Proc. Indian Acad. Sci. (Math. Sci.), Vol. 110, No. 3, August 2000, pp. 315-322.
© Printed in India

Coin tossing and Laplace inversion
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Abstract. An analysis of exchangeable sequences of coin tossings leads to inversion
formulae for Laplace transforms of probability measures.
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1. Introduction

There is an intimate relationship between the Laplace transform

MM=/ eNdu(r), A >0 (L1)
0
of a probability measure v on [0,00) and the moment sequence
1
c(n) :/ 'xndl’t(x)’ n:O7]’2"" (1.2)
0

of a probability measure 1 on (0, 1] via the obvious change of variables e™" = x. An
inversion formula for p in terms of its moments yields an inversion formula for v in terms
of the values of its Laplace transform at n = 0, 1,2, ... and vice versa. In our discussion
we allow p (respectively v) to have positive mass at O (respectively 0o).

Let X, X5, ... be 0, 1-valued random variables; one can identify 1 with ‘heads’ and 0
with ‘tails’. These variables are said to be exchangeable if their joint distribution is
invariant under finite permutations. Such variables can be generated in the following
manner: first choose p at random according to a probability law 4 on [0, 1] and then let
X1,Xp,... be results of i.i.d tosses of a coin having probability p for ‘heads’. The
resulting measure

1
P() = / P,(-)du(p) (1.3)

on {0, 1}" is a mixture of i.i.d probabilities P,.

Then under P the process of coordinate functions is exchangeable. By a theorem of De
Finetti, any exchangeable sequence of 0, 1-valued random variables arises in this manner
for a suitable p. The strong law of large numbers takes the form

_Xi+ X+t X,
n

Y,:

—Yy as. [P]. (1.4)

Here the limit Y, is a random variable. Further,
Yoo ~ o and L(Y,) = p, (1.5)
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where L£(Y,) stands for the probability law of ¥,,n > 1 and ‘=" denotes weak conver-
gence. If {7',1}nZl is a sequence of stopping times such that

T, — 00 a.s [P], (1.6)
then
Y, — Yy as. [P] and F,=F, (1.7)

where F,F,,F,,... are the p.d.f’s of u,Y;,Y,,... respectively. In the coin tossing
situation many choices of {r,},., exist for which (1.6) holds and F, can be explicitly
written down in terms of ¢(k), k = 1,2,.... Thus we get a host of inversion formulae for
4 in terms of its moments.

The classical inversion formulae, e.g., those due to Hausdorff, Widder, and Feller can
be obtained in the above manner. The methods of these authors were analytical although
Feller was motivated by problems arising in stochastic theory of telephone traffic as he
mentions in the introduction of his paper [2]. It is therefore satisfying to see that some of
the results of Widder and Feller are consequences of the strong law of large numbers,
conditioning and stopping times, ideas which are central to probability theory.

This paper is organized as follows. Section 1 deals with the 1-dimensional case while
§ 2 briefly deals with the 2-dimensional case; the generalization to higher dimensions is
straightforward.

2. Coin tossing and inversion formulae

Exchangeable probabilities on the coin-tossing space

Let £y = {0,1} and = EY where N = {1,2,3,...}; the space ) is sometimes called
the coin-tossing space. Let w = (wy, ws, . ..) be a generic point of 2 and X;, X5, . . . be the
coordinate variables, i.e., X,(w) :=w,, n=1,2,.... Let F, = o(X;,Xs,...,X,) and
F = o(X, : n > 1) be the o-fields of subsets of (2. Let X be the group of all permutations
of natural numbers which shift only finitely many of them and let ¥, = {c € & : a( ) =i
for i > n}. For o € X, let T, : Q — Q be defined by T, (wi,ws, . ..) := (Ws(1), Wo(2), - - -)-
Let S,={AeF:T,'"A=Aforalloe,} and S={AeF:T,'A= Aforallae
¥}. Clearly S, | S. A probability P on (2, F) is said to be exchangeable if PT;! =
P for all o € 3. For each p, 0 < p <1, let P, be the product probability on (2 under
which P,(X;=1)=1-P,(X; =0)=p, i = 1727 .... By a theorem of De Finetti, see,
e.g., Meyer [7], under an exchangeable P on (2, F), X|,Xp,... are conditionally
independent given the symmetric o-field S. As a consequence, corresponding to an
exchangeable P there exists a probability p on [0, 1] such that

1
P(F) = / P, (F)du(p), FeF. 2.1)
0
The probability measure (4 is called the mixing probability corresponding to P.

Inversion formulae

We fix a probability measure p on [0, 1] and the associated exchangeable probability P on
(Q,F). Let

Ac(k) = c(k+ 1) — c(k), (22)
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where c(k), k =0,1,2,... are given by (1.2). Then
1
(=1)"*Ake(k) = / (1 —x)"*dux), k=0,1,2,...,n > k. (2.3)
0

The atoms of S,, are
App={weQ#(:1<i<nw=1)=k} (2.4)

and
P(8,) = (1) () A e(). 25)

It is easily seen that the mixing probability y is uniquely determined by P(A,x), n =
1,2,...,k=1,2,...,n.
As S, | S, by the reverse martingale convergence theorem, we have
X+ X+ + X,

Y, = E(X,||S,) = ; Y = E(X||S) as. [Pl (2.6)

Further, for k =1,2,...,

YL

EX\||S) - E(Xa||S) ... E(Xi||S) as. [P]
E(X1X;...X;||S) as. [P] by De Finetti’s theorem
P(X] :X2 R :Xk - 1||S) a.s. [P]

and consequently,

E(YE) = / Prdu(p) = (k).

Thus

Yoo ~ b (2.7)
Now let {7,},-, be a sequence of stopping times with respect to {F,},-, such that

T, — o0 as. [P). (2.8)
Then

Y, — Yy as. [P]. (2.9)

By the compactness of [0, 1], it follows by Prokhorov’s theorem, see, e.g., [1], that the
sequence of probability laws of Y. converges in the weak *-topology to j. Thus

F,=F, (2.10)

where F,Fy,F»,... are the p.d.f’s of pu, Y, ,Y,,,... respectively.
For each choice of {7}, for which (2.8) holds, we get an inversion formula for ;. We
give some examples.

Example 1. Take 7, = n. Then (2.8) holds and

P(Yn - z) = P(A) = (—1)"* (Z) A" k() by (2.5).



Fo(t) = (—1)* (Z) A" ke(k) = F(r)

k:k<[nt]

at the points of continuity of F. This is the inversion formula of Hausdorff [3].

Example 2. Let 7, be the waiting time for the appearance of the nth tail, i.e.,
Tu(w) = inf{m : X; (w) + Xo(w) + - -+ + Xpp(w) = m — n};

we adopt the convention that the infimum of the empty set is co. Here 7,(w) > n for all w
and (2.8) holds. Further,

k—1
Pp(Tn:n+k):<n+k )Pk(l—P)ny kzoalaza"'70<p<17

Po(rn=n)=1 and Pi(r, =00)=1.
Also,

k n+k—1\ , "
P YT: = 1— 5 k:O,l,Z,...,O 17
p< : n+k) ( p )p( p) <p<

Py(Y, =0)=1 and Pi(Y, =1)=P (Yo =1)=1

by the strong law of large numbers. Thus, by (2.1), the distribution function F, places
mass (—1)" (""7")A"c(k) at £, k = 0,1,2,. .. and the remaining mass p({1}) = ¢(c0)
at 1.

This is essentially the inversion formula derived by Widder — see Theorem 42 and the
footnote on p 193 of [8]. The nth approximant of Widder places mass (—l)"+1 (”J,:k)
A" (k) at £, k=0, 1,2 . and mass c(oo) at 1 which agrees with our F,;; except
that ki is replaced by +1 , Wthh hardly matters. It may be observed that F, contains

infinitely many jumps, they cluster at 1 and their amount uses differences of a fixed order.

Example 3. Let g, be the waiting time for the appearance of the nth head, i.e.,
op(w) = inf{m : X; (w) + X2(w) + -+ - + Xpu(w) = n},
the infimum of the empty set being co. Here o, (w) > n for all w and (2.8) holds. Further,

k—1
Py(0,=n+k) = (n+k )p”(l—p)k, k=0,1,2,...,0<p< 1,

Pi(c,=n)=1 and Py(o, =00)=1.
Also,

n n+k— k
py, =" )=  k=01,2,....0 1,
p( : n+k> ( ) P =rs

Pi(Y,,=1)=1 and Py(Y,, =0)=

n

Thus, by (2.1), F, places mass (—1)*(""*"")Akc(n) at -2, k=0,1,2,... and the

remaining mass p({0}) =1 — Z,ﬁ‘;o(—l)k("+’,§_')Akc(n) at 0. It may be observed that F,
contains infinitely many jumps, they cluster at 0 and their amount uses differences belong-
ing to a fixed point.
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The above formula was derived by very different methods by Feller — see theorem 5
and remark on pages 673-74 of [2]; in his case p is supported on (0, 1] so that

n({0}) = 0.

Example 4. Let p, = 0, A 7, where 7, and o, are as in examples 2 and 3 respectively.
Then p,(w) > n for all w and (2.8) holds. Further, P,(p, =n+k) = (""" ") {p"¢"+
Pq"}, k=0,1,2,....n— 1anditis easily seen that F, places mass (—1)* (”*’;’l)Akc(n)

at -2 and mass (—1)" (""" )A"c(k) at £ k=0,1,2,....n— 1.

The reader is invited to choose his favourite {7}, satisfying (2.8) and write down
the corresponding sequence of approximants of the d.f. F of u.

3. Inversion formulae in higher dimensions

We restrict ourselves to two dimensions; the generalization to higher dimensions is
straightforward. The problem of inversion of the Laplace transform

(M, ) = // N qy (1), A\ >0,i=1,2 (3.1)

of a probability measure v on [0,00) X [0,00) in terms of ¢(k,£),k,£=0,1,2,... is
same as that of finding an inversion formula for a probability measure p on (0, 1] x (0, 1]
in terms of its moments

c(k,l) = //xkxzdu (x1,x2). (3.2)

In our discussion we consider probability measures x on I? := [0, 1] x [0, 1].

To do an analysis similar to the 1-dimensional case, we introduce a special kind of
exchangeable probability on the space of a sequence of tosses of a pair of coins. First we
set up the notation. Let E; = {(00), (01),(10),(11)}, Q = EY, w = (w;,w2,...) with
w; = (witwi), i=1,2,..., be a generic point of Q and X, = (X1, X)) with X1 (w)
= wp, Xm(w) =wp,n=1,2,..., be the coordinate variables. Let F,,F,¥, %,,
T,,S, and S be defined as before. For p = (p1,p,) € I? let 6, be the probability on E;
defined by

6,(00) = (1 —p1)(1 = p2), 6,(01) = (1 — p1)pa,
0,(10) = p1(1 — p2) and 6,(11) = p1p> (3.3)

and let P, =0, x 0, x ... be the corresponding product probability on €. We fix a
probability 1 on /> and introduce the exchangeable probability P on (€2, F) by

P(F) = /sz(F)d’u(p)’ FeF. (3.4)
Let

Ajc(k,l) :==c(k+1,¢) —c(k,£) and

Apc(k,0) := c(k, £+ 1) — c(k,0), (3.5)
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where c(k,?),k,£ =0,1,2,... are given by (3.2). We have

(=) LA AL (k) = / b (1= x)" (1 = x0)" dp(xy, x2).

2

(3.6)

The probability of the atoms of S, can be written in terms of these differences and it is
easily seen that the mixing probability u is uniquely determined by the values of P on the
atoms of S,,n > 1.

By De Finetti’s theorem, under P,X,,n > 1 are conditionally independent given S;
further, by our construction, the mixing probability p is supported on the set of probabi-
lities of type 6, on E, as given in (3.3). Therefore

(a) for almost all w[P], (E(Xu||S)(w), E(X2||S)(w)), n = 1,2, ... are like tosses of a pair
of coins having probability of ‘heads’, say p;(w) and p,(w), all the tosses being
independent and

(®) (p1,p2) ~ p.
By the reverse martingale convergence theorem,

X+ X+ + X

Ynl = E(X11||Sn> = p — Yool = E(X“HS) a.s. [P]
X X e+ X,
Yoo i= E(Xpa|Sn) = 22 22: Ty, — E(Xn|lS) as. [P.
(3.7)
Further, by (a) and (b) above, for k, £ =0,1,2,..., we have
YA Y, = (T E(Xa || S) HIT_ E(X;[|S)} as. [P]
— E{(IT_ X,)(IL_ X,) S} as. [P
=PXn=Xn==Xu=Xp=Xn="=Xn=1|S5) as. [P]
= pip
and
B, YL) = [ Piotauty)
= c(k,?).
Thus

Now let {7}, and {0, },-, be two sequences of stopping times with respect to {7},
such that

. — 00 as. [P], o, — oo as. [P]. (3.9)
Then, by (3.7) and (3.9),
(Y‘r,,la Y(,—nz) — (Yocla YocZ) a.s. [P} (310)
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By (3.8), (3 10) and the compactness of I? it follows that the sequence of probability laws
of (Y,1,Y,,2) converges in the weak *-topology to p. Thus

G,=— G, (3.11)

where G, Gy, Gy, ... are the p.d.f’s of u, (Y1, Ys2); (Y1, Yop2), . .. respectively.
For each choice of {7,},., and {0,},., for which (3.9) holds we get an inversion
formula for . We give some examples.

Example 1. Let 7, = n and o, = n. Then (3.9) holds and
_ k _ ¢ _ 2n—k—L0 A n—k An—0
P(Yu==Yn==)=(-1) AN e(k, ¢) by (3.6),
n n

k,0=0,1,2,...,n. Thus

Gu(s,t) = Y (=1 IAT*ALT e (k, ) — Gs, 1)
k:k<[ns]
0:0<nt]

at the points of continuity of G. This inversion formula can be found in [6]; also see [4]
and [5].

Example 2. Let 7, (respectively o,) be the waiting time for the appearance of the nth tail
for the first (respectively second) coin, i.e.,

Tu(w) = inf{m : X1;(w) + X21 (W) + - - + X (W) = m — n},
op(w) =inf{m : Xp(w) + X (w) + ... + X2 (w) = m — n},
the infimum of an empty set being co. Then (3.9) holds and for k, ¢ =0,1,2,...,

P Yo =y, =t
(plvpz) 7—”17”1"—](’ U'lzin_’_z

n+k—1\/n+/0— )
:< k )( / )1172(1—191)(1—P2),0§P17P2<1,

/
P(] Pz){ ™l =1 YO - M} - P(LPz){Tn = 00,0, = n+£}

} :P(pl,pz){Tn :n—i—k,cr,, :n—i—K}

n+¢—1 .

k
P(pl,l){YT,,l = n——l—k7YJ"2 = 1} = P(pl,l){Tn = n+k, o, = OO}

n+k—1 "
—( r )p’f(l—pl), 0<p <1

and

P(lﬁl){YT,,l = 1,Y0"2 = 1} = P(ll {Tn =00,0, = OO} =1.
The p.d.f. G, of (Y1, ¥,,2) places mass (—1)™ ("7{~") (**{~ ‘)A"AW () at (Hk,m)
(=1 (") Age(oo, €) at (1,55). (1" (") Are(k, o) at (7, 1) and (o0, 00) at
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(1,1). Here ¢(00, £) stands for lim,,_, ¢(m, £), c(k, 00) for lim,,_, c¢(k,m) and c¢(oc0, 00)
= lim,, .o c(m, m). This gives an inversion formula which is a 2-dimensional analogue of
Widder’s formula.

Example 3. Let 7, (respectively o,,) be the waiting time for the appearance of nth head or

tail, whichever is earlier, for the first (respectively second) coin. Then (3.9) holds and it is
easily seen that G, places mass

(— 1)+ (” e 1) (” e 1)A’;A§c(n,n) at (—j_ e [),
n n 4
k—1 —1
oY Dt ()
Centk—1\ (4 l—1) ., k
(-1) < L )( ¢ ATASc(k,n) at iy

Fhk—1\(n+l—1 koot
(" ATAlc(k, ) at [—— ——
= < k )( ¢ > a8k 0) 2 <n+k’n+£)’

k0=0,1,2,...,n— 1.

=~
s +

S

and

The reader is invited to choose his favourite {7,},., and {0,},-, for which (3.9) holds
and write down the corresponding inversion formula.
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