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Abstract. Studying compactons, solitons, solitary patterns and periodic solutions is important
in nonlinear phenomena. In this paper we study nonlinear variants of the Kadomtsev—Petviashvili
(KP) and the Korteweg—de Vries (KdV) equations with positive and negative exponents. The func-
tional variable method is used to establish compactons, solitons, solitary patterns and periodic
solutions for these variants. This method is a powerful tool for searching exact travelling solutions
in closed form.
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1. Introduction

Travelling wave solutions play important roles in mathematical physics and engineering
sciences. These solutions may well describe various phenomena in nature, such as vibra-
tions, solitons and propagation with a finite speed, and thus they may give more insight
into the physical aspects of problems and may be easily used in other applications. In
mathematics, for a nonlinear partial differential equation (PDE), usually the travelling
wave solutions are considered first. Recently, many powerful methods to construct the
travelling wave solutions of nonlinear PDEs were presented. Some of them are: ansatz
method, exp-function method, tanh method, first integral method, adomian decomposi-
tion method, simplest equation method, sine—cosine method, Hirota’s bilinear method,
functional variable method and so on [1-20].
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A large number of equations in many areas of applied mathematics, physics and engi-
neering appear as nonlinear wave equations. One of the most important one-dimensional
nonlinear wave equation is the KdV equation which describes the evolution of weakly
nonlinear and weakly dispersive wave used in various fields such as solid-state physics,
plasma physics, fluid physics and quantum field theory. A decade ago this equation was
generalized to the well-known K(m, n) equation. There are several nonlinear variants of
the KdV equation which have compacton solutions. Another variant is the CSS equation
which is discussed in [21,22]. The nonlinear variants of the KdV equations are called
the K(m, n) equations. Rosenau and Hyman [23] studied the role of nonlinear disper-
sion in the formation of patterns in liquid drops and introduced the nonlinearly dispersive
K(m, n) equation:

3

ou d d
+a, W+ @)=0, m>0n>1, (1)
ax ax3

ot

which have the special property for certain m and n. Here, the first term is the linear term,
while the second term represents the nonlinear term and the third term is the dispersion
term. This equation is the generalized form of the KdV equation. When a = 1, eq.
(1) is referred to as the focussing (4) branch, the focussing branch exhibits compacton
solutions and if a = —1, then eq. (1) is referred to as the defocussing (—) branch, the
defocussing branch exhibits solitary pattern solutions.

Equation (1) is the major equation for compactons. These are defined as solitons with
compact support. Thus they vanish outside a finite core region. Compactons are free from
exponential tails. Compactons are generated as a result of delicate interaction between
the nonlinear convection term (x™), and the nonlinear dispersion term (¢#"),,,. Also
compactons do not have the properties of solitons. They do not just suffer a phase shift
after scattering. So they only have some properties of particles. A discussion of how even
shocks get generated after scattering is given in [24].

The well-known (1 + 3)-dimensional Kadomtsev—Petviashvili (4DKP) equation [25]

a ou  u 0u 0%u
6 3 -3 =0, 2
0x (u,~|— u8x+8x3>+ K8y2 @

922
with k = %1, is a universal model for the propagation of weakly nonlinear dispersive
long waves which are essentially one directional, with weak transverse effects. The KP
equation also arises naturally in many other applications, particularly in plasma physics,
gas dynamics, and elsewhere.

The KP equation is the best known two-dimensional generalization of the KdV
equation. Wazwaz [15-19] and Ismail et al [20] obtained compactons, solitons, soli-
tary patterns and periodic solutions for the following nonlinear variants of KP and
KdV equations by using the tanh method, the sine—cosine method and the mathematical
transformation:

KP(n, n) equation:

d [ou 0 33 9%u
"4 b " —o. 3
8x<8t+a8x(u)+ a3 ))+K8y2 )
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KP-K(n + 1, n + 1) equation:

0 (du 0 i1 a 02 0%u
" b " =0. 4
8x<8t+a8x(u by ["a)ﬂ(”) Ty @
K(n, n) equation:
ou d " A
at—i—ax(au—i—bu)—i—KaxS(u)=0. (®)]
(1 + k)-dimensional KP(3n, 3n) equation:
0 (du 0 5 d ? 0%u 9%u
Y+ b " " k—2 =0,
8x<8t+a8x(u )by, [” a2 )DJrayZH e
k=2,3. (6)

In this paper, we shall obtain new compactons, solitons, solitary patterns and periodic
solutions for the KP(n, n), the KP(n + 1, n 4 1), the K(n, n) and the (1 4 k)-dimensional-
KP(3n, 3n) equations with positive and negative exponents by using the functional
variable method.

2. The functional variable method

The functional variable method, which is a direct and effective algebraic method for the
computation of compactons, solitons, solitary patterns and periodic solutions, was first
proposed by Zerarka et al [11]. This method was further developed by many authors
[12—-14]. We now summarize the functional variable method, established by Zerarka et al
[11], the details of which can be found in [11-14] among many others.

Consider a general nonlinear PDE in the form

du du du 0*u 9*u 3*u 9’u
P 9 9 9 9 9 9 9 9 e = 07 (7)
ot ’ dy ox  0r2 9y?’ 9x% 0tdx

where P is a polynomial in u and its partial derivatives. Use a wave variable & = ot +
a1x + oy + 6 so that

u(x,y, 1) =U(§). (3)
Equation (7) can be converted to an ordinary differential equation (ODE) as
Q(U, Ul, U”a U/Na '“) = 05 (9)

where Q is a polynomial in U = U (&) and prime denotes derivative with respect to §.
If all terms contain derivatives, then eq. (9) is integrated where integration constants are
considered zeros.

Let us make a transformation in which the unknown function U (§) is considered as a
functional variable of the form

Us = F(U) (10)

Pramana - J. Phys., Vol. 81, No. 6, December 2013 913



M Mirzazadeh and M Eslami
and some successive derivatives of U are
1
U — F2 /7
£t 2( )
1
UEEE — 2 (FZ)//\/FZ’
1
Useze =, [(F)"F?* + (F3)'(F*), (1)

where’ = d/dU.
The ODE (9) can be reduced in terms of U, F and its derivatives upon using the
expressions of eq. (11) into eq. (9) gives

RWU,F,F,F',F",..)=0. (12)

The key idea of this particular form (eq. (12)) is of special interest because it admits ana-
lytical solutions for a large class of nonlinear wave-type equations. After integration, eq.
(12) provides the expression of F, and this in turn together with eq. (10) give the relevant
solutions to the original problem.

Remark. The functional variable method definitely can be applied to nonlinear PDEs
which can be converted to a second-order ordinary differential equations (ODE) through
the travelling wave transformation.

3. Applications

In this section, we present four examples to illustrate the applicability of the functional
variable method to establish compactons, solitons, solitary patterns and periodic solutions
of nonlinear PDE:s.

3.1 KP(n, n) equation

3.1.1 The positive exponents. Let us first consider the KP(n, n) equation with positive
exponents

aax (‘ZL; +“aax (u")+baa;(u")> +/<z?; —0. (13)
Under the travelling wave transformation

ulx,y,t)=U¢E), &E=opt +ax+ay+3d (14)
we have

ai (U’ + aay (U™ +bai(U™)") + ka3U” =0, (15)

where U = U (§) and prime denotes derivative with respect to &.
Integrating eq. (15) twice with respect to £ and neglecting constants of integration, we
get

(o1 + ka)U + aai(U™) + baf(U™)" = 0. (16)
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We use the transformation
UE) =ve,
that will reduce eq. (16) into the ODE
(ot +k03) V" +aaiV + baV" = 0.

Then we use the transformation

Ve = F(V),
that will convert eq. (18) to
baj(F*(V))
(oo + ka3) V" +aaiV + i 2( ) =0.

Thus, we get from eq. (20) the expression of the function F'(V) as

2
FV)= |- a2V - 2n(aoar + K;‘z) Va-myn,
baj a(n+ Do
After making the change of variables

B 2n(oopo; + KO(%) y=n/n

A7)

(18)

19)

(20)

21

(22)

(23)

=7,
a(n + 1)0{%
and using the relation (19), the two possible solutions of eq. (21) are in the following
forms:
1 2 1 — n/(l1—n)
V1(§)={— ala )alz sech2|: n\/_a{“
2n(aoay + kay) 2no; b
and

2 . n/(l1—n)
V() = { a(n+ Daj cschz[l n\/_agj” '
2n (cpory +KC(%) 2no b

Now, from eqs (23) and (24) we deduce the solutions of the original problem

D | — 1/(1=n)
Ui§) = 1 — an+ Dey 5 sech2|: n\/_a{“
2n(opay + ko) 2nay b

D2 - 1/(1=n)
Uy = | oD CSChZ[ n/‘aéﬂ '
2n(apay + /cag) 2no; b

We can easily obtain the following solitary pattern solutions:

and

2n(opo; + ka?)
2
’/ll(x’y,t)—{_ a(n+1)a2
1
1/(n—1)
(=1 a
x cosh —  (aot +a1x + oy + 8)
2no b
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and
2n(apo + /coz%)
a(n + l)af

—1
x sinh? [n
2no

MZ(-xﬂ yvt) Z{

1/(n—1)
a
\/— b (ot +o1x + ooy + 8)} } . (28)

for (a/b) < 0, it is easy to see that solutions (27) and (28) can be reduced to compacton
solutions as follows:

2 2
uyx, v, 1) = — n(aoai +K§52)
a(n+ Daj
1/(n—1)
,[n—=1 Ja
X COS \/ (oot + a1x + a2y + 6) (29)
2noy V b
and
2 2
T
a(n+ Daj
1/(n—1)
. on—=1 Ja
X sin \/ (oot + a1x + oy + 6) , (30)
2noy \V b

for (a/b) > 0.

3.1.2 The negative exponents. In this case, the KP(n, n) equation becomes
d [Odu a 03 0%u
™ +b - =0. 31
8x<8t+a8x(u )b )>+K8y2 G
In view of the results (27) and (28) for (a/b) < 0, and n is replaced by —n, we deduce
the following exact soliton-like solutions for eq. (31):

( 0 a(l — n)otl2
upx,y, =

! Y 2n(cpay ~|—KO[§)
n—+1

4 1/(n+1)
\/— (oot + 1x + a2y + 6) (32)
2no b

x sech? |:

and

a(n — 1)0{%
2n(apa; + KO[%)
n+1
2no

MZ(-xv )JJ) :{

a 1/(n+1)
x csch? |: \/_b (oot + oy x +oz2y+8)i|} . (33)

Similarly, we now use the results (29) and (30) for (a/b) > 0, and n is replaced by —n,
we have the following analytical periodic solutions for eq. (31):

a(l — n)ocl2

2n(apoy + /coz%)

M3(-x7 yvt) Z{

n 1 B 1/(n+1)
x sec’ \/— (oot + a1x + oy 4 9) (34)
2no b
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and
a(l — n)ocl2

2n(apo + /coz%)

u4(x, )JJ) :{

n a 1/(n+1)
x csc? \/— (oot + a1x + oy 4 8) . 35)
2no b

3.2 (1 + k)-dimensional KP(3n,3n) equation

3.2.1 The positive exponents. Let us demonstrate the application of functional vari-
able method for finding the exact travelling wave solutions of the (1 + k)-dimensional
KP(3n, 3n) equation

d (du 0, el ? 3%u 3%u

"+ b " " k—2 =0, (36

m(aﬁ“ax“’ Vb [u 92 @] )+ HE=D (36)

where k = 2, 3, indicates the dimensions of the two- and three-dimensional spaces.
To look for the exact solutions of eq. (36), we make transformation

ulx,y, ) =UE), &=oapt+ux+oy+ (k—2)azz+34, 37
and generate the reduced nonlinear ODE in the form
a@U’ +aay(U™) + ba [U"(U)'T) + ((k = 2’3 + a5)U" = 0. (38)

Integrating (38) twice with respect to & and setting the constants of integration to be zero
we find

(o1 + (k — 2’3 + 03)U + aaj U + bajU"(U*")" = 0. (39)
We use the transformation

UE) =v"e, (40)
that will reduce eq. (39) into the ODE

(050051 + (k —2)%a3 + ag)Vl/Z" +aai V32 4 batV!2V" = 0. 41)

Following eq. (11), it is easy to deduce from (41) the expression of the function F (V)
which reads as

T \/_ bZ% V\/l i i ;;Ekfnz;%a% P oo )
Using the change of variables
4n(a0a1 + (k — 2)301% + a%)
a(n + 1)0{%

and using the relation (19), we can obtain the two possible solutions of eq. (41) in the
following forms:

| a(n + a? 2[1_3”\/_0‘ :|
ne= ! 4n(060061 + (k —2)%3 + O‘%) ol ana bg

V(l—3n)/2n — Z, (43)

2n/(1-3n)

(44)
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and
2n/(1-3n)
Do? 1-3
Va(§) = a(n + Daj s csch2|: n\/_a§:|
4n(oz0a1 + (k —2)3a3 + O‘z) 4noy b
(45)
Using eq. (40), we get the following exact solutions for eq. (38):
1/(1=3n)
Da? 1-3
Ui§)=1—- a(n+ Doy 5 s sechz[ n\/_a§i|
4n (oot + (k —2)%af + o3) 4na b
(46)

and

5+ 1)a? L3 1/(1-3n)
Un(&) = atn o cschz[ ”\/—ag} .
4n (oo + (k —2)3a3 + o3) 4na b

(47)
When (a/b) < 0, we have the following solitary pattern solutions:
( 5 { 4nA
ux,y,z, =1
R a(n + l)af
1/Gn—1)
,[3n—1 a
x cosh \/— (oot + a1x + ary + (k —2)azz + )
dnoy b
(48)
and
( 0 4nA
u ‘x’ b 9 =
SR a(n+ 1)0512
3 — 1 4 1/Gn—1)
x sinh? \/— (oot +a1x + ay + (K — 2)azz+6) ,
dnay b
(49)

where
A = apa; + (k —2)%a3 +a3.
When (a/b) > 0, we obtain the following compacton solutions:

( 5 { 4nA
usz(x,y, 2, =\
SR a(n + 1)0512
1/(3n—1)
,[3n—1 Ja
X COS |: \/ (oot + a1x + a0y + (k—2)a3z+8)“ (50)
dnoy V b
and
( 9 { 4nA
Usx,y, z, =\
a2 a(n + l)af
1/Gn—1)
., [3n—1 Ja
X sin \/ (oot + a1x +ary + (K —2)azz + 95) 51
dnoy NV b
where

A = apay + (k —2)%a3 +a3.
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3.2.2 The negative exponents. The (1 + k)-dimensional KP(3n, 3n) equation with
negative exponents is written as

D s [ e ) T -2 o
ax \ar " “ox ax [ ax2 3y? 92~
(52)

In view of the results (48) and (49) for (a/b) < 0, and n is replaced by —n, we deduce
the following exact soliton-like solutions for eq. (52):

1-— 2 3 1
ui(x,y,z,t) = {a( 4nz)al sechz[ Zn_; \/—Z (ot + a1x + any
1/(3n+1)
+(k — 2)azz + 8) :| } (53)
and
1-— 2 3 1
ur(x,y,2,1) = {—a( 4n:)a1 cschz[ Zn:l /—Z (ctot + a1 + any
1/(3n+1)
+(k —2)azz + ) “ , (54)
where

A = ooy + (k —2)%a? + a3

Similarly, we now use the results (50) and (51) for (a/b) > 0, and n is replaced by —n,
we have the following analytical periodic solutions to eq. (52):

1— 2 3 1
uz(x,y,z,t) = {a( 4n2)°‘1 Secz[ anl \/Z (ot + a1x + azy
1/Gn+1)
+(k —2)azz +6) “ (55)
and
1-— 2 3 1
us(x,y, z,1) = {a( 4’“’:)(11 cscz[ Zn; \/Z (ctot + a1 x 4+ ory
1/Gn+1)
+(k — 2)azz +8) } } , (56)
where

A = apa; + (k —2)%a3 +a3.

On comparison, we observe that our solutions (48)—(56) include the solutions of Wazwaz
[18].
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3.3 K(n, n) equation
3.3.1 The positive exponents. We consider a third variant of the KdV equation

bu 53
bn
g + gy (D) G

which was studied in Wazwaz [19]. It is to be noted that eq. (57) is the linear KdV
equation for b = 0 and n = 1. However, for a = 0, eq. (57) will be reduced to the
well-known K(n, n) equation.

Next, to find a travelling wave solution of eq. (57), we use

(u") =0, (57)

ulx,t)y =U(E), & =apt+a1x+ 4. (58)
Substituting (58) into eq. (57), we get

aoU' 4 ai(aU + bU") + kaj(U™)" = 0. (59)
Integrating eq. (59) and neglecting constants of integration, we find

(a0 + aa)U + bay(U™) + ko (U™ = 0. (60)
Using the transformation

U =v"e, (61)
eq. (60) will be reduced to the following equation:

(a0 + aa) V" + bayV + ko V' = 0. (62)
Using eq. (11), it is easy to deduce from (62) the expression of the function F (V) as

o= T e

Using the change of variables
_ 2n(oy 4+ aoy) ya-m/n
b(n+ oy

and proceeding as before, we can obtain the two possible solutions of eq. (62) in the
following forms:

=Z, (64)

n/(1=n)
b(n + Dy 5 l—n\/ b
V =1{— h — 65
16 : 2n(a0+aa1)sec |:2noz1 ks ©5)
and
b(n + Da 1—n | » ]
1 2 -
V. = h \/— . 66
2(5) :Zn(oto~|—aa1)csc |:2na1 kg:“ (66)
Using eq. (61), we obtain the exact solutions for eq. (59) in the following forms:
b(n+ 1) 1 » 117"
n o 2 - n\/
U =1{— h - 67
16 { 2n(a0+aa1)sec |:2noz1 k{” ©7)
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and

1/(1=n)
] b+ Dey > l—n\/_b
0a8) = { 2n(ag + aal)CSCh |: 2no k$:| } ’ (68)

When (a/k) < 0, we have the following solitary pattern solutions:

1/(n—1)
2n(ag + aay) ) n—l\/ b
1) =1— h — t 8
ui(x 1) { bn+ Dy O | 2y | g (@0F T 0)
(69)

and

1/(n—1)
2 —1 b
ux(x,t) = { n(a0+aal)sinh2 |:n \/_k (ozot~|—a1x+8):|} .

b(n + oy 2no
(70)
When (a/k) > 0, we get the following compacton solutions:
2n(ag + aay) n—1 [b VoD
0 1 2 -
, 1) =4 — t 1)
us(x. 1) { b(n+ Day |:2n051 \/k (@of + X+ )”
(71
and
2n (et + ac) 1 b vy
n(ap +aay) . 5 n— \/
) =1— t h)
ua(x, 1) { b(n+ Doy - |:2na1 k (oo? +an1x +9)
(72)

3.3.2 The negative exponents. In this subsection, we apply our method to obtain soliton-
like and periodic solutions of the K(7, n) equation in the form

u 0 E
b —n
gt gy (@O ) Fiey

In view of the results (69) and (70) for (b/k) < 0, and n is replaced by —n, we deduce
the following exact soliton-like solutions for eq. (73):

b1 ) +1 b 1/(n+1)
ui(x, 1) = { e sech? |:n \/—k(aot+a1x+8)]}

(u™) =0, (73)

2n(ag + aay) 2na

(74)
and
b(n —1) 1/ b oD
n— Do o n \/
1) = h — t 1)
uz(x, 1) {Zn(ozo—l—aoq)csc |:2na1 k(ao tonx+ ):H

(75)
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Similarly, we now use the results (71) and (72) for (b/k) > 0, and n is replaced by —n,
we have the following analytical periodic solutions to eq. (73):

1/(n+1)

b(l—ma; | n+ 1\/1; i
1) = t ) 76
us (%, 1) 2n(a0+aa1)sec 2no k(Oéo +ax+9) (76)
and
b(l ) = “1 /b 713 /(1)
—n)og )| n \/
1) = t ) . (77
ua(x, 1) 2n(a0+aa1)CSC 2no k(Oéo +ax+9) D

34 KP-K(n+ 1, n+ 1) equation

We finally consider KP-K(n 4 1, n 4 1) equation

aax (?;; +a ai @ +b ai |:u aé.):? (u”)D +x 2;’ =0. (78)
Using the wave variable £ = oot 4+ o;x + a2y + 8 and proceeding as before we find

ar(@U' + aa; (U™ 4+ ba [UWU™)"T) + ka3U" = 0. (79)
Integrating eq. (79) and neglecting constants of integration, we find

(o1 + kad)U + aai U™ + bajUU™)" = 0. (80)
Using the transformation

U = v, 1)
eq. (80) will be reduced to the following equation:

(aoes + ka3)V" + aaf vVI/™H 4 baf VMY = 0. (82)
Following eq. (11), it is easy to deduce from (82) the expression of the function F'(V) as

F(V) = \/_ bZ% V\/l N 2(050‘:/161?:12/(05%). 83)
Using the change of variables

_ 2w +Ka3) z 84)

Vaocl2

and proceeding as before, we can obtain the two possible solutions of eq. (82) in the
following forms:

2
Vi(E) = 2 (ctory %Z-Kaz)coshz [ 1 \/_aé} 85)
ao; 200 b
and
2
Va(§) = 2 (e tKo{Z) sinh? [21 \/—aé} . (86)
aa; o b
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Using eq. (81), we obtain the exact solutions for eq. (80) in the following forms:

2(050051 + KC(%) o] 1 a v
U,6) =1— ) cosh [ /— E} (87)
aoj 201 b
and
> 1/n
Ua(§) = {2(0(0011 tKaZ) sinh? [21 \/—aé}} . (88)
ao; o b

When (a/b) < 0, we have the following solitary pattern solutions:

1/n
2(agor +ra2 1
ui(x,y,t)y=1— (0 ! ) 2)coshz[ \/_a (a0t+a1x+a2y+8)i|
ao; 201 b
(39)
and
2(a o +/<a2) 1 a v
uy(x,y, t)= o ) ? Sinhz[ \/— (Olot+061x+062}’+5)} .
ao; 21 b
(90)
When (a/b) > 0, we get the following compacton solutions:
1/n
2(apor + ka2 1
m(x,y,t):{— (oot 2 2)0052[ \/a (Olot+061x+062y+5)}
ao; 200V b
On
and
2(a o +/<a2) 1 Ja v
u4(x,y,t)={— o 2 ? Sinz[ \/ (aot+a1x+azy+5)}
ao; 200V b
92)

Remark. Comparing our results with earlier results [15-20], it can be seen that the current
results are new.

4. Conclusion

Nonlinear phenomena play crucial roles in applied mathematics and physics. Exact
solutions for nonlinear PDEs play important roles in many phenomena such as fluid
mechanics, hydrodynamics, optics, plasma physics and so on. For the past several
decades, many powerful methods [15-20] were used in solitary wave theory to investigate
compactons, solitons, solitary patterns and periodic solutions for the nonlinear variants of
KP and KdV equations. In this paper, we obtained compactons, solitons, solitary patterns
and periodic solutions of the nonlinear variants of KP and KdV equations by using the
functional variable method. It shows that the method is powerful and straightforward for
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nonlinear differential equations. It is said that this method can be applied to other kinds
of nonlinear problems. Also, we predict that the obtained solutions in this paper will
be important for analysing the nonlinear phenomena arising in applied physical sciences.
The work reveals the power of this method in handling nonlinear PDEs which can be
converted to a second-order ODE through the travelling wave transformation.
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