PRAMANA © Indian Academy of Sciences Vol. 85, No. 6
— journal of December 2015
physics pp. 1063-1072

Rogue wave solutions of the nonlinear Schrodinger
equation with variable coefficients

CHANGFU LIU'*, YAN YAN LI!, MEIPING GAO!, ZEPING WANG',
ZHENGDE DAI? and CHUANJIAN WANG?

1School of Mathematics, Wenshan University, Wenshan, 663000, People’s Republic of China
2School of Mathematics and Statistics, Yunnan University, Kunming, 650091,

People’s Republic of China

3School of Science, Kunming University of Science and Technology, Kunming, 650031,
People’s Republic of China

*Corresponding author. E-mail: chfuliu@163.com

MS received 2 May 2014; revised 11 September 2014; accepted 26 September 2014
DOI: 10.1007/s12043-015-0954-3; ePublication: 15 July 2015

Abstract. In this paper, a unified formula of a series of rogue wave solutions for the standard
(1+41)-dimensional nonlinear Schrédinger equation is obtained through exp-function method. Fur-
ther, by means of an appropriate transformation and previously obtained solutions, rogue wave
solutions of the variable coefficient Schrodinger equation are also obtained. Two free functions of
time ¢ and several arbitrary parameters are involved to generate a large number of wave structures.
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1. Introduction

The (1+1)-dimensional variable coefficient nonlinear Schrodinger equation (VCNLSE)
is written as [1-3]

it + (Ot + x (O)|ul’u =il (O)u, ey

where u = u(x, t) is a complex-valued function of two real variables (x, t), «(¢) repre-
sents the group velocity dispersion, x (¢) is the nonlinearity parameter which represents
the self-focussing (x > 0) or de-focussing (x < 0) cubic nonlinearity, and I'(#) denotes
the amplification (I" > 0) or absorption (I' < 0) coefficient. There are three nonzero
real functions. This equation describes the evolution of modulations of dispersive waves
with weak nonlinearity. It occurs in various areas of physics, including nonlinear optics,
plasma physics, superconductivity and quantum mechanics.
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In nonlinear optics, the variable ¢ generally represents propagation distance and x repre-
sents the retarded time in eq. (1). In this case, it describes the amplification or absorption
of pulses propagating in a single-mode optical fibre with distributed dispersion and
nonlinearity. In practical applications, the model is of primary interest not only in the
amplification and compression of optical solitons in inhomogeneous systems, but also
in the stable transmission of managed soliton. Recently, the applications of eq. (1) with
various forms have been studied by many researchers. In these literatures, the analytic
solution of the harmonic form and Jacobian elliptic function solution are obtained by Hao
et al by employing perturbation and F-expansion methods [1,2]. Exact rogue wave solu-
tions of the (24-1)-dimensional nonlinear Schrédinger equation with varying coefficients
are obtained by Zhang et al [3]. When k (t) = o, x(¢) = B, eq. (1) reduces to the standard
nonlinear Schrodinger equation (NLSE) [4]

iu + oty + Blul*u =0, 2)

where « and 8 are two nonzero real constants. Depending on the character of its solutions,
it is called the ‘self-focussing’ (@« > 0, 8 > 0) and ‘de-focussing’ (¢ > 0, 8 < 0) NLSE,
respectively. In this study, we use NLSE™ and NLSE™ to denote them.

In recent years, rogue wave phenomenon has become a hot topic for many researchers.
They found that rogue waves appear not only in oceanic conditions [5-7] but also in
plasmon [8], optics [9-14], superfluids [15], Bose—FEinstein condensates [16,17] and in
the form of capillary waves [18]. Moslem et al found that the electrostatic surface
plasma rogue waves can be excited and propagated along a plasma—vacuum interface due
to the nonlinear coupling between high-frequency surface plasmons and low-frequency
ion oscillations. They also discussed the nonlinear pulse propagation condition and its
behaviour. They believed that the nonlinear structures may be useful for controlling and
maximizing plasmonic energy along the plasma surface [8]. Solli ef al introduced the con-
cept of optical rogue waves, a counterpart of the infamous rare water waves. Using a new
real-time detection technique, they studied a system that exposes extremely steep, large
waves as rare outcomes from an almost identically prepared initial population of waves.
Specifically, they reported the observation of rogue waves in an optical system, based on a
microstructured optical fibre, near the threshold of soliton-fission supercontinuum gene-
rating a noise-sensitive nonlinear process in which extremely broadband radiations are
produced from a narrow-band input. They modelled the formation of these rogue waves
using the generalized nonlinear Schrédinger equation and demonstrated that they arise
infrequently from initially smooth pulses owing to power transfer seeded by a small noise
perturbation [9]. Bludov et al predicted the existence of rogue waves in Bose-Einstein
condensates either loaded into a parabolic trap or embedded in an optical lattice. In the latter
case, rogue waves can be observed in condensates with positive scattering length and they
are immensely enhanced by the lattice. Local atomic density may increase up to ten times.
They provided the initial conditions necessary for the experimental observation of the
phenomenon. Numerical simulations illustrated the process of rogue wave creation [16].

Recently, the structure of the rogue waves and its behaviour have attracted the attention
of a large number of researchers [19-24]. For describing the natural nonlinear phe-
nomenon, the nonlinear Schrodinger equation is a fundamental model which is widely
applied in nonlinear science and is also widely used in studying the existence of rogue
waves and their structures [16,17,19-33].

1064 Pramana - J. Phys., Vol. 85, No. 6, December 2015



Rogue wave solutions of the nonlinear Schrodinger equation

Some researchers have investigated eq. (2), derived its breather solutions, such as the
Akhmediev breather soliton [21], the Ma breather soliton [22] and the Peregrine breather
soliton [4]. These solutions are suggested as models for a class of freak wave events [23].
In order to obtain these breather solitons, different methods were applied by researchers
in [4,29,30,32,33].

In this work, we apply the exp-function method to NLSE [34,35], and obtain a solution
containing the three parameters. Through this unified formula in which different values
of the parameters, one can obtain the above-mentioned series of breather solitons (rogue
waves). Then, by using the similarity transformation [36-38], VCNLSE can be trans-
formed into NLSE, thereby obtaining rogue wave solutions of VCNLSE. These rich and
explicit rogue wave structures will help us to understand the diversity of rogue wave
dynamics for VCNLSE.

2. Exp-function method to construct a series of rogue waves for NLSE

By using the transformation

3)

. Ax,t i B(x,t
u(x. 1) = el (1+ (x,t) +iB(x ))’

F(x,t)
eq. (2) can be transformed into the following trilinear equation:

2Br2A(x, 1) F(x, 1)> + 20 A(x, ) Fy (x, 1) + BriA(x, t)?
—20A (x,)F,(x,))F(x,t) + aA (x,1)F(x, t)2
—adAx,DF(x,))F(x,t)+ B(x,t)F(x,t)F;(x, 1)
+3Br2A(x, 1)’ F(x,t) + Br*B(x, 1) F(x,t) — B,(x, 1)F (x, 1)?
+Br2A(x, t)B(x, 1) +i(Br?A(x, 1)*B(x, 1) — A(x, ) F(x, ) F,(x, t)
—aB(x,1)Fe,(x,1)F(x, 1) + BriB(x, 1)
+aB (x,)F(x,t)> + A, (x, ) F(x, 1)> + 2aB(x, 1) Fy (x, 1)?
+2Br2A(x, 1)B(x, 1) F(x, 1) — 2aBy(x, 1) Fy(x, 1) F(x,1)) =0, 4)
where r is the real constant, A(x, ), B(x,t) and F(x,t) are real functions. Separating
the real and imaginary parts, we have
28r2A(x, 1) F(x,1)* + 2aA(x, 1) Fy (x, 1)* + BriA(x, 1)°
—20A,(x,HF,(x,t)F(x,t) + aA, (x, 1) F(x, t)2
—adAx, DF(x,))F(x,t) + B(x,t)F(x,t)F;(x, 1)
+3Br2A(x, 1)?F(x, 1) + Br’*B(x, 1)*F(x,t) — B;(x, 1) F (x, 1)*
+ BriA(x,t)B(x,1)* =0,
BriA(x,t)?B(x,1) — A(x, 1) F(x, 1) Fi(x, 1) — aB(x, 1) Fox (x, 1) F (x, 1)
+ BriB(x, 1) + aBy(x, ) F(x,1)* 4+ A, (x, 1) F(x, 1)
+2aB(x, 1) Fe(x, 1)> + 2Br*A(x, ) B(x, 1) F (x, 1)
—2aB,(x,)Fy(x,t)F(x,t) =0. ®))
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Suppose A(x, t), B(x,t) and F(x, t) are the following exponential functions:
A(x, 1) = ajeP VKD e PVAHKD | g edWxtln) | g o=a(WaLo)

B()C, t) — blep(Vx+Kl) +bze—p(Vx+Kt) +b36q(Wx+Lt) +b4e—q(Wx+Lt)’
F()C, t) — Clep(Vx+Kt) +C26—p(Vx+Kt) +C3eq(Wx+Lt) +C4e—q(Wx+Lr), (6)

where a;, b;, c;(i = 1,...,4), p,q, W, V, K and L are constants to be determined. Subs-
titutingeq. (6)intoeq. (5) yields two algebraic equations with respect to P (V¥ +KDgng(Wx+L0)
(m,n = —3,...,3). Equating all coefficients of e"?(V¥*+KDenaWx+LD Gy pp = 3 3)
to zero yields a set of algebraic equations for a;, b;, ¢c;(i = 1,...,4), p,q, W, V, K and
L. Solving them using Maple, one can obtain the following results:

b3 1

_— a4 = ——
,/4c§—bﬁ ,/4c§—b§

2 2
bl = O, b2 = 0, b3 = —b4, C1 = C, C3 = — 62

1/4c§—b£

2c2 2b

=22 weoo, L=-P" iz
NEE 2624

rby B

= —2—, 7
2pcs o ™

2
a =0, a=0, a= by,

K=0 V

where ¢, and by are arbitrary constants.
Substituting eqs (7) and (6) into eq. (3), solutions of eq. (2) can be expressed as

2y A1 . : N
b3 cosh(%t) +ibyy/4ct — b3 smh(%t)
2 2
/2By 2byn/ 42 —b2
cay/4c3 — b2 cosh(rT”Ax) —2¢3 cosh<%t>
2
(®)

Equation (8) is a unified formula which can produce a series of rogue wave solutions.
Obviously, when by = 0, eq. (8) becomes a plane-wave solution of eq. (2) (NLSE™ and
NLSE™) which can be denoted as

u(x,t) = relr'pn, )

u(x, t)y=relrA0 | 1+

Case 1. Rogue wave solutions of the self-focussing NLSE (o > 0, 8 > 0) are described
as follows:

(a) The Akhmediev breather soliton [21]. If 4¢3 — b3 > 0, then eq. (8) takes the
following form (figure 1a):

2y /43— . . by /4D
b3 cosh(%t) +ibs/4c3 — b smh(%t)
2 2

ra/22b r2byA/4c3—b3
¢a1/4c% — b2 cos b1y ) — 202 cosh B0y,
2 b 2o 2 23

uCx,t)=re P | 14

(10)
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N =N Wa
NS = N Wa e

(a) (b)

Figure 1. (a) The Akhmediev breather soliton with ¢ = %, B =2,r =2,by =

2,c3 = 2 (eq. (10)) and (b) the Ma breather soliton with ¢ = %, B=2,r=2,b=
2,c0 =2 (eq. (11)).

(b) The Ma breather soliton [22]. Setting by = ib, eq. (8) can be given as (figure 1b)

2 2 2 ) 5 >
b? COS<L ”2;62+bt> +ib,/4c} + b2 sin<_5’ QVAEET t)
2 2
A/ 3 2 2 2
Cz,/4C§ + b2 cosh(%x) — 26% cos<_‘3’ bVZ;CzH’ t>
2
(11)

(c) The Peregrine breather soliton [4]. Setting ¢c; > 0 and by — 0, eq. (8) takes the
Peregrine breather form which is given as (figure 2a)

4a(1 +i2r2B1)
o +2Br2x2 + 4aprit? )

u(x, t) = re™ P | 1 -

u(x, t) = relrs) (1 - (12)

We have verified that eqs (10)—(12) are solutions of NLSE™, where ¢, and b are arbitrary
constants. Analysis of the behaviour of these solutions can be found in [4,22,24,25].

100
80
60
40
20

NS aNWwam o

(a) (b)

Figure 2. (a) The Peregrine breather soliton with @ = %, B=2,r=2(eq. (12)) and
(b) the bisoliton with o = %, B=-2,r=2,bs =2,c; =2 (eq. (8)).
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Case 2. Similarly, the de-focussing NLSE (o > 0, 8 < 0) has the following solutions:

(a) The bi-soliton solution. When 46% — bﬁ > 0, eq. (8) behaves as a bi-soliton solution
for NLSE™ (figure 2b).
(b) The periodic solution. Setting by = ib, eq. (8) takes following form:

2 Sa2 b2 . . 2ba/dcs+b?
b? cos(ﬁrT(ﬁt) +iby/4c3 + b2 s1n<ﬁrTCZ+t)
2 2
b/ 2L 2p . /4c2+b2
2,/ 4¢3 + b2 cos(rT"x> —2¢c3 cos(%t)

13)

u(x,t) =re P |1 -

Equation (13) was verified to be the periodic solution of NLSE™ and meanwhile, eq. (12)
is also found to be solution of NLSE ™.

3. Rogue wave solutions of VCNLSE

First, we use a transformation to convert the variable coefficient nonlinear Schrédinger
equation into the standard nonlinear Schrodinger equation. Assume

u(x, ) = Q(X(x,1), T(t))P(x, 1)e™ ™", (14)
to transform VCNLSE into NLSE, i.e.,
i0r +aQxx + B10OI*Q = 0. (15)

To achieve this transformation, substitute eq. (14) into eq. (1). We find that only if I'(¢) =
%[K’(l)x(t) —k(t)x'(t)]/k(t)x (1), eq. (1) can be converted into eq. (15). Then, we have

P(x,t) = —Vc”i’((g))‘(t) w(x, 1) = Cox — Cg/K(t)dt+C2,

T(t) = C1//<(t)dt + C»,

X(x,t) = —\/Clax—l—ZCm/Clot/K(t)dt—I—Cz, (16)

where Cy, C| and C, are arbitrary constants. Therefore, when I'(¢) = %[K/(Z) x(t)—
k@) x' O1/k@)x (@), k@) > 0, x(#) > 0and « > 0, B > 0, rogue wave solutions of
eq. (1) can be expressed as

x (@)

bzcosh(ﬁ”’w“cz T(t)>+zb4,/4c2 bgsinh(ﬁ”’w“cz T(t))

e, /4ct — b2 cos< \/—4X(x z)) —2e2 cosh<’3r bues b T(t))
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x (@)

b? cos<ﬂr by 402% T(t)) +iby/4c3 + b2 s1n(ﬁr by 402% T(t))

ulx,t)y=r

iw(x,t)

x| 11— e
2,/ 45 + b2 cosh( ) —2¢3 cos<ﬂr by 402% T(t))
(18)
and
u(x,t) = r VCiBr () x (1) e(,‘ﬂﬂr(,))
x ()
- da(1 +i2r2BT (1)) ot
(1 o+ 2Br2 X (x. 02 + 401,32r4T(t)2) < (19

where X (x, 1), T(¢) and w(x, t) are given by eq. (16). When o = % B =2,k =
(1 4+ cos(®)®)?, x(t) =1 4+cos(t)>,Co=2,C1 =4,Co=1,r =2,b=2,by =2 and
¢ = 2 their images are displayed by figure 3.

Whena =1, B =2,k(t) = (1 +sin(t)?)? x(t) = 1 +sin(1)%, Co =2,C, =4,C, =
I,r=2,b= 2 by = 2 and ¢, = 2, their images are displayed by figure 4.

Secondly, similar to the previous case, if « (#) > 0 and x (¢) < 0, we can apply solutions
of NLSE~ (solutions (8) and (13)) to eq. (1)

Third, when « = % and B = 1, higher-order rational solution of eq. (2) are given by
Akhmediev [21,24]. Based on [21,24], the higher-order rational solution of eq. (15) are
obtained as follows:

0X,T) = ﬁ(l G “;iH>e"T, B >0,

4X* 4+ 120 X% 4+ 7202T? + 480 T?*X? + 8002 T* — 3a?

G= 16¢:2 ’
e T@4X* 4+ 8a?T? + 16aT>X? + 160>T* — 150 — 120 X?)
8a? ’
b 8X0 + o (12 4+ 48T X* + 602(4T? —3)2 X% + a>(9 + 64T° + 432T* + 396T2)
19203

(20)

(b) (c)

Figure 3. (a) The Akhmediev breather soliton, (b) the Ma breather soliton and (c¢) the
Peregrine breather soliton.
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Figure 4. (a, b) The Akhmediev breather soliton, (¢, d) the Ma breather soliton and
(e, f) the Peregrine breather soliton.

Therefore, substituting eq. (20) into eq. (14), the obtained higher-order rational solu-
tion of eq. (1) can be written as

ulx, 1) = Q(X, T)P(x, t)e ™", 21

N a o e o

(a) ' (b)

Figure 5. The higher-order rational rogue waves (solution (21)).
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where X = X (x,t), T =T(t), P(x,t)and w(x, t) are provided by eq. (16) and Q(X, T)
is given by eq. (20). When o« = % B=2r=2«(@)=({+sin®)% x@t) =1+
sin(t)?, Cy = 2, C; = 4 and C, = 1, their images are displayed by figure 5.

4. Conclusion

In this paper, a unified formula solution of the standard (1+1)-dimensional NLSE, which
yields a series of breather solitons (rogue waves) was obtained based on exp-function
method. At the same time, by using appropriate transformation, one can transform
VCNLSE into NLSE, thereby obtaining rogue wave solutions of VCNLSE which contain
the Akhmediev breather soliton, the Ma breather soliton and the Peregrine breather soli-
ton. The figures show that surface waves in the propagation process randomly generate
high amplitude breather waves. The amplitude of each of these solutions depends prima-
rily on the initial conditions and «(¢), x (¢). The two free functions «(¢), x (¢) and several
arbitrary parameters were involved in generating a large number of wave structures.
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