � k ÿ 1

r � k ÿ 1

� �
q���:

We now observe that the coefficient of uavb in �u� v � uv�m equals m
mÿb mÿa a�bÿm

� �
if a _ b � m � a� b and zero otherwise. Thus

LHS�
Xt

r�0

X

��0

c
k

� � X
�2Lr;k


��������

t � k ÿ 1

r � k ÿ 1

� �
ff� k

ff�kÿb ff�kÿa a�bÿffÿk

� �
:

We now observe that if r > jaj � jbj then jffj � jkj > jaj � jbj � jkj and 
i � �i � �i �
�i � �i is violated for some i: Thus LHS of the identity equals

Xt^�j�j�j�j�

r�0

X

��0

c
k

� � X
�2Lr;k


��������

t� kÿ 1

r� kÿ 1

� �
ff� k

ff� kÿ b ff�kÿa a�bÿffÿk

� �
:

&
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We put

Vn;k � Volume �Gn;k�: �3:10�

PROPOSITION 3.2

As n!1,

1

nk�1
log Vn;k!ÿ Ak

where

Ak � k�k � 1�
k!

Xkÿ1

j�0

�ÿ1� j kÿ1
j

� �
� j� 2�2 : �3:11�

The constants Ak are positive with A1 � 1
2
; A2 � 5

12
; A3 � 13

72
; . . . ; for k � 1 the above

result agrees with the corresponding one in �3�.

Proof.

Vn;k �
Z

Gn;k

Y
�2 ~Ln;k

dcn�b�

�
Y
�2 ~Ln;k

n

b

� �24 35ÿ1Z
Sn;k

Y
�2 ~Ln;k

dpn�b� by �3:8�

�
fQ�2 ~Ln;k

b!gfQn
j�1��nÿ j�!�jLj;kjg

N�n; k�!�n!�j ~Ln;k j
by �2:4�

�
Qn

r�1�r!��k�1� nÿr�kÿ1
kÿ1� �

N�n; k�!�n!� n�k
k� � by �3:2� and �3:9f�:

Now,

log N�n; k�! � o�nk�1�;
n� k

k

� �
log n! � nk�1

k!
log nÿ nk�1

k!
� o�nk�1�

and

log
Yn

r�1

�r!��k�1� nÿr�kÿ1
kÿ1� �

( )
��k�1� nkÿ1

kÿ1!

Xn

r�1

1ÿ r

n

� �kÿ1

�r log rÿr�� o�nk�1�

� �k � 1�nk�1

k ÿ 1!

Xn

r�1

1

n
1ÿ r

n

� �kÿ1 r

n
log

r

n
� r

n
log nÿ r

n

h i
� o�nk�1�

� �k � 1�nk�1

k ÿ 1!

Z 1

0

x�1ÿ x�kÿ1
log x dx� log n

Z 1

0

x�1ÿ x�kÿ1
dx

�
ÿ
Z 1

0

x�1ÿ x�kÿ1
dx

�
� o�nk�1�:
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Thus

log Vn;k � k�k � 1�
k!

� nk�1

Z 1

0

x�1ÿ x�kÿ1
log x dx� o�nk�1�

� ÿ k�k � 1�
k!

� nk�1 �
Xkÿ1

j�0

�ÿ1�j kÿ1
j

� �
� j� 2�2 � o�nk�1�: &

PROPOSITION 3.3

The uniform probability measure on the space Gn;k is equivalent to having the uniform

probability measure on the space Sn;k of canonical coordinates.

Proof. This is an immediate consequence of (3.8) and the change of variables formula for

an integral on Gn;k to Sn;k and vice-versa. &

The main result of this section is the following.

Theorem 3.4. For each m � 1; 2; . . . ; as n!1, the law of������������������
n� k

k

� �s
�cn�b� ÿ c0�b��; b 2 ~Lm;k

( )

relative to uniform probability on Gn;k converges weakly to a multivariate normal

distribution MVN �0;�m� on RN�m;k�, where

c0�b� � k!b!

�k � jbj�! ; �m � ����a; b����;�2 ~Lm;k

��a; b� � �a� b�!k!

�jaj � jbj � k�! : �3:12�

We note that the centering constants and the covariances are given by the moments of

the Dirichlet distribution D�1; 1; . . . ; 1� on Sk:

c0�b� � ��b�; ��a; b� � ��a� b�;
where

��c� �
Z

Sk

x

1

1 x

2

2 � � � x
k

k dx1 dx2 � � � dxk: �3:13�

Proof. The uniform probability on the simplex Sn;k is just the Dirichlet �1; 1; . . . ; 1; 1�
distribution on it. Let Z0; Z1 . . . be a sequence of i.i.d. standard exponential random

variables defined on, say, the probability space �
;F ;P�: We relabel these random

variables as Z�; a 2
S1

n�0Ln;k: The law, under P; of

�
Z���P

�2Ln;k
Z���

: b 2 ~Ln;k

�
is Dirichlet

�1; 1; . . . ; 1�. Hence, by (3.6) and Proposition 3.3, the law of fcn�b�; b 2 ~Ln;kg; under

uniform probability on Gn;k; is same as the law, under P; of
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Yn�b��
X

�2Lnÿj�j

b�d
d

� �
Z�b�d�

24 35, n

b

� � X
�2Ln;k

Z�a�
24 35; b2 ~Ln;k: �3:14�

Now choose and fix an integer m � 1 and consider n � m: We observe that, for

b 2 eLm;k ,

E�Yn�b�� �
X

�2Lnÿj�j

b� d
d

� �24 35, n

b

� �
n� k

k

� �� �
� k � jbj

k

� �ÿ1

by �3:9d�

� c0�b� by �3:12�:
We further observe that

X
�2Ln;k

Z�a�
24 35, n� k

k

� �� �
!P 1: �3:15�

Hence, by (3.14) and (3.15), to prove the stated weak convergence of
�����������

n�k
k

ÿ �q
�cn�b�ÿ

n
c0�b��; b 2 eLm;k

o
, it suffices to prove that

fTn�b�; b 2 ~Lm;kg�)MVN�0;�m�;
where

Tn�b� :�
X

�2Lnÿj�j;k

b� d
d

� �
fZ�b� d� ÿ 1g

24 35, n

b

� � ������������������
n� k

k

� �s" #
: �3:16�

For a; b 2 ~Lm;k , Let c � a _ b: Then, for n � jaj � jbj � jcj; we have

Cov �Tn�a�; Tn�b�� �
X

�2Lnÿj
j;k

c� d
a

� �
c� d

b

� �24 35, n

a

� � n

b

� �
n� k

k

� �� �
and, by (3.9g),

n

a

� � n

b

� �
n� k

k

� �� �
Cov �Tn�a�; Tn�b�� �

Xnÿj
j
t�0

Xt^j���j

r�0

X

��0

c
k

� �
�

X
�2Lr;k


��������

t � k ÿ 1

r � k ÿ 1

� �
ff� k

ff� kÿ b ff� kÿ a a� bÿ ffÿ k

� �

�
Xj���j
r�0

X

��0

c
k

� � X
�2Lr;k


��������

ff� k
ff�kÿb ff�kÿa a�bÿffÿ k

� �Xnÿj
j
t�r

t � kÿ1

r � kÿ1

� �

�
Xj���j
r�0

X

��0

c
k

� � X
�2Lr;k


��������

ff�k
ff�kÿb ff�kÿ a a� bÿ ffÿ k

� �
nÿ jcj � k

r � k

� �
by �3:9a�:
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As n!1; the dominating term corresponds to r � ja� bj and the conditions r �
ja� bj;ff 2 Lr;k; c � ff� k � a� b imply that ff � a� b and k � 0. Thus

Cov �Tn�a�; Tn�b�� � n

a

� � n

b

� �
n� k

k

� �� �ÿ1
nÿ jcj � k

jaj � jbj � k

� �
a� b

a

� �
� �a� b�!k!

�jaj � jbj � k�! � ��a; b� by �3:12�: �3:17�

By the CrameÂr±Wold theorem it suffices to prove thatX
�2 ~Lm;k

a�b�Tn�b��)N 0;
XX

a�a�a�b���a; b�
h i

for all fa�b�; b 2 ~Lm;kg. We haveX
�2 ~Lm;k

a�b�Tn�b�

� n� k

k

� �ÿ1=2 X
�2 ~Lm;k

a�b� n

b

� �ÿ1 X
�2Lnÿj�j;k

b� d
d

� �
�Z�b� d� ÿ 1�

24 35
� n� k

k

� �ÿ1=2 X

2Ln;k

bn�c��Z�c� ÿ 1�; �3:18�

where

bn�c� �
X
��


�2 ~Lm;k

a�b� 


�

� �
n

�

� � : �3:19�

We write

Un :�
X

2Ln;k

Xn�c� with Xn�c� � bn�c��Z�c� ÿ 1�

and observe that Un is a sum of independent random variables centered at their expecta-

tions. Further, we have the following:

�i� s2
n � Var �Un� � n� k

k

� �
Var

X
a�b�Tn�b�

 !

� n� k

k

� �XX
a�a�a�b���a; b� by �3:17�

�ii� 1

s3
n

X

2Ln; k

EjXn�c�j3 � 1

s3
n

X

2Ln;k

jbn�c�j3EjZ�c� ÿ 1j3

! 0; as n!1;
since jbn�c�j �

P
�2 ~Lm;k

ja�b�j by (3.19), jLn;kj � n�k
k

ÿ �
and s3

n � O n�k
k

ÿ �3=2
� �

by �i�:
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Hence, by LoeÂve [7], p. 275, Un=sn�)N�0; 1�, or equivalently,X
�2 ~Lm;k

a�b�Tn�b� � n� k

k

� �ÿ1=2

Un�)N 0;
XX

a�a�a�b���a; b�
h i

:

This completes the proof. &

4. Remarks

The moment spaces Mn of �0; 1� ± in our notation Mn �Mn;1 ± have been

comprehensively treated in the literature. Karlin and McGregor [5] study a random

walk fXngn�0 on the nonnegative integers Z� such that

P�Xn�1 � jjXn � i� �
pi if j � iÿ 1

1ÿ pi if j � i� 1

0 otherwise

8<: �4:1�

and 0 < pi < 1 for i � 1; while p0 � 0; they show that there exists a unique probability

measure � of infinite support on �0; 1� such that

P
�2n�
00 � P�X2n � 0jX0 � 0� �

Z 1

0

xn d� for all n � 0: �4:2�

This essentially establishes a one-to-one correspondence between the moment sequences

on one hand and the parameters fpigi�0 of the associated random walks on the other;

taking 0 < pi < 1 amounts to confining oneself to the interior of Mn: The parameters

pi; i � 1; associated with � turn out to be canonical moments of � introduced by Skibinsky

[8]. Chang, Kemperman and Studden [1] employ fpig as the canonical coordinates of the

space Mn and prove a normal limit theorem for moment sequences.

All our efforts to find analogues of the random walk of Karlin and McGregor [5] or of

canonical moments associated with a probability measure on Sk were unsuccessful. It

would be desirable to do an asymptotic analysis of the moment spaces Mn;k for k � 2:
That, in the present state of our knowledge, appears to be a formidable task.
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