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SUSY formalism for the symmetric double well potential
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Abstract. Using first- and second-order supersymmetric Darboiix formalism and starting with
symmetric double well potential barrier we have obtained a class of exactly solvable potentials
subject to moving boundary condition. The eigenstates are also obtained by the same technique.
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1. Introduction

Exactly solvable potentials (here by the terminology ‘exactly solvable’ we mean that the
eigenstates for the potential can be given in closed form) are very few in number in quan-
tum mechanics [1-3]. So, it is always interesting to construct some exactly solvable
potentials. Supersymmetric (SUSY) Darboiix method [1,4,5] is one of the elegant meth-
ods to construct integrable (exactly solvable) potentials. In SUSY quantum mechanics
one has to start with a known potential and its eigenstates (the seed solutions) and follow-
ing a very much well-defined route several exactly solvable potentials can be obtained.
Various work has been done to construct the integrable potentials by SUSY Darboiix for-
malism. If the boundary conditions are time-dependent, complication increases (for a
general treatment for SUSY quantum mechanics in time-dependent boundary condition,
see [1] and the references therein).

In this paper, starting with the symmetric double well potential [2,3,6] under time-
dependent boundary condition, we have obtained a class of exactly solvable potentials
under time-dependent boundary condition. The reason behind choosing the double well
potential is the following. For the specific tetrahedron structure of NH3; molecule [7],
the plane formed by three hydrogen atoms can be moved continuously from one side
to the other side (because of quantum tunnelling effect [2,3,6,8,9]) of nitrogen atom
with some definite frequency, called inversion frequency [3,8,9], it can absorb or emit
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the electromagnetic radiation of frequency equal to its inversion frequency [3,8,9] and
this phenomenon is used in maser theory [9,10], radioastronomy [9-11] and many other
branches [3,11]. Much work have been done by many authors [2,3,6—10] to determine
the eigenstates and eigenvalues of NH; molecule. In many of the cases the symmetric
double well potential [2,3,12] with time-independent boundary condition is used as the
approximation of the potential of that system [13] and this simplified model successfully
describes the existence of the inversion frequency of NH3; molecule.

The organization of the article is as follows. Section 2 describes about the SUSY
formalism in moving boundary case. Then the exactly solvable potentials obtained are
given along with their eignestates.

2. Solvability of Schodinger equation in moving boundary case and SUSY formalism

To solve the problem for the moving boundary condition, one usually transform it to

the fixed boundary problem by redefining the variables and solve the system for fixed

boundary case and then easily transform the solutions for the moving boundary case [1].
To solve the time-dependent Schrodinger equation

—8—2+V( AR t)—'3 (x, 1) (D
g TV DY D =T
with the moving boundary condition

v(0,1) =0, ¥(L@),1)=0 2

if we transform it in fixed boundary problem as ¢ = x/L(¢) and transform the wave
function as ¥ (q, 1) —> e?@"y(q, 1), then for the potential V(g,1) = g()V(g) +
U(q,t)+ go(t) the condition to apply the separation of variable technique to solve eq. (1)
yields the following conditions [4]:

2 .
b(q.1) = a(r)% £ b(g) +c(t), where a(r) = %K(r)L(r). 3)

If we choose b(¢) = 0 and c(t) = —i for go(s) — % log L(t) and if we use x(gq,t) =
Q(q)T(t); then we obtain g(t) = 1/L(t) and T(t) = e @, where () =
Jo (1/L2(s))ds. If we choose U(q,1) = —3L(t)L(t)g?, then we can easily obtain the
solutions for the moving boundary case by reusing g = x/L(¢).

Now, once we have a potential and its eigenstates by applying Darboiix transformation
we can generate new types of potentials along with their eigenstates. The Darbolix trans-
formation [5,14,15] method is based on the existence of an operator L and its adjoint LT
which act as transformation operators between a pair of self-adjoint Hamiltonians H and
H [15] and they are intertwined through LH = HL = HL" = LTH. For first-order
SUSY,

L= i + w(g).
dg
So
=L u
dg
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w(q) being the superpotential. If

2

3
H=——+V
PYE + V(g)

then V and V can be expressed as
) dw ~ 2 dw
Vig) =w(g) ——, V(@) =wig+ .
dg dg

H and H are iso-spectral except possibly for the ground state (ground state admits
normalization problem; as for the first-order transformation L is something like the gen-
eralization of famous annihilation or creation operator for the angular momentum algebra
or for the harmonic oscillator; this is not so much surprising) [1,5], and in second-order
SUSY

d? d
Ljj1= i + /3]'(61)@ +v(B)).
So,
. & d
L= i ﬂj@ +y (=B,
where
d
Bi(g) = —@log W; i (x)
and
B! g \> B, B € —e\
y(IBA)Z__]_l’_(_]) +_]+_]_<—f 1)
! 28, 28, 2 4 28,

€; being the energy eigenvalue for the jth level. So the obtained potential [1,4,5] is
a2
Vig) = Volq) — 2@ log W; j11(q),
W;in(g) = 050%,, — 0¥ 0%, )
and the wave functions
0; 01 &
(q) det| Q7 0%, OF
07 0%, of

1
Qk(q)=W s Lt 1#Fk (&)

Jj+1

First we note that for the approximate version of the potential of NH3; molecule, i.e.,

symmetric double well potential barrier
a a
Vig) = V¢ t—(b——)< <(b——>
(@) o 4 7)) = q= )
=00 at g==b (6)

=0 otherwise.
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The eigenstates are

Ol =sin[k(b+5-q)], ifb-%<q<b+?
2 2 )
—Sil‘l[ <b+a+ )] if b a< <b_|_ (7)
= S +a S == .
= coshlagq], if (b —) <g=<b- % (symmetric case)

sinh[a,q], if (b —) <qg<b-— % (antisymmetric case)

with the corresponding eigenvalues E, = h*k_,/2m, where kg, is to be determined
from the solutions of the following transidental equation:

k
nth = geon| e =i (0-3)|
tan(kaa) = —\/%tanh[\/ofkg <b — 6—211):| S Ol2 = _2’:2‘/0 (8)
a

which have countable number of solutions which confirms the energy quantization for the
system and that is why we can safely use the index &, k + j(j € R) to denote the various
energy levels and the index s and a are for symmetric and antisymmetric respectively.
Now we can easily construct the new types of potentials using SUSY.

3. New potentials by SUSY

One should usually start with the superpotential and can obtain new types of exactly
solvable potentials. For our case we start with the superpotential

w(g) = —Vocoth(Voqg) at — (b— %) <q< (b B %)
= 00 at g = +b o

=0 otherwise.

The corresponding partner potentials

) dw
Vig) =w(g) — a4

and
~ 2 dw
Vig) = w(g) + I
q
are the following:
—v2 oa—(p_2 _ 4
Vig) =V, at (b 2)qu(b )
=00 at g==zb (10)

=0 otherwise.
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o 12 2 oy 4 _a

V(g) = V2[1 +2cosech®(Vog)] at (b 2) <q< (b )
= o0 at g =+b (11)
=0 otherwise.

Using eqs (3) and (4) we now can construct new solvable potentials along with their
eigenstates under moving boundary conditions are given by

Vx,t) = ———x*, for reg(l)

_ Vg (1 + 2 cosech” (Vox/L(1))) B L(t)x27 for reg).  (12)
L2(1) L(1t)
For the sake of simplicity we denote b — % <g=< b+% asregion (1), b— % <—q=< b+‘21
as region (2) and —(b — 5) < g < b — 5 as region (3), and the corresponding eigenstates
are:
For regions (1) and (2):

k+1
NIG)

For region (3) and for symmetric condition:

Yx,t) = F exp(f(x,t)) cos[(k+ 1)X=F].

vx,n =

1
JLO exp(6(x, 1))

L(t Vi
X [Qas_sinh o — Vycoth <Lx> cosh as_] . (13)
X L
For region (3) and for antisymmetric condition:

vx,n = exp(6(x, 1))

1
VL(t)
L(1) Vox'\ .
X | —aaqcosh o — Vp coth I sinha, |, (14)
X

where

O(x,t) = (jé((tt))xz — iet) ,

12
o5 = \/E (Vo — (ks + 1)),

x?2 a x
aa+=\/ﬁ(vo_(ka+1)2)a XF= (b—i_E:FZ)‘
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And for the second-order Darboiix if one is equipped with the form of y (8), then easily
new types of potentials can be written. As their expressions are slightly tedious, the y are
given in the Appendix.

In this section the potentials for only the special case j = 1 and the corresponding
eigenstates are given.

For j = 1 the obtained potential is

L e 2 Loy
Vo(x,t) = Lz_(t) [VO + 6 cosec XJF] - 4L(t)x . (15)
F for region (1) and region (2) respectively, and the corresponding eigenstates are
1
0.2 2
“(x,t) = —exp(@(x,t))[—k“sin kX_ — 3kcot X_cos kX_
1//k \/Z p
+sin kX_(1 4 3cot> X_)], for region (1) (16)
and
1
0.2 2
“(x,t) = ——exp@(x,1))[—k" sin kX, — 3kcot X, cos kX
Uy 7L p + + +
+sin X, (143 cot’ X, for region(2). (17
For region (3) and for symmetric condition:
-3
Vo(x, 1) = m[(vo — 1)(cosh2A, — cosh2Cy) — 6 cosh? A]
L@y ,
— 18
AL (1%

and the corresponding eigenstates:

1
AL

YO (x, 1) =

[ors 1065, cosh Ag(orys sinh Dyg — orpg sinh Dyg)
+ a5, 0 cos Cs (a3 sinh D3g — g sinh Dyg)

+ a1 cosh Bg(ass sinh Dsg — args sinh Dgg)],  (19)

where

o = J(Vo—k2); Ai=aen: Bi=ago—: Co= g —:
Sy — 0 s/ s — sLa s — skLa s — s+1La

Dy = Bs+Cs; Dyy= By —Cs; Dis = As+ Bs;  Dgs = As — Bg;

o 0%
Dsg = Cs+ Ag; Dgs = Cs — Ag; als:%_ 32+1;
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U, O[s-&-l g (oA Uy Uy
Ol2s=_,‘ ) 0‘3s:___k; Ol4s=_+_k;
2 2 2 2 2 2
O] e . U1 O .
Us55 = ) - ?’ Qps = ) 3»

Ay = [ags1cosh Agsinh Cg — ag cosh C sinh AS]Z;

O[SZ\/V()—l; O[s+1=\/V0—4.

For region (3) and for antisymmetric condition:

3 .
Volx,t) = m[(vo — 1)(cosh2A, — cosh2C,) — 6 sinh? A4,]
L

X
4L(1)

and the corresponding eigenstates

1 . . .
w,?’z(x, t) = m[aaﬂaak sinh A, (a, sinh Dy, — o, sinh D»,)
+ a0 sSinh Cy (a3, sinh D3y — a4, sinh Dy,)
+ @4 Sinh By(as, sinh Ds, — a6, Sinh Deg,) |,

where

> X X X
Ua, =4/ (VO_ka); Aazlxaz; Bazaakz; Cazaa+l_;

L
Dla = Ba + Ca; DZa = Ba - Ca; D3a = Aa+Ba;

D4a = Aa - Ba; D5a = Ca + Aa; D6a = Ca - Aa;

g, a1 Uy, Hat1 | oy Oy
Ola= (7 — 7 Op=——+—F"; 0= — "7
2 2 2 2 2 2
o — Oy | Oy e — Hatl  Ua e = Hatl i A
4a — 5 I S5a — - 5 6a — ~
2 2 2 2 2 2

(20)

2y

It can be checked straightforwardly whether the obtained eigenstates indeed satisfy the

eigenvalue equation for the corresponding potential.
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4. Conclusion

Applying first- and second-order SUSY formalism to the symmetric double well potential
barrier we have obtained a class of exactly solvable potentials with moving right boundary.
Also, one can easily realize that after applying first-order Darboiix transformation, the
symmetric eigenstates transform into antisymmetric eigenstates and vice-versa and this
is expected as the transformation operator can be considered as the generalization of the
well-known annihilation and creation operators. As our starting potential is the same as
that of the simplified toy model of the potential in NH3; molecule (the only difference is
that the boundary condition we have used is time-dependent) we hope that the obtained
potential may be helpful to describe the NH3; molecule.
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Appendix

In general, the form of y (B) are:

jsinpcot(j+ 1)p |:] jsinp :|

1 2
= —cot
v(P) = geot'p sin jp sin jpsin2(j + 1p)

1
T sinp —sinjpoos + DpP?

. )
x [j sinjp—i—%sinsz - %(1 +12j) sin psin(2j + Dp

+ (J2+J+l>81112—]p
4) sin*(j+ Dp

.2 1 R P R ) .
+<j +Z>s1n jpsin®(j+ D)p + jsin® jpsin“(2j + Dp

jrcosjp . o j*sin? cos(2j + Dp
- (sinp —sin jp) + ————
sin(j+ 1)p sin jpsin(j + 1)p

8 [l+tan(2j+1)psin(2j+1)pﬂ 22)

4sin jpsin(j + 1)p

28 Pramana - J. Phys., Vol. 80, No. 1, January 2013



SUSY formalism

for regions (1) and (2) and

1[3
y(B) = o I:EaszaSZH + 20500541 tanh A tanh Cs(“s2+1 sinh A cosh A

— a2 sinh Cy cosh Cy) — (af, | cosh? Ag + af cosh? Cy)
! 2 2 ! 2 2
+ I cosh” Cs sech” Ag + I cosh” Ag sech” Cs

1
X (js + 5) (a? cosh® Cy — oz52+l cosh® Ay)

2js+ 1)
+ M cosh? Ag cosh® CS]

1
— Z(“Z“ tanh® Cy + o tanh® Ay — 2oy tanh A tanh C)  (23)

for region (3) and symmetric case. Here ®; = [« cosh A sinh Cy — g cosh Cy sinh Ag].
For region (3) and antisymmetric case

1
y(B) = o |:2°‘§°‘§+1
a

— a0y coth A, coth Ca(oef 1 sinh? A, + ozf sinh? C.)

2
o
+ a*sinh? A, + a*sinh? A, x j’l sinh A, cosech C,

2

1
- OiTa sinh C, cosech A, + (ja + 5) (ozZ+1 sinh® A,

1 2
— aZsinh? C,) ( Jat+ E) sinh? A, sinh® ca}

2,41 2
3 (oz a4~|— coth? C, + 0;_300ch A, — 20,041 coth A, coth Ca) .
(24)

where ®, = (a1 sinh A, cosh C, — o, cosh A, sinh C,)%«.
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