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Abstract. This paper is a first attempt at classifying connections on small vertex
models i.e., commuting squares of the form displayed in (1.2) below. More precisely,
if we let B(k,n) denote the collection of matrices W for which (1.2) is a commuting
square then, we: (i) obtain a simple model form for a representative from each
equivalence class in B(2,n), (ii) obtain necessary conditions for two such ‘model
connections’ in B(2,n) to be themselves equivalent, (iii) show that B(2,n) contains a
(3n — 6)-parameter family of pairwise inequivalent connections, and (iv) show that
the number (3n — 6) is sharp. Finally, we deduce that every graph that can arise as the
principal graph of a finite depth subfactor of index 4 actually arises for one arising
from a vertex model corresponding to B(2,n) for some n.
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1. Introduction

We first recall certain facts about commuting squares and biunitaries. These facts can be
found in [USC] or [JS].
1.1 Consider the following commuting square:

L

Ay C A}

KU UH - (1.1)
G

A) C AY

Then the following are equivalent. (i) G =L = [n] and H = K = [k]; (i) the square
(1.1) is isomorphic to a commuting square of the form

W(l @M (C)W* C M,(C)® M(C)
U U , (12)
C C M,(C)®1

where W = ((Wg)) € M,,(C) ® M(C) is unitary. (We use the convention that 1 < a,
B<n 1<a b<k)

1.2 If W= ((Wg}')) € M,(C) @ My(C), then the square (1.2) is a commuting square
iff W is biunitary i.e., both W and W given by Wg' = W(j,f are unitary.

We shall use the symbol B(k,n) to denote the set of such biunitary matrices.

1.3 Two biunitary matrices W and W’ are said to be equivalent if the corresponding

commuting squares are isomorphic. It is true that if W, W’ € B(k,n), then W and W’ are
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equivalent if and only if there exists unitary matrices U, U’ € M,,, A,A’ € M; such that
(UAW =W U xA4).

1.4 Given W € B(k,n), the basic construction yields a grid of commuting squares and
consequently, a horizontal (respectively vertical) subfactor Ago C A;o (respectively
AP C AY®) with index k> (respectively n?). This construction is canonical, and so,
isomorphic commuting squares (i.e., equivalent biunitary matrices) yield isomorphic
horizontal (respectively vertical) subfactors.

1.5 When n = k =2, any W € B(2,2) is equivalent to a biunitary matrix of the form

1 00 0
010 0
Ww=lo 01 ol
00 0 w

where w € T = {z € C : |z] = 1}. Further neither the vertical nor the horizontal subfactor
is irreducible. It is in fact true, although not mentioned in [USC], that W(w) is equivalent
to W(w') if and only if Re(w) = Re(W/).

2. A model form for a matrix in B(2,n)

In this section we prove that every biunitary matrix in B(2, n) is equivalent to a biunitary
matrix in a model form with (3n — 5) independent parameters.

PROPOSITION 2.1

Any biunitary matrix W € B(2,n) is equivalent to a matrix of the form

C Us
Vs§ -uveC )’

where U,V are diagonal unitary matrices and C,S are positive diagonal matrices such
that C* + §* = 1.

a

Proof. Let W = c fi ,sothatW: a ¢

b d
biunitary matrix if and only if both W and W are unitary matrices. The unitarity of W
and W (i.e. the relation WW* = 1 = WW*) implies the following equations:

where a,b,c,d € M,,. Then W is a

aa* +bb* =1, cc* +dd* =1
ata+cc=1, b'b+d'd=1
aa* +cc* =1, bb* +dd* =1
ata+b'b=1, c'c+d'd=1.

By premultiplying by u ® 1, where u € M,, is a suitable unitary matrix (i.e. by working
with an equivalent biunitary matrix), we may assume, without loss of generality, that a is
positive. Then it follows from the above equations that 0 < a < 1. Let C = a. So there
exist a unique positive matrix S € M,, such that, 0 < S <1 and C? + 5% = 1. Then from
the above equations we can conclude that b, c, d are normal and also that bb* = cc* = S?
and dd* = C?. So there exist unitary matrices U, V,T € M,, such that b = US,c = VS and
d = TC, and such that U and V commute with S (hence, also with C) and 7 commutes
with C (hence, also with S§).
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So we find that W is equivalent to the biunitary matrix
c US
VS TC )’
where C,S, U,V and T are as above.

The biunitarity of W (i.e. the relation WW* = WW* = 1) also implies the following
equations:

SC(V+TU) =0, SC(U+VT)=0,
SC(U+TV*) =0,  SC(V+UT)=0. (2.3)

Since U, V and T leave the eigenspaces {H;},; of C invariant, we may, by conjugating W
by a unitary matrix of the form I' ® 1 (where I' is a unitary matrix which diagonalises C),
assume that

C = ®igcily, S= Diasily,
U=®iqU;, V=&V T=®iT,

where 1y, denotes the identity in £(H;),0 < ¢;,s; < 1 and U;, V;, T; € L(H;).

Thus we see that W = @;c; W;, where W; is a biunitary matrix in M,, ® M, and n; is the

dimension of H;, and that
cily, Uisi
Wi = (SiVi CiTi>.

Note that in order to complete the proof of this proposition it is enough if we prove that
each of this W; is equivalent to a biunitary matrix of the form presented in the proposition
by pre- and post-multiplying by unitary matrices of the form u; ® 1 (then by pre- and
post-multiplying W by matrices of the form (@®;cu;) ® 1 one may prove that W is
equivalent to a matrix of the required form). To prove this we now consider two cases
depending on whether c¢; is zero or non-zero.

Suppose ¢; = 0, then, by pre-multiplying W; by the unitary matrix U; ® 1, we may
assume that U; = 1p,. Now, by conjugating W; by a unitary matrix p ® 1, where p is a
unitary matrix which diagonalises V;, we can conclude that W; is equivalent to a matrix of
the desired form.

Suppose that ¢; # 0. If s5; = 0 we can assume, by conjugating by a unitary matrix p ® 1
(where p is a unitary matrix which diagonalises T;), that the matrix W; is in the required
form. If s; is also non-zero, then first conclude from the set of equations (2.3) that
T; = —U;V; = —V;U;. Now, by conjugating W; by a unitary matrix of the form p ® 1,
where p is a unitary matrix which simultaneously diagonalises the commuting unitaries
U;, V;, T;, we may conclude that W; is equivalent to a matrix of the desired form.

Hence, in any case, we find that W is equivalent to a matrix of the form

C Us
Vs -uve )’

where U,V are diagonal unitary matrices and C, S are positive diagonal matrices such
that C* + §* = 1. ]

It is proved in [USC] that when n = k = 2, any W € B(2,2) is equivalent to a biunitary
matrix of the form
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100 0
01 0 0
WwW=19 01 0ol
00 0 w

where w € T = {z € C : |z| = 1}. Further neither the vertical nor the horizontal subfactor
is irreducible. We explicitly point out the ambiguity in such a representation.

PROPOSITION 2.2
W(w) is equivalent to W(W') if and only if Re(w) = Re(w').
Proof. Let

(0 1 , (10 (1 0
U<1 O)’ A(O w)’ and A(O 1>.

Then it can be easily verified that (U ® A)W(w) = W(®)(U @ A').
Conversely suppose

I 0\ (I O / /
(U®A)<O D>_<0 D,)(U ®A",
(1 0 , ({1 0 _fa b , _(d
vvhereD—(0 w)’D _<O w’)’A_<c d),A _<c’ d . Then the follow-
ing equations hold:
alU =d'U', (2.4)
bUD =b'U, (2.5)
cU=DU, (2.6)
dUD =d'D'U'. (2.7)

Suppose a # 0. Then @’ # 0 by eq. (2.4), and so also d’ # 0 (as D, D', U, U’ are unitary
matrices). From eqs (2.4) and (2.7), we see that &'~'da'a’U'DU"* =D'. Now by compar-
ing the eigenvalues (as U’ is an unitary matrix), we conclude that {d'~'da~'d,
d'~'da~'a'w}= {1,u'}. Hence either w = &/ or w = . Suppose that a = 0, then as A is
an unitary matrix, it is the case that b # 0. Exactly in a similar way, using eqs (2.5) and
(2.6), we can again conclude that either w = ' or w = &' O

PROPOSITION 2.3

Any W € B(2,n) is equivalent to a biunitary matrix of the form

10 0 00 0
01 0 00 0
00 C 00 6

W(w’07¢,c): O 0 0 1 0 O )
00 0 0w 0
00 ¢S 0 0 —0¢C

where 62 dlag(Gl s 92, ceey 9,1_2), ¢: dlag(¢1 y ¢27 ey ¢n—2)’ C: d1ag(C1 s CQ, ey Cn—2)’
S = diag(Sl,Sz, NN ,Sn_z), 0,-,¢,-,w € {Z eC: |Z‘ = 1}, Im(w) Z 0,0 S Ci,S,' § 1, and
C}+87=1.
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Proof. From Proposition 2.1, we may assume that W = > " | E; ® W; (where W; is a
2 x 2 unitary matrix and {E; : 1 <i, j < n} denotes — here and elsewhere — the usual
system of matrix units in M,,), and that W; has the form

C; 0;S;
Wi= <¢i5i —9i¢ici)’

where 6;, ¢; are complex numbers of unit modulus, and 0 < C;, S; < 1 and Ci2 + Si2 =1.
Note next that if D = diag(d, ...,d,) € M, is a diagonal unitary matrix, and if W, W;
are as above, and if V|, V, € M, are unitary, then

DRVIW(1®V,) = Zdi(Eii(@VlvViVZ)- (*)
i=1

Set Vi = 1,V, = W} if the (1,1) entry of W;W; is w;C;, with C; > 0 and |wi| = 1,
define d; = w;. We may now deduce from equation (*) that we may reduce to the case
where W is the identity matrix, and W; are as above.

Next, let U be the unitary matrix which diagonalises (the new) W,. Then, by setting
d; = wj if w,Cf is the (1,1) entry of U*W;U, with é; >0 and |w;| = 1, and by setting
U = V] =V,, we find that we may reduce to the case where W is as above, and in
addition, W; = 1 and W, = diag(1,w), where w is a complex number of unit modulus.

If Im(w) > 0, the proof of the Proposition is complete. If Im(w) < 0, then set

0 1
V1=V2=(1 0>7

andd, =1,d, = w,d; = f% Vi =3,...,n, to conclude that W is indeed equivalent to
a biunitary matrix of the prescribed form. O

3. Classification of B(2,n)

We shall use the notation Q(2,n)= T+ x T2 x T"2 x [0,1]" %, where T is the unit
circle in the complex plane and T™ = {w € T : Im(w) > 0}; we shall denote a typical pair

of points of Q(2,n) by P = (w,0,¢$,C) and P' = (', 0,¢',C’) and the corresponding

biunitary matrices by W and W’. Also we shall denote the matrices (1) g and
(1) 3,) by D and D’ respectively.

We isolate a simple assertion as a lemma, since we will need to repeatedly use it.

Lemma 3.1. Suppose a,b,c,d are non-zero complex numbers, and suppose 0,¢,w;,
Jj =0,1,2 are complex numbers of unit modulus, and suppose C and S are non-negative
real numbers satisfying C*>+ S* = 1. Assume that Im(w,)> 0 and that the following
equations are satisfied:

a(C — wy) + bS = 0, (3.8)
abS — b(0¢C + wow) =0, (3.9)
¢(C — wows) + d¢S = 0, (3.10)
c6S — d(0¢pC + wowiwy) = 0. (3.11)
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Then, S #0,C # 1 and

Re(w;) = —[S? + Re(w09)C?). (3.12)
Proof. If § = 0, then the eqs (3.8) and (3.10) would imply that wy = wow, = 1. Hence, as
we have assumed that w, # 1, conclude that § # 0. Now, deduce from (3.8) and (3.9) that

(wo — C)(06C + wow;) = 0HS?; (3.13)
similarly, deduce from eqs (3.10) and (3.11) that

(wowz — C)(0pC + wowiwn) = 0¢S?.
These equations may be re-written as

wiwi + wo(0p — wi)C = 0¢S?,

wéwgwl + wows (0 —wy)C = 0¢S?,

from which we may deduce that

Wi (1 — w)w; + wo(l — wa) (8¢ — w;)C = 0. (3.14)
As we have assumed that Im(w;) > 0, we may infer from eq. (3.14) that
_ (w| — 9¢)C
L (1 4+w)’

Substituting this expression for wy into eq. (3.13), we find that

(wo — C)(09C + wowr) = (w1 =0 —wi(1 + wy))

wi(1 +wy)
X#

wi(l 4+ ws)
_ c? .0 Opw,);
IS (@109 + w) (w1 + Oguwn);

(Odwi (1 +w2) +wi(wr — 69))

and hence,

2
068 — (wo— C)(09C+ wowr) =06 | S+ —C—— (@106 + wn) (06 + wn) |.
(1—|— CL)Z)

Thus we find that the equation (wy — C)(0¢C + wow;) = 0pS? will be satisfied precisely
when
0= (1 + w2)2S2 + Cz(w19¢ + an)(wl% + WQ)
= W (8% + C?) + wy(25% 4 2C* Re(@ 09)) + (S* + C?)
= w% —2aw, + 1, (say),
where a = — (8% + C*Re(w;09)).
On the other hand, it is clear that if a complex number w satisfies the equation

w?—2aw + 1= 0, where avis real and |a| <1, then w = a £ iV 1 — a2, so that Re(w) = a,
and hence eq. (3.12) is satisfied. O
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In the next proposition we give a partial classification of B(2,n). B(2,3) is completely
classified in [Sr].

PROPOSITION 3.2
Let n be arbitrary. Assume that Im(w), Im(w') > 0, and C;,S;, C., S: # 0 for all i.

(@) If W(w,0,¢,C) is equivalent to W (', 0, ¢, C"), then one of the following relations
holds:
(0) w =W/, and there exists a permutation o € S,_» such that

Ad(P,)(C) =C', Ad(P)(0) =0, and Ad(P,)(¢) = (¢,

where ( is some complex number of unit modulus, P, denotes the permutation matrix
corresponding to o, and we write Ad(P,) = P,(-)P,.
(1) w= ', and there exists a permutation o € S,_» such that

Ad(P;)(C) =C', Ad(P;)(0) =¢0", and Ad(P;)(¢) = w(¢",

where ( is some complex number of unit modulus.

(2) There exist i, i' such that (Re(w'), Re(w)) € A;x A, where A; = {f(Siz+ Re(@,-gbi)Ciz),
—(S? +Re(@0,0)C7)} and A = {~(S}? +Re(0,6/)CP), —(5P +Re(&0:0/)CP)}-

(3) There exist i, j,i',j' such that (Re(w'), Re(w)) = (=my;, —mj, ;) where m;j=1-
(1 + Re(0isf;)) C2C2 — (1 + Re(01,6,))S25? — 2(Re(08) + Rel(x6))C.CS.S,
and m: j is the corresponding ‘primed’ expression.

(b) In (a), conditions (0) and (1) are also sufficient conditions for W(w, 8, ¢,C) to be
equivalent to W(w, ', ¢', C").

(¢) (i) The vertical subfactor associated with W(w, 0, ¢, C) is always reducible.
(il) The horizontal subfactor associated with W (w, 0, ¢, C) is reducible if and only if

either of the following two conditions holds:

(1) §=0;
(2) w=1 and there exists scalars \{ € T and \ € C such that ¢S = \0S and
(14 6¢)C = \,08.

Proof. First we write the condition for P, P’ € Q(2,n) to afford equivalent connections,
as a set of equations. Thus, in order for W to be equivalent to W', ie. (U®A)W
(,6,6,C) = W(, 8,8/, C')(U' © A'), where

a b , a b
A= ;A= cU(2),
c d d d

u wp P upy U, P
U=|w1 wy Q |, U=|uy, w, Q"|cU),
X Y Z X' Yy 7

P,O.X,Y,P',Q" XY €My 5 and Z,Z" € M,,_», where X' denotes the matrix tran-
spose of X, it is necessary and sufficient that the following set of equations holds.

u171A = ”/1.1‘4,’ (315)
U1 2AD = ”/1.,2‘4/’ (3.16)
P'(aC + boS) = d'P", (3.17)
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P'(afS — bOSC) = b'P", (3.18)
P'(cC + dgS) = ¢'P", (3.19)
P'(c6S — d96C) = d'P", (3.20)
uz 1A = up D'A’, (3.21)

u2AD = uy ,D'A, (3.22)

0'(aC + beS) = d' 0", (3.23)
0'(afS — bOSC) = b'Q", (3.24)
Q' (cC +dpS) = /0", (3.25)
0'(chS — d6dC) = d'S'Q", (3.26)
aX = (dC' + 98X (3.27)

bX = (5C'+ 40X (3.28)

cX =(d¢'S —0¢CHX (3.29)

dX = (V¢S — d'0¢C)X' (3.30)

ay = (d'C' +0S)Y (3.31)

bo¥ = (BC' + 4OS)Y, (3.32)
cY=(d¢'S — 9 C)Y (3.33)

dwY = (WS — do g C)Y (3.34)

Z(aC + bgS) = (d'C' + 087, (3.35)
Z(abS — bOSC) = (B'C' +d'9S)Z, (3.36)
Z(cC + doS) = (d ¢'S' — 96'C\Z’ (3.37)
Z(c8S — dBpC) = (V' §'S' — d'8 ¢ C)Z’ (3.38)

Now we consider cases depending on whether various entries of U are zero or non-
Zero.

Case (1): uy1 # 0. The unitarity of A and A’, together with eq. (3.15) imply that |u; | =
|uy |- Let up 1 = zuj ; where |z] = 1; it follows that A" = zA. So (by replacing the pair
(A,U) by (A, z‘lU) in case z # 1) we may assume, without loss of generality, that
A=A"and Ui —I/t]‘l.

Since A is a unitary matrix deduce from (3.16) that u; ,D = u’l‘zlz, where I, denotes the
identity matrix in M,. The assumption w # 1 now implies that u;» = u} , = 0.

Similarly eq. (3.21) implies that uy /> = D'uy,. Again the assumption that ' # 1
implies that uy | = ), = 0.

We consider two sub-cases depending upon whether the entry up» is non-zero or
Zero.

Case (1.1): upp # 0. As Im(w), Im(w') > 0. First we deduce from eq. (3.22) that either
a=0 or b=0. But a=d =0 implies that w =&'. But as we have assumed that
Im(w), Im(w') > 0, it is the case that b = ¢ = 0, and that w = /', and up» = u),. We will
show that the relation (0) is satisfied in this case. '

As S; # 0 for all i (by the assumption in the statement of the Proposition), we find from
eq. (3.18) and (3.24) that P' = Q' = 0. At the same time eqs (3.17) and (3.23) imply that
P" = Q" = 0. Also by the assumption S’ # 0 for all i, we find from eqs (3.28) and (3.32)



Small vertex models 43

that X’ = Y’ = 0, while the eqs (3.27) and (3.31) imply that X = Y = 0. The unitarity of
U and U’ is now seen to imply that Z and Z’ also are unitary.
Equations (3.35) and (3.38) may be rewritten as
7C =C7, (3.39)
ZCHp =0¢'C'Z. (3.40)
Since C and C’ are invertible positive operator (as follows from the assumption in the
statement of the Proposition that C; # 0 for all i) and since eq. (3.39) may be re-written as
(ZZ/*)(Z/CZ/*) — C/’

we may deduce from the uniqueness of polar decomposition that Z = Z'.

Next, we may deduce from eqs (3.39) and (3.40) — using the invertibility of the matrix
C' - that Z0pZ* = 0'¢/.

Thus,

ZC =C'Z (hence also ZS = S'Z) and Z0¢ = 0'¢'Z.
Notice now that
Z0S = Z(09)9*S
= (0'¢")Z¢"S
= (0'¢)(29"2")2S
= (0'¢)(z¢*Z*)S Z.

Hence, we may deduce from (3.36) that

a(0'¢')(z¢*Z*)S'Z = do'S'Z;

deduce from the invertibility of §'Z that
Z¢*z* — Cqsl*7

where ¢ = d/a. Since Z0¢Z* = (8'¢’), we thus find that
Z0Z* = ¢0'.

Let A (resp., A") denote the *-subalgebra of M, , generated by {6,¢,C} (resp.,
{0, ¢, C'}). The preceding analysis shows that the map Ad(Z) = Z(-)Z* maps A onto A’
(since it carries the generators to non-zero multiples of the generators).

Note now that A and A’ are contained in the algebra of diagonal matrices. If
{eq : @ € A} denotes the set of minimal projections in the abelian C*-algebra A, and if
Ze,Z* = ¢, then clearly {¢/, : « € A} is the set of minimal projections in A’. The fact that
some unitary matrix i.e., Z — simultaneously conjugates each e, into ¢/, clearly implies

now that we can find some permutation o € S,_, such that Ad(P,) maps each e, into eg.
It follows easily now from the construction that

Ad(P,)(0) = C0',Ad(P,)($) = (¢/, and Ad(P,)(C) =C".
Case (1.2): up» = 0. We will prove that the relation (2) is satisfied in this case. From the

eq. (3.22) we conclude that u’z"2 = 0. Suppose Q" = (q1,92,---,qn—2). Asuz; = up» =0,
we find that Q is a unit vector; hence there exists an index i such that g; # 0. Then, we
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find from eqs (3.23)—(3.26) that

gi(aC; + bg;S;) = aq, (3.41)

qi(a0:S; — b0;¢;C;) = bq., (3.42)

qi(cC; +d;S;) = cuf ql, (3.43)

qi(c0;S; — d0¢;C;) = (3.44)

The unitarity of the matrix < Gféi —glqﬁ: Ci) would imply necessarily that |g}| =|q;| # 0.
Also, as S; #0, we may infer from eqs (3.41) and (3.42) that a,b,c,d # 0. Let
Y'= (y1,¥2,---,Yn—2). Since uy» = up» = 0, we find that Y is a unit vector; hence there

exists an index i’ such that yy # 0. Then, we find from eqs (3.31)—(3.34), that the
following equations hold:

ayr = (aCjy + c0,S,)y,,

bwyy = (bC}, + db,S,)y,
cyy = (CZQS;/S;; - Ce;/qS;/C;r)y;/,
dwyl‘/ = (bgb;/S;/ - da:/Q%/C;/)y;/. (3.45)
! /
Again, using the unitarity of the matrix < Q’Cé:’ B 9’2?, c > deduce that y; and y,
have the same absolute value. el ey

Letwy = ¢lg; ' and wfy = ¥, y; . Now, first by re-writing the above two equations in the
form as in eqs (3.8)—(3.11), and then by applying Lemma 3.1 separately to the two sets of
equations above conclude that

(Re(w), Re(w)) = (—(8? + Re(6i) C?), (S + Re (66, )C2)).

Hence the relation (2) is satisfied in this case.
Case (2): u; = 0.

Case (2.1): u1 # 0. Using (3.16) and the unitarity of A and A’, we can assume without
loss of generality that AD = A" and u;, = u} ,. Also as w' # 1, we find from (3.22) that
Upp = u’z‘2 = 0. There are two cases now, dep'ending on whether u, ; is not or is 0, which
we consider separately.

Case (2.1.1): up; # 0. As Im(w), Im(w’) > 0 we may deduce from (3.21) thata = d = 0,
w =, and uy; = wus ;. We will show that the relation (1) is satisfied in this case.

As S is invertible, (i.e. S; # 0 for all i) we find from (3.17) and (3.23) that P' = Q' =
From (3.18) and (3.24), we get P = Q" = 0. As §' is invertible, we find from (3.27) and
(3.31) that X’ =Y’ =0, and then from (3.28) and (3.32) we get X =Y = 0. Now it
follows that Z and Z' are unitary.

From (3.36) and (3.37) we have

~Z0¢pC = wC'Z,
_0/¢/CIZ/
It follows (as before, from the uniqueness of polar decomposition and the invertibility of

the positive operators C,C’) that Z0¢ = —wZ' and Z = —0'¢’Z’. These equations
together with the equation bZ¢S = c¢#'S'Z' (which is a consequence of (3.35)) are seen to
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imply (after some minor manipulations) that
Ad(Z)(C)=C', Ad(Z)(9) = ¢, and Ad(Z)(¢) = w(s",

where ( is some scalar of unit modulus.
Arguing exactly as in the proof of Case (1.1), we may deduce the existence of a
permutation o € S, such that

Ad(P,)(C) =C', Ad(P,)(0) =¢0*, and Ad(P,)(¢) = w(¢™.

Case (2.1.2): up; = 0. It follows from (3.21) that u ; = 0. Using the unitarity of U and

the fact that (up1,u22) = 0, deduce that Q'(= (q1,...,¢,—2)) is a unit vector and hence
there exists an index i such that g; # 0. Similarly the unitarity of U and the fact that
(u1,1,u12) = 0, implies that the vector X(= (x1,...,x,—2)) is a unit vector and hence

there exists an index i such that xy # 0.
Then, we find from eqs (3.23)—(3.26) that

qi(aCi + b¢iS;) = aq;,
qi(ab;S; — bb;¢;C;) = bwg;,
qi(cCi 4 d¢iS;) = cw'q),
qi(c6:S; — db;;C;) = dwd/q.. (3.46)

Also we find from (3.27)—(3.30) that the following equations hold:

axy = (aCjy + c,S))x},

baxy = (bC}, + db, S, )x,,
exy = (ad;Sy — 0,6, Cy )i
— (b, — b, .

doxy

Now using the unitarity of the matrix <Ci OiSi > (resp. the matrix

C{ d)/' S/_ eiSi *Gi(yzsici
(9, _ZS:’ —G’IL;S'I,C' > deduce that |¢}| = |g;| # 0 (resp. |x;| = |x}]). Also, as S; # 0, we

may infer from the set of equations (3.46) that a,b,c,d # 0.
Let wy = ¢iq; ! and w) = x,x; . Now, by applying Lemma 3.1 twice to the two sets of
equations above (exactly as before), conclude that

(Re(w'), Re(w)) = (—(S7 + Re(whigh)C}), —(Si7 + Re(6;¢)C}?)).

Hence the relation (2) is satisfied in this case.

Case (2.2): u;» = 0. We break this into cases depending on whether u,; vanishes or
not.

Case (2.2.1): up; # 0. As before using the unitarity of A, A’ and (3.21) we may assume
that uy | = u,, and A = D'A’. Using the unitarity of U and the fact that (u;;,u;5) =0,
deduce that P'(= (py,...,pa_2)) is a unit vector and hence that there exists an index i
such that p; # 0. As w # 1, the matrix D is linearly independent from the identity matrix.
Hence using (3.22) conclude that u;» = u;, = 0. Now the unitarity of U and the fact that
(u12,u22) = 0, implies that the vector Y(= (y1,...,yn,—2)) is a unit vector and hence that
there exists an index i’ such that yy # 0.
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Then, we find from (3.17)—(3.20) that

pi(aC; + b¢;S;) = ap!,
pi(ab;S;) — bl;¢;C;) = bp,
pi(cC; + dp;iS;) = CLDIP;,

pi(cl:S; — db;¢;C;) = d'p!.

Also we find from the (3.31)—(3.34) that the following equations hold:

ayr = (aCy + ci'0,S,)y},
bwyy = (bC’ +di'0,S,)y},

cyr = (adySy — 0,9, Cp )i,
dwyr = (b$S; — dw'6,¢,C;)yy-

! /
Again the unitarity of the matrix ( H,CSl‘ _g’gj Ci) (resp the matrix ( C", B g’gif l())
implies that |p}|=|p;| # O (resp. |y;|=|yi|). Also, as S; # 0, we may infer from the above
set of equations that a, b, c,d # 0.
Letwy = pip;! and wj = y,y; . Now, by applying Lemma 3.1 twice to the two sets of
equations above (exactly as before), conclude that

(Re(w), Re(w)) = (—(S? + Re(6i)C?), —(S + Re(e 6 ¢))C2).

Hence the relation (2) is satisfied in this case.

Case (2.2.2): up 1 = 0. First, suppose uy, # 0. Then, using the unitarity of A and equation
(3.22), we may assume without loss of generality that s » = 5 , and AD = D'A’. As before
using the unitarity of U and the fact that (u; 5, u;2) =0, deduce that P'(=(p1,---,Pn-2))
is a unit vector and hence there exists an index i such that p; # 0. Also the unitarity of U
and the fact that (u; 1, up,) = 0, implies that the vector X (= (xi, ..., x,—2)) is a unit vector
and hence that there exists an index i such that x; # 0.

Then, we find from eqs (3.17)—(3.20) that

pi(aCi + b¢;S;) = P,;
pi(abS; — bb;¢;C;) = buwp},
Pi(cci +doiS ) = C(D/p;7

pi(ct;S; — d;$;C;) = dwd'p;
Also we find from (3.27)—(3.30) that the following equations hold:

axy = (aCy + ci'0,8,)x},
baxy = (bCy + di0,S))x,,
cxp = (ag},Sy — '8, ¢, C’)
dioxy = (b¢, Sy — dw 9§,¢i,Cﬁ,)x§,.
. . . C,‘ (b,‘S,‘ . Cl / S/
Again the unitarity of the matrix 0.8 —0in Ci) (resp.the matrix ( 9, S’ B 9, 8,C,

implies that |p!|=|p;| # 0 (resp. |x;|=|x}|). Also, as S; # 0, we may 1nfer from the above
set of equations that a, b, c,d # 0.
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Let wy = pip; ! and wfy = x,x; . Now, by applying Lemma 3.1 twice to the two sets of
equations above, conclude exactly as before that

(Re(w/), Re(w))=(—(S2 + Re(@0;;)C2), —(SP + Re(a0)6})CP).

Hence the relation (2) is satisfied in this case also.
Next we consider the final case when u,, is also zero.

Case 2.2.3: (uhl 5)
U1 Uz
exist indices 7,j such that p; # 0 # g;. We see from (3.17)—(3.20) and (3.23)—(3.26) that

) = 0. First note that P, Q, X and Y are all unit vectors. So, there

pi(aC; + b¢;S;) = d'p},

pi(ab;S; — b0;:C;) = b'pl,
I’z(CC +do;S ) pz’
pi(ct:S; — db;¢:C;) = d'p!, (3.47)
and
gj(aCj + b¢j i) = d ‘]]a
q;(ab;S; — b0;¢;C;) = b'q,
q;(cC; + dqb] i) = c'W'q),
q;(c0;S; — db;¢;C;) = d'Jq}. (3.48)

Arguing exactly as in the proof of Case (1.2) (of this proposition), we find that |p}| = |p;|
and |qj|=|qjl- Further the fact that S;,S; # 0 implies (as before) that a,b,c,d # 0.
Setting wo = pipi~ q] q we see that equations (3.47) and (3.48) imply the following
identities:

a(wOCi - Cj) + b(w0¢i i ¢j ) Oa
a(wob;S; — 0;S;) — b(wobid:Ci — 0;¢;C;) = 0,
c(wow/C; — Cj) + d(wow ¢iSi — ¢;S;) = 0
c(wow'G,-Si — Hij) — d(wow’ﬁ,-(bi i jd)j ) 0.

)

The consistency of the above equations demands that
(o Ci = C))(wobidiCi — 0;0,C)) + (wodiSi — ;S;) (wo0;S; — 6;S;) = 0
(wow’C,- — Cj)(wow'ﬁ,-gbic,- - ngbjC})—l—(wow'qSiS gb] )(OJ()OJ 9 S Gij) =0
(3.49)

The fact that o’ # +1 enables us to derive the following consequence of the two
equations above:
(i + 0,0,) C:iC; + (0i0); + 6,01)SiS;
9,‘(,25,‘(1 —+ w’)

Wy =

Substituting this value for wy in eq. (3.49), we get

w’z + 2ml~’j UJ/ +1= 07
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where, of course, m; ; is as in the statement of relation (3) in the proposition. It follows
that Re(w’) = —m;;.
As X, Y # 0, in a similar way to the previous cases, it follows (from equations (3.27)—
(3.34)) that there exist indices 7', j such that |x;|=|x}| # 0 # |y}| = |y»| and
axy = (d'Cl, + '0,S,)x,
bxy = (U'C,, + d'0.,S,,)x},
exp = (d'¢uS, — 0,0, Cl)x,,
dx,'/ = (bjrqﬁi/sil - dlegl(b;rcl/‘/)x:v, (350)
and
ayy = (d'Cy + '0,S,)y},
bwyjl = (blel/ + dla;/Sj/-/)yj/»/,
_ !l ! 'n! i/ !/ !
= ( ¢/S]/ —C 91/¢]/C]/)yj/7
=

cyj a
b ¢S, — d'0,¢,C))y,. (3.51)

dwyj

Again, setting w= x;x; ! y;lyg,, we find the following consequence of the above sets
of equations:

d (WG — Cp) + ¢ (Wb Sy — 0,S;) = 0,
d' (WbuSy — 8,S;) — ' (w9, Cip — 0,0, C;)) = 0, (3.52)
and
b (pwCi — Cy) + d' (Wt Sy — 0,S;) = 0,
B (s S} — 8,)) — d (Wt ¢, Ch — 0,6/,C)) = 0. (3.53)

The consistency of these two sets of equations implies that
(WHCh — C) (W B Ch— 0,6, Ch) +(ydlSs— B, ) (WS — 0,5) = O,
and

(wowCir = Cj) ) (wowt ¢ Cis = 0,0, Cp) + (wowdy Sy — 35} ) (wowby Sy —07,5,) =0

[

; 1.e., the relation (3) is satisfied.

and we may deduce as before that Re(w)= —mj, ;;

Finally the proof of (a) is complete.
(b) If condition (0) is satisfied, we may define

@ 0
A=A = ("
< 0 90%1)>

and
1 0 O
uU=U=(01 0
0O 0 P,

and verify that eqs (3.15) to (3.38) are satisfied; and thus, it is indeed true that (U ® A)W
(w,0,0,C) = W(w,d',¢',C" (U @ A").
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If condition (1) is satisfied, we may define

0 1 , 0 w
(e o) = (e %)

and
0 1 0 01 O
U=|w 0 0 , uU=(1 0 0],
0 0 -#¢P, 0O 0 P,

and verify that (3.15) to (3.38) are satisfied; and thus, it is indeed true that (U @ A)W
(W, 0,0,C)=W(w,0,¢',C" U @A").
(c) (i) By Ocneanu’s compactness result (see [O1] or [JS]), we know that

AP NA® = (M, ® 1) NW(M, @ 1)W*,

It is easily seen that if X = E};® 1, then WXW* = X, and so we see that A(‘;C’ﬁ Af°
contains a non-trivial projection, thus establishing reducibility of the vertical subfactor.
(ii) In this case, Ocneanu’s compactness result says that

AL NAL=(1aM)NW(1 @M)W

The above algebra does not reduce to the scalars — i.e., the horizontal sub-factor is
reducible — precisely when it is possible to find non-scalar matrices

xlln x2ln ylln y21n
X = . Y= € 1@ M,,
<X3In xal, > <y31n y41n 2

where x;,y; € C such that WX = YW.

Easy calculation shows that this matrix equation is satisfied if and only if the following
relations hold:

X1 = V1,X4 = Y4,

A2 = Y2 = Wy2,X3 = Y3 = WAX3,

X3(9S = )CQ¢S,
(1 +69)C = (x1 — x4)08,
X3(1 + 9¢)C = (x1 — X4)¢S. (**)

First we will prove that the conditions (1) and (2) are sufficient for the horizontal
subfactor to be reducible.

(1) If §=0, it is readily seen that a non-scalar solution to the above system of
equations is provided by

L 1 ifi=1
i=Yi=0 otherwise.

(2) Suppose w = 1 and there exists scalar A\; € T and A\, € C such that S = A0S and
(14 6¢)C = X\,0S. Choose scalars x # 0 and x1, x4 such that x; — x4 = Ax. Now if we

define
_ _ xll,, xI,,
X=Y= </\1xln X4[n)’

then it is an easy verification to see that the set of equations (x%) is satisfied.
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Now to prove the necessity of one of the conditions (1) and (2) to hold for the horizontal
subfactor to be reducible, we will prove that the horizontal subfactor is irreducible if both
the conditions (1) and (2) are not satisfied. So assume S # 0.

If w # 1, it follows at once from the second and fourth lines of (xx) that the equations
above are satisfied if and only if x, =y, =x3 =y3 =0, and x; =y; =x4 =y, i.e., if and only
if X =Y = (I, for some ¢ € C. Hence the horizontal subfactor is irreducible in this case.

Suppose 6S and ¢S are not scalar multiples of one another. Then we may deduce from
the third line of (xx) (as S # 0) that x3 = x, = 0; since S # 0, either of the last two lines
then forces x1 = x4.

Suppose S and (1 + 6¢)C are not scalar multiples of one another (in particular
(14 6¢)C # 0). Then we may deduce from the last two lines of (xx) (also as S # 0) that
X3 :x2:0andx1:x4. O

We end this section with the following Proposition, which asserts the existence of a
continuous (3n — 6)-parameter family of pairwise inequivalent connections in B(2,n). It
also asserts that the number (3n — 6) is sharp. What we mean by the sharpness of the
number (31 — 6) is that there does not exist a subset B C B(2,n) with the following two
properties: (i) no two distinct elements of 3 are equivalent (as connections); and (ii) B is
homeomorphic to an open subset of Euclidean space of dimension (3n — 5).

PROPOSITION 3.3

There exist non-empty open sets Q. C T, @ C T" 2, &y Cc T" 3, T C (0, l)"72 such that
if (w,0,0,C), (W,0,¢'C") €2 xO x P xT, where ® ={1} x &y and (w,0,¢,C) #
(W, 0,8 C') then W(w, 0, ¢, C) is not equivalent to W(«/, 80, ¢, C"). Thus, there exist a
(3n — 6) parameter family of pairwise inequivalent connections and that is the best
possible number.

Further, we may assume that 1¢ Q UT; hence all these connections have the property
that the associated vertical subfactor is reducible and has index n2, and the horizontal
subfactor is irreducible and has index 4.

Proof. Fix 0 < x| < x, < /4, and define Qg ={e™ € T : x; <x <x}. Fix7/2 <y <
y2 < 37/4, such that 0 < y, — y; < x1, and let ©g = {e* € T : y; <x <y}

The definitions have the following (easily verified) consequences. Suppose w, W' € Qg
and ¢, (' € ©g are arbitrary. Then,

b CC’¢Q0,

. ()+Re(C)swé ;
. ()+Re( ) #
* Re(w) —Re(¢() #

Define f:[0,1] x T x T — R by f(C,({,w)=Re(w) + (1 — C?) + C>Re(¢). Then
0¢f({1} x ©g x ). The compactness of ({1} x Oy x ) and continuity of f imply
the existence of an € > 0 such that for all C € (1 —¢,1),w e Qy,( € O, we have
Re(w)+(1 — C?)+ C*Re(¢) # 0. In a similar way, by considering suitable continuous
functions, we can see that if € is chosen sufficiently small, then the following relations are
also valid.

Suppose w € Qp, and 0, ¢, ¢, ¢’ € T are such that 6¢, 8¢/ € Oy, and suppose C,C’ €
(1 —¢,1). Then we simultaneously have
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Re(w) + (1 — C?) + C?Re(09) # 0,
and
Re(w) +m # 0,

where m = 1 — (1 + Re(0¢0' ¢'))C>C"?— (1 + Re(04'0 $))S>S? — 2(Re(08') + Re(6¢'))
CC'ss'.

Let © denote the interior of 2y, and I'y = (1 —¢,1). Let {©/:1<i<n—2} be a
collection of pairwise disjoint open subsets of ©p. Define I' = {diag(Cy,...,C,-2) :
C; € TyVi}, and ©' = {diag({i,...,(u—2) : G €O}Vi}.

Define ©; = ©/,®; = {1} and for 1 <i <n—2, choose non-empty open subsets
@j, ®; € T such that ©;®; C @i Let © :{dlag(ﬁl, Ceey 9,1,2) eEM,_,:0;,¢ @,Vl} and
¢ ={diag(¢1, ..., Pn2) € My 2 : ¢; € OVi}.

Suppose now that W(w, 6, ¢, C) is equivalent to W (', ¢, ¢, C’), where (w, 6, ¢, C),
(W, 0,¢,CYeQXxOxDxT.

First notice that if (,{’€ ©" and if o € §,_, are such that (Ad(P,))(¢) = ¢, then
necessarily ¢ = ¢’ and o is the identity permutation.

Our choice of (e and consequently of) I" ensures that neither of the relations (2) or (3)
of Proposition 3.2(a) can occur. Suppose the relation (1) were to hold; this would imply
that (in the notation of the proposition) (Ad(P,))(0¢) = w(#'¢')"; in particular, looking at
any one diagonal entry of this matrix equation, we would be able to produce elements
(1, € O such that w = (15, which we have already observed to be impossible. Thus
the relation (1) can also not hold.

Thus, by Proposition 3.2(a), the relation (0) must necessarily hold. Then the permuta-
tion o (whose existence is the content of (0)) must satisfy the condition (Ad(P,))(0¢) =
(¢'¢’), which can only happen when o is the identity permutation (by the discussion in the
paragraph preceding the last one). Hence ¢ = (¢, where ( is as in the statement of
Proposition 3.2(a) (0); since ¢ = ¢’] = 1, we see that necessarily ( = 1; but relation (0),
when ¢ = id and ¢ = 1, then just says that (w, 8, ¢, C) = (', ¢, ¢/, ).

Now we will prove that the number (3n — 6) is sharp.

Forthis, let F : Tx T"2x T"2x[0,1]"~>— B(2,n) denote the (obviously continuous)
mapping given by F(w, 0, ¢, C)= W(w, 0, ¢, C). Suppose now that there exists a subset B
with the following two properties: (i) no two distinct elements of B are equivalent (as
connections); and (ii) B is homeomorphic to an open subset of Euclidean space of
dimension (37 — 5). Then F~' (1) is a subset of T2~ x [0, 1]"~* which is homeomorphic
to an open subset of T2~ x [0, 1]"_2, and is consequently itself open (see, for instance
[Spa], Th. 4.8.16).

So it suffices to show that any open subset of T x (0, 1)"72 contains two distinct
points whose images under F are equivalent, as connections. It clearly suffices to establish
this assertion when the open subset is a product 2 x © x ® x I' with open factors.

So, suppose 2 C T,0, ® C T" 2T C (0,1)" 2 are open subsets, Let ¢ € ®, § € ©
be arbitrary. As ® is assumed to be open, for all ¢ > 0 there exists a ¢" € ® such that
¢1 # ¢ and Arg(¢1]) < €, where ¢; and ¢/ are the (1,1)th entry of ¢ and ¢” respec-
tively. Let ¢ = ¢1¢!. Now define 0, =6;( for i=1,2,...,n—2 and ¢, = ¢;¢ for
1 =2,3,...,n—2. Now choose ¢, as © and ¢ are open, so that ¢ € © and ¢/ € ®. Now
it is easily seen that the pair (w,6,¢,C) and (w,#',¢', C) satisfies the relation (0) in
Proposition 3.2, and hence, using (b) of the same proposition, we conclude that
W(w, 8, ¢,C) is equivalent to W(w, &', ¢, C). Finally, the proof is complete. O
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4. The principal graph of the horizontal subfactor

In [P] it is shown that for finite-depth subfactors of index 4, the principal graph has to be
one of the extended Dynkin diagrams. We will show that all those diagrams can be
obtained from vertex models coming from B(2,n) for some n.

Theorem 4.1 (Popa). Let N C M be an inclusion of I, factors, with finite depth and
[M:N]=4. Then the rmcz al $raph for the inclusion N C M is one of the following
diagrams: An ,D,, ,E E7 ,E

For a group G C U(N), let = denotes the standard (or identity) representation of G in
U(N), and let C(G, ) denote the bipartite graph obtained as follows: let G denote the
bipartite graph with the set of even (respectively odd) vertices being given by g
G x {0} (respectively G') = G x {1}), where G denotes the (unitary) dual of G, and the
number of bonds joining (p,0) and (o, 1) is given by (p ® m,0); finally, let C(G, )
denote the connected component in G containing (tr,0), where tr denotes the trivial
representation of G.

The following theorem is proved in [USC] (also, see [BHJ] and [JS]).

Theorem 4.2. Let {~1,72, ...,V } be any collection of k X k unitary matrices, and define
Wgp = 6(5 (Ya)ys then W is a biunitary and the principal graph of the horizontal subfactor
given by the vertex model corresponding to W is C(G, ), where G is the group generated
by {717727 s ’%}-

Suppose H is a finite subgroup of SO(3). Let ¢ : SU(2) — SO(3) be the 2-fold
covering map (i.e., surjective homomorphism such that ker¢p = {+1, —1I}); let 7, be the
(unique, up to isomorphism) irreducible representation of SU(2) of dimension n + 1. Let
G = ¢~'(H), and let 7 = m|. The following lemma can be easily seen to be true.

Lemma 4.3. Let p € G. Then (i) (p,0) € C(G s m)© lfand only if t(—1) = 1 if and only if
T = o ¢ for some my € H. (ii) (p, 1) € C(G, 7r) if and only if m(—1) # 1 if and only
if ™ does not factor through H.

PROPOSITION 4.4

ForallGe {An DV, Eél), Egl E } there exists ann € N and W € B(2,n) such that the
principal graph of the horizontal subfactor given by the vertex model corresponding to W

is G.

Proof. Tt is enough to show that there exists G C SU(2) with the property that
C(G, )= G. Note that 7 is self-contragredient and faithful. Using the lemma and some
combinatorial arguments one can see, without too much difficulty, that if we let H be the
group Z,, Dy, A4, S4 or As, then the correspondmg Ca?fley graph C (G ) turns out to be
the extended Coxeter graph A<2n>, Dl(ll_22, Eél), Eg , Or E8 respectlvely O
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