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Abstract. Travelling and solitary wave solutions of certain coupled nonlinear diffusion-reaction
equations have been constructed using the auxiliary equation method. These equations arise in a
variety of contexts not only in biological, chemical and physical sciences but also in ecological and
social sciences.
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1. Introduction

Lotka-Volterra model and its variants are used to model a large variety of prey—predator
problems [1]. Interestingly, the same set of equations are also used to model the popula-
tion flow between urban and rural areas mainly on the basis of analogy [2]. A fundamental
characteristic of this model is that the two populations interact in a nonlinear fashion
resulting in a pair of coupled partial differential equations. If the analytic solution of
such equations becomes available, then the dependence of the solution on the parameter
involved can be studied in a rather more transparent manner. While such a system has
been of great interest for more than 80 years now, its modified version consisting of dif-
fusion terms has been studied only empirically. In the present work, we shall investigate
certain coupled diffusion-reaction (D-R) equations of very general nature.

In recent years, various direct methods have been proposed to find the exact solu-
tions not only of nonlinear partial differential equations but also of their coupled
versions. These methods include unified ansatz approach [3], extended hyperbolic func-
tion method [4], (G'/G)-expansion method [5], generalized (G’/G)-expansion method
[6], generalized hyperbolic function method [7], variational iteration method [8,9], expo-
nential function method [10,11], auxiliary equation method [12—14], generalized auxiliary
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equation method [15,16], and so on. Here, we plan to employ the auxiliary equation
method to obtain an exact solution of the following coupled D-R equations [17]:

u; — ity = Dyuy, +au — ,3142 — yuv,

vy — Uy = Dovyy — v + xuv (1)
and

U; — iy = Diuvy, + lluzv,

v, — vy = Luv? — Dyviiyy. 2)
These pair of equations describe the cases when both the predator and the prey disperse
by diffusion. In particular, eqs (2) arise when the diffusion coefficient becomes density-
dependent, and the same is indicated by the presence of Dyu and D,v coefficients in the
diffusion terms. In the above equations u# and v respectively represent the populations of
the prey and the predator; o, 8, v, i, X, [} and [, are positive constants; D; and D, are
diffusion coefficients and ¢ and ¢, are convective velocities of the prey and the predator.

We first transform the pairs of partial differential equations (1) and (2) into the following
coupled total differential equations by defining a variable & = x — wt, viz.,

(c1 + wyu' — D" — au + Bu® + yuv =0,

(c2 +w)v' — D" + puv — xuv =0 3)
and

(c1 + wu' — Dyuv” — Liu*v = 0,

(c2 + W)V + Dyvu” — lhv*u = 0, 4)

and then look for solutions of these equations by making the ansatz [12]
M
u@) =y a,
i=0

N
@) =) bid, (5)
i=0

where a; and b; are real constants to be determined, M and N are positive integers which
can be determined by balancing the highest order derivative term with the highest order
nonlinear term in these equations and z(£) satisfies the following auxiliary equation:

2
(j-é) = AZ'E) + B @)+ CE) + D, (6)

where A, B, C and D are real arbitrary constants to be determined later.

2. Exact solution of eqs (1)

Note that for eq. (1), the balancing procedure immediately leads to M = N = 2. This
suggests the choice of #(&) and v(§) in eq. (5) as
() = ao+aiz(§) + a2’ (),

V(E) = by + biz(§) + b7 (8), (7)
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where the constants ag, a;, as, by, by and b, are yet to be determined. Substituting (7)
along with (6) in eq. (3) and then setting the coefficients of z/(£§) (j = 0, 1, ..., 4), Z(§)
and z(£)z'(£) to zero in the resultant expression, one obtains a set of algebraic equations
involving ay, a, az, by, by, b, w, A, B, C and D as

and

(w+c)ar =0,
2(w+cp)ay =0,
2DDay + aag — ﬂaé — yapby =0,

Dya\C + aa; — 2Baga; — yapb1 — yaiby = 0,
3
EBDlal +4CDjay +O[a2—,3a%—2,36l0612—)/Clobg—]/dlbl —yarby =0,

2AD1a1 + SBD1a2 - 2,3&1612 - }/albz — )/azbl = O,
6AD1a2 — ﬂa% — ya2b2 = O,

(w +¢2) by =0,
2(w+c)by =0,
2Dby Dy 4+ xagby — by = 0,

D2b1C + Xa()bl + )(alb() — /Lbl = 0,
3
EBDzbl + 4C Dyby + xapby + xaiby + xarby — uby =0,

2ADyb; 4+ 5BD;by + xaiby + yxaxb; =0,
6AD2b2 + Xd2b2 =0. (8)

We solve the above set of algebraic equations for B = b, = 0 and one obtains

6aD 4ADD\D
ao=ﬁ, a1=:|:\/a 2<ﬂ—ﬂ+—l 2—06>,
X

5xB \ x iz
6aD 1 12AD D?
@=L bo=—(a—’3—”“+—“‘), D2 = 3Dy,
B Y X Bu
108AD 4ADD,D
A #(ﬂ_lu#_a),
3yx X iz
2u? —4ADD? 13
C = u’ D = I,L o M > .
Dop 24ADD, = 24AD3
W= —C| =—C, )
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along with a constraining relation Do = 29uD;. In view of this constraining relation,
the above values of ay, by, a;, by and C now take the forms

3a 250 90Aa?D,
ag=—=—, bo=-—, a==% |7,
298 29y 841,82
o [250402D,
1 = :F 841/,”/2 k)
20a
87D,

In what follows we discuss some special cases for certain choices of the unknowns A, C
and D in eq. (6).

Case la: Let us take A = m?, C = —(14+m?)and D = 1, where 0 < m? < 1, in eq. (6).

Then the solution of (6) turns out to be [18] z(§) = sn(&), which, from (7), leads to the
solution of (3) as

_ D 9(1 +m?) [27m2(1 + m?) 5 3
u) = F (— 20 + > sn(§) + 6m-sn”(§) |,
2 2 2
e — D, <75(1 +m?) . [75m2(1 +m )Sn(€)>, 10
y 20 2

which is a periodic wave solution of eq. (3). In the limit when m — 1, sn(§) — tanh(§),
the solitary wave solutions of eq. (3) become

u(§) = % (—19—0 + /27 tanh(¢) + 6tanh2($)>

and
v(E) = & (E F V75 tanh(’g‘)) .
y \ 10

Case 1b: If A = —m?, C = 2m?> — 1 and D = 1 — m?, then the solution of (6) becomes
[18], z(¢§) = cn(&). Thus, from (7), we have

2 292 _
u(§) = % (9(2,7120 i V = (2;1 1)CH(S) —6m2cn2(5)>,
Dy [ 75em>—1)  [15m22m2 —1)
v() = — |- F cn(é) | - (11)
Y 20 2

When m — 1, leading to cn(§) — sech(§), the solitary wave solutions of eq. (3)

become
D (9 127 2
uE)=— (—20 + 5 sech(&) — 6sech (S))
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Dy (=75 \/ﬁ N
U(é)—7 >0 TV 7 s @) ).

Case lc: If A = —1,C = 2 —m? and D = m? — 1, then one finds [18] z(§) = dn(&),
and, from (7), we have

Dy (92-m?) | [2712—m?) 2
u) = B < 20 + 5 dn(¢) — 6dn (é)),
D[ 75Q—-m?) _ [152—m?)
v() = 7 (— 20 F > dn(é))- (12)

Here, when m — 1, then dn(§) — sech(&), and the solitary wave solution of eq. (3) is

gi\/enby

D (-715_ [75
V() = o (E F \/;sech(é)> )

Case 1d: If A =1,C =2 —m?and D = 1 — m?, then [18] z(§) = cn(&)/sn(£), and,
from (7), we have

Dy (92 —mY) | [27m2 = 2) en®) cn(€)\2
u@) = F( 0 VT 2 we +6<sn(fs>) )
_ Dy (752 —m?) _ [75(m> —2) cn(§)
e = (‘ 20 VT2 sn(5)>' 0

As before, when m — 1, then (cn(€)/sn(§)) — cosh(), and the solutions are given by

- D 91\/ﬁ h(g) + 6 cosh?
M(E)—7 20 T4/ 7 cosh(§) + 6 cosh™(£)

D[ 75 75
v(é) = N (—% ﬂFt\/;cosh(E)> .

Note that (&) and v(£§) become imaginary for this case.

and

and

and
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Case le: If A =1, C = —(1 + m?) and D = m?, then [18] z(§) = dn(&)/cn(&), and
from (7), we have

2 2
) — &(_9(1+m ), [270 4 m?) dnes) +6<dn<s>> )
B 20 2 cn(§) cen(§)
_ Dy (751 +m?) 75(1 + m?) dn(§)
vE) = ( o FV Cn@>, (14)

which represents a divergent solution of eq. (3).

Case If: If A=1,C =2m? — 1 and D = —m?*(1 — m?), then [18] z(£) = dn(&)/sn(&),
and from (7), we have

2 _ 2 2
w6 Dy (9(2m b, [27(1 — 2m2) dn(&) +6<dn(§)) )
B 20 2 sa® o \sn@)
Dy (7501 —2m?) _ [75(1 —2m?) dn(€)
v() = N < 20 F 3 sn(S)) ) (15)

which again represents a divergent solution of eq. (3).

3. Exact solution of eqs (2)

If one applies the balancing procedure to eq. (4), then one obtains M = N = 2, which in
turn leads to the choices of u(£) and v(§) as

u(&) = ap+ a1z(€) + ez (&),
V(E) = by + biz(§) + brz* (). (16)

As before, using (16) and (6) in eq. (4) and then setting the coefficients of z/ (&) (j =
0,1, ...,6), z/(¢£) and z(§)z'(£) equal to zero, one obtains the following set of algebraic
equations for the unknowns, namely ag, a1, az, by, b1, by, w, A, B, C and D as

(w+cp)a; =0,

2(w+c)a =0,

lLiaghbo + 2by Dy Dag = 0,

Liadby + 2L apa;by + D1b;Cag + 2b, Dy Da; = 0,
Liadby + Liatby + 2Lapar by + 2lyagazby

3
+5D1b13a0 + D1bCay + 4b,DCay + 2b, Dy Da, = 0,

398 Pramana - J. Phys., Vol. 79, No. 3, September 2012



and

Coupled nonlinear diffusion-reaction equations

llalzbl + 211a0a1b2 + 211&0(12!)1 + lealazbo + 2A610D1b1
3
+5B01D1b1 + DbCay + 5Bagh, Dy +4Ca b,Dy =0,
llasz + llagbo + 2lyaparby + 2l1aya;by + 2Aay D1 by
3
+§Ba2D1b1 + 6Aayb, Dy + 5Bab, Dy +4Carb, Dy = 0,

l]d%b] + 2lyayasby + 2Aarby Dy + 6Aa bo Dy + 5Baxb, Dy = 0,
llagbz + 6b2D1Aa2 = 0,

(w+c) by =0,

2w+ )by =0,

Lbay — 2Dsa; Dby = 0,

Lbkay + 2lbobiag — ayD2Chy — 2D2a; Dby = 0,
Lbjas + Lbiag + 2Lbobia; + 21bobaag

—%BboalDz —a;D,Cby — 4Cbyar D> — 2D>ar, Db, = 0,
Lbay + 2lybobiay 4 2lybobya; + 2labybyag — 2Abga) D,

—%Bblang —a;D,Cby — 5Bboars Dy — 4Cbyay D, = 0,
Lbtay + lbsay + 2labobyas + 2bbibyay — 2Abia; Da

—%BbzalDz — 6Abga, D, — 5Bbia; D, — 4Cbyar, D> = 0,

lzb%al + 2lLb1bra, — 5SBbyay D, — 6Abya, D, — 2Abra; D, = 0,
lzb%az — 6Ab2a2D2 =0.

After solving the set of algebraic eqs (17) for B = 0 we get,

6ADD, , _ 2Ds(C£/C7=3AD)
apg = — 3 = )
' T L (C+JC2—3AD) 0 L

6AD;  _ 6AD,

= b = 0, = 3 _— ’
aj 1 ap I, 2 L

w = —C = —QC).

a7

As before, now we discuss the special cases for certain choices of A, C and D in eq. (6).

Case 2a: For A =m?, C = —(1 + m?) and D = 1 we get

6m2D1 1
u) = (

)
I (1 +m?) FV1+m*—m? o (E))’
V(E) = 21_?2(_(1 +m?) £ V1 +m* —m? + 3m? sn’(§)).
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Note that for m — 1, sn(§) — tanh(&), one obtains

u(§) = —(1 —tanh’@). @) = —( 1+ 3 tanh’(©)).
corresponding to the upper sign in (17) and

u(€) = —<1—3tanh2<5)> v(E) = —( 1 + tanh?(&)),

corresponding to the lower sign in (17). Note that eqs (17) while representing periodic
wave solutions, the preceding limiting cases in fact are the solitary wave solutions of

eq. (4).

Case 2b: For A = —m?, C =2m? — 1 and D = 1 — m? we get

ue) = D1 Lom? +en(€)
b \em2 =) VTt —m? ’
v(E) = %(sz — 1) £ V1 +m*—m?—3m*cn®(&)). (19)
2

In general, these are the periodic wave solutions of eq. (4). When m — 1, cn(§) —
sech(§), one obtains only single solution for u(§), namely

D 2
u(§) = —— sech™(§).

However, correspondmg to upper and lower signs in v(§) we have
2D, ) 6D, 2
v(€) = l—(2 — 3sech”(§¢)) and v(€) = —l—sech &),
2

respectively. The latter represents a solitary wave solutions of eq. (4).

Case2c: For A= —1,C =2 —m?and D = m?> — 1 we get

ue) = 22 ( e +dn2($)>
oL \Q—m) T+ mt —m? ’
() = %((2 —m?) £ V1 +m* —m? - 3dnk()). (20)
2

Not only the nature of the above solutions in this case is the same as of case (2b) but also
the limiting solutions turn out to be identical.

Case2d: ForA=1,C =2—m?and D = 1 —m? we get

) _ D (m? — 1) _<cn<s>>
L \Q-m)EVT+m —m? \sn©)) |’
2
vy = 22 (0wt x 1+m4—m2+3<&@)> . @
(&)

400 Pramana - J. Phys., Vol. 79, No. 3, September 2012



Coupled nonlinear diffusion-reaction equations

These are the divergent solutions of eq. (4) for large &. For m — 1, (cn(§)/sn(§)) —
cosh(&), one obtains

6D, 2
u) = L cosh™(§)
and
6D,
v(€) = —(2 +3 coshz(é)) and v(€) = —= coshz(é)
I

corresponding to the upper and lower signs in v(§).

Case 2e: For A=1,C = — (1 + m?) and D = m* we get

o w _<dn<s>)
oL\ +md) FV Lt —m? cn(é) '

2
v(E) = —@ ((1 I Y g (%) ) 22)

which in general represent divergent solutions of eq. (4).

Case 2f: For A=1,C =2m* — 1 and D = —m?* (1 — m*) we get

e = (1 = m?) . (dn@))
o (2m? — 1) £ V1 +m* — m? sn(§) ’
o) = 222 ((2m —DEVI+mt—m?+3 (dn@)) ) (23)

n()

which again represent divergent solutions of eq. (4) in general.

4. Concluding remarks

With a view of having a deeper understanding of certain problems of population dynam-
ics, particularly when there exists a coupling in the population densities of different
species, the exact solution of two pairs of coupled partial differential equations (see eqs (1)
and (2)) which frequently occur [17] in the field, is investigated here. Recently, growth of
the cancerous cells have been modelled by nonlinear D-R equation [19,20]. Though all
these depend on the modelling of the underlying phenomena, some of the results obtained
here can be used for studying the growth of cancerous cells [19]. In our case, the two
species in eqgs (1) and (2) may represent the concentration of normal and cancerous cells.
For example, u (&) may represent the concentration of cancerous cell and v(£) may rep-
resent the concentration of normal cell. Then the limiting case of eqs (10), (11), (12)
and (18), (19), (20) represent the growth of normal and cancerous cell where, if the
concentration u (&) of cancerous cell increases then concentration v(£¢) of normal cell
decreases [20].
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In particular, a variety of periodic and solitary wave solutions are obtained for different
choices of the unknown parameters appearing through the ansatz made for the solutions.
Periodic solutions obtained in this paper can be used to explain the population dynamics
of certain species in ecology. Periodicity of this kind has been observed in the popula-
tion of hares and lynx [1]. Divergent solutions obtained in this paper are physically not
acceptable.

While the solutions of the pair of eqs (4) involve the diffusion coefficients D; and D,
and the corresponding couplings /; and I, in a symmetrical manner in all the cases, the
same is not the case with the solutions of the pair of eqs (3). Interestingly, the solutions
of eqs (3) do involve only the diffusion coefficient D along with the coupling parameters
B and y in all the cases. It appears that the diffusion coefficient D, does not play any role
as far as solutions of eqs (3) are concerned. The case when the coefficients in (1) and (2)
become time-dependent could be of much interest. Such studies are in progress.
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