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1. Introduction

Chiral anomalies have been studied at a slow pace over a period of almost 15 years during
most of which the general lack of interest following the active pioneering period [1,2]
(the pioneering period is extensively covered in [1]. From this period, we shall however
select out [2], especially relevant to the subject of this paper) did not stimulate very active
efforts [3—-6]. Recent revival [7,8] of the subject has, however, encouraged us [9-13] to
develop further some of the methods which slowly emerged and cast the results into a form
suitable to make contact with the recent mathematical understanding of the connections
between some of the algebraic structures which have been discovered and the topology of
gauge field orbit spaces and of gauge groups [14-19].

In this paper, we shall limit ourselves to the algebraic aspects of the structure of chiral
anomalies, but, by introduction of a background field (fixed connection), we shall extend
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the local results so far obtained in such a way that they become globally valid on non-
trivial bundles. This gives new insight into the problem and is also of physical interest,
in particular in the gravitational case, when non-parallelizable manifolds are considered
[20,21].

Section 2 is devoted to the description of the two main technical tools to be used in the
sequel: the ‘Russian’ formula and the extended Cartan homotopy formula. It ends by the
statement of a straightforward application, the ‘triangle formula’ which will be repeatedly
used in the sequel.

Section 3 goes over the definition of anomalies through the Wess—Zumino (WZ) consis-
tency conditions [2] which are stated in terms of cohomology. There follows the writing of
the corresponding Wess—Zumino—Witten (WZW) action [2,7] in three equivalent forms.

Section 4 treats in detail the problem arising when the anomaly vanishes on a subalge-
bra Lie K of the structure Lie algebra Lie G [7,12] and the corresponding Bardeen action
together with the covariant form of the vertex anomaly are exhibited. The chiral case,
where the structure group G is a direct Gg x G of two isomorphic factors, and where
the diagonal anomaly vanishes [22-26], is treated in detail.

2. Technical equipment

For a gauge theory with structure group G, a compact Lie group, we shall be concerned
with a principal bundle P (M, G) (an elementary exposition can be found in [6]), where
M is of even dimension d = 2n — 2, compact, without boundary. Connections on
P(M, G) are represented locally by one-forms with values in the Lie algebra Lie G of
G. Gauge transformations of P(M, G) are locally represented on M by functions into G
with suitable gluing properties. They form a group ¢ which acts on the (affine) space of
connections A:

ge9, A, =g 'Ag+g 'dg. (1)
The curvature F of A is defined by (notice that in this paper the bracket is defined

[A, Bl = AB — (—)“’ BA, where a(b) is 1 if A(B) is an anticommuting element and
zero otherwise)

F(A) = dA + % [A, A]. 2)
Then
F(Ag) = F,(A) =g ' F(A)g. 3)

The Lie algebra Lie ¢ of the gauge group is locally represented by functions to Lie G
with the bracket law

up, up 2%

[ug, ua](x) = [u(x), ua(x)]. 4

xeM
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Expressions involving connections, their curvature, gauge transformations and infinites-
imal gauge transformations (elements of Lie ¢), are globally defined provided they are
locally gauge invariant, i.e., invariant under

Al — A}

F(A") — Fy(A")

g — h'g'h

u' — h~'u'h

h:localmap (M — G). (@)

We shall see in §3 that the definition of anomalies goes through the consideration of
the cohomology algebra H* (Lie ¢, I'o.) of Lie ¢ with values in the representation
space I of ¢ consisting in local functionals of a given set of connections, i.e., inte-
grated locally gauge invariant polynomials of the coefficients of these connections and
their derivatives. This is a graded commutative differential algebra [27] defined by the
structure equations (this is the geometric part of the BRST algebra [4], which has an
additional contractible piece involving the second Faddeev—Popov ghost v and the gauge
fixing Lagrange multiplier y: v =y, Sy =0)

1
S = —E[v, v],
A =—dv—[A,v] = —D(A)v,
Sd+dS =0, S?=0, (6)

where . is the appropriate coboundary operator and v, which generates H *(Lie ¥), is
what physicists call the geometric Faddeev—Popov ghost, whereas A, or possibly several
of them, generate I'}..

The operator . can also be interpreted (under the homomorphism which maps H*
(Lie ) into Hj pp.m(¢9) [28]) as an antiderivation with respect to a set of parameters A,
A2,... upon which the group element g(x, A) may depend [11] since, if one considers that
also, the connection A depends on these parameters through

A, M) =g MA@EE, M) 4+ g7 (x, M) dg (x, 4), ()
and the Faddeev—Popov ghost is defined by
v = g_lYg, ®)

then eqs (6) follow immediately.

A convenient change of generators is to go from (v, A) to (v, A + v), and from d to the
total differential d + . (for an interpretation of A 4+ v as a connection on P(M, G) x ¥4,
see a forthcoming paper by R Coquereaux). Then, by virtue of the structure eqs (6) one
has the ‘Russian formula’ [11,12,19]

1
F(A+v) = (d+5ﬂ>(A+v)+5[A+v,A+v]
= dA + %[A,A] = F(A). 9)

Of course, the Bianchi identity holds,
dF(A)+[A, F(A)l=d+ AFA+v)+[A+v, F(A+v)]=0. (10)
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This purely algebraic formulation easily extends to the consideration of the Lie algebra
of vector fields on M needed to describe gravitational anomalies [8,13,20,21], whereas
connection can be made with the topological considerations of [14—16] by identifying v
with the Maurer—Cartan form of ¢ and . with the differential on ¢ as mentioned above.

Sometimes we shall consider the connected component of the identity in ¢, which will
be denoted as %. It is exponentiable if G is simply connected, which we shall assume,
when needed.

We now turn to the extended Cartan homotopy formula. Consider a family of connec-
tions smoothly parametrized by a set of variables #;, t,, ... which we shall denote A,(x).
Besides the usual antiderivation d with respect to x, we introduce an antiderivation d;
with respect to the parameters {7} and an even operator ¢, [11] defined in such a way that
the following graded algebra is satisfied:

d* =d* =dd, +d,d =0,
d[ = @,d - dgt,
d[gt - Etd[ == 0. (11)

The operator ¢, is a homotopy derivation which increases the degree in dt by one and
decreases the degree in dx by one. Its action on the algebra of polynomials generated
by a particular set of forms will be defined so that (11) is satisfied and the algebra of
polynomials is stable under the application of d, d; and ¢,. It is easy to check that the
unique action of ¢, on polynomials in {A,, F, = dA, + % [A;, A/],d, A, d F,} satisfying
these requirements is given by

E[Ft - d[A[, EIAI - g[d[A[ - th[F[ - 0 (12)

The general problem of defining the action of ¢, on different algebras of polynomials will
be considered in the Appendix.
From eqs (11) it follows immediately that

[f ). dl=d f'(t) = f"({)d 13)

for f(¢;), a polynomial in £,. Taking f(¢;) = e, as given by its Taylor expansion, we
obtain from eq. (13),

el'd — de' = de' = e"d,. (14)

If 2 is a polynomial in the forms {A,, F,, d;A;, d,F;} (or in any other set of forms on
which the action of ¢, has been consistently defined), eq. (14) can be written as

(d+d)e" 2 =e"d2. (15)
Expanding both sides of this equation, we obtain
Ep €p+1 £p+1
—9 =— 2—-d———29. (16)
p! (p+ D! (p+ D!

This expression can be integrated (for fixed x) over a domain 7 in the space of parameters
{t} with boundary 7. Since the integrand is a form both in {x} and {¢}, we need to
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establish a convention for this ‘incomplete’ integration. For « a form of degrees (r, s) in
(dx, dr) we adopt the following definitions:

/ aE/ oy dx"dr’ = <f Olr,sdxr) dr’,

X, X, Xy

/ o= / oyl de’ = (=) ( / a,,sdts) a, (17
T, Ty T;

i.e., the non-integrated differentials are taken out of the integral to the right. It is easy to
see that this convention implies the following rules:

d/ a:(—)‘/ da, d,/ oz:(—)’/ d,a, (18)
T, T, X, X,

s

whereas Stokes theorem keeps its familiar form:

/ doe:/ o, / d,oz:/ a. (19)
X1 00Xy 41 Ts+1 0T 41

Had we adopted the opposite convention (differentials out to the left), Stokes theorem
would have picked up additional signs. Integration of eq. (16) with the above convention
gives

Ep ZP_H ZP_H
_’QZ/ ’—dg+(_)ﬁ+qd/ ’—g’ (20)
ar P! r (p+ D! r (p+ D!

where ¢ is the degree of 2 in {dr}.

Equations (16) and (20) are the extended Cartan homotopy formula in differential and
integral forms respectively. They are valid for any 2 belonging to an algebra of polyno-
mials on which the action of ¢, has been consistently defined and for any parametrization,
and they include as a special case the ordinary Cartan homotopy formula (eq. (24)) below.
They also contain the following particular cases:

(1) If 2 is a polynomial in A, and F; closed with respect to x, i.e., d2 = 0, then by
eq. (15) we know that e 2 is closed with respect to the total differential operator
d + d,. Equation (20) reduces to

ep Eerl
L92=()Pd | ——2. 21
/arp! ) /T(p+1)! @b

This new set of descent equations has been studied in [28,29] in the case where 2 is
a symmetric invariant polynomial in F, and 7 a (p + 1)-simplex with A, given as a
convex combination of connections A’

p+1 p+1

A, = ZO:IiAi, Z(;t,- =1. (22)

(2) For A parametrized as in eq. (7) we have d, = .. If we take 2 = wy,_1, with
dwy,—1 an invariant symmetric polynomial in ' and we consider the action of ¢,
on the algebra of polynomials in {A, F, v, dv} (v is the geometric Faddeev—Popov
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ghost), then eq. (16) becomes the ordinary ‘descent equations’ for the forms w5, | »
that we shall consider in §3 (see also [11,12])

Foh__, =—dobi, (23)
The integral eq. (20) gives the relations among the cocycles recently defined in [28,
31-34]. See the Appendix for the appropriate definition of ¢, and a detailed derivation
of these results.
Since they will be used repeatedly in what follows, we consider in detail the first two
equations in (21), with the restrictions indicated above. For p = 0, 2 = P(F') a
symmetric invariant polynomial and A, = tA, + (1 — ) A, we get

1
P(F})) — P(F|') = nd/ P(d,AF' ") = na’/ dtP(Ay — Ay, 1)
T\ 0

= dwy,—1(Az, Ay), (24)

where dt is an ordinary differential. Equation (24) is of course the ordinary Chern—
Weil version of the Cartan homotopy formula [11,12]. Notice that ws,_1(A3, A1)
is invariant under simultaneous gauge transformations of A; and A,. For p = 1,
A =HA + 1Ay + (1 —t; —1)As and T; the corresponding simplex, we get

- / L P(F") = won—1(A1, A2) + wrn—1(A2, A3) + wru—1(A3, Ay)
It
nn—1)

=——2d | SP(d,A,, d A, F'?)
2 T
n(n—1 (' i 5
= Td dry dt,SP(A, — Aj, Ay —A3,Ftn )
0 0
=dx (A, Az, Az), (25)

where df; and dr, are ordinary differentials, and SP is the symmetrized form of the
polynomial P (see [9,11]). Equation (25) will be used very often in the rest of this
paper, and we shall refer to it as the ‘triangle formula’. This formula had been used
previously in [11,24] with a different derivation.

3. Chiral anomalies as elements of H! (Lie ¢, [joc)

In the known field theory models involving a gauge field A, and possibly a fixed back-
ground gauge field Ao (in the sequel we shall not transform Ay, i.e., Ao = 0) whenever
P(M, G) is not trivial, anomalies appear as the right-hand side of an anomalous Ward
identity [2,5]

5”1"(~,A,A0)=/. o (v; A, Ao), (26)
M

where I'(-, A, Ag) is the vertex functional of the theory under consideration in which the
dot collectively denotes all other fields, which transform linearly under ¢. <7 (v; A, Ag)

912
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is linear in v and depends locally on A and Ag. Thus, from the algebraic property .2 = 0
we get the consistency condition

/ S (v: A Ag) = 0, 27

which characterizes .27 (v; A, Ag) as a representative of an element of H'(Lie 4, I'oc)
since I'(-, A, Ap) is ambiguous up to local counterterms consistent with power counting
and other symmetry laws as implied by renormalization theory. This mere fact has to
be stressed since it implies that, in general, there is no standard formula for <7 (v; A, Ag).
A (v; A, Ag)+F T +dy is just as good a candidate if 'y, is an admissible counterterm,
x alocal form. We shall see in the sequel several examples in which this ambiguity helps
the anomaly to assume quite different disguises, not to speak of the case of gravitational
anomalies [8,13,20,21] which will not be covered here.

Although there is only one case in which H I(Lie ¢, Ty.) has been computed [5],
namely the case of perturbatively renormalizable theories in four dimensions, a large
class of solutions of the consistency conditions is known, which it is fair to call the Adler—
Bardeen [25] class, and may very well exhaust the set of all solutions (as this paper was
being completed, M Dubois-Violette, M Talon, C M Viallet kindly informed us that they
had computed H*(Lie ¥, <) where </ is the space of local funcfionals of A, F(A), con-
firming the general belief if G involves at most one U (1) factor). It is obtained as follows:
Consider symmetric polynomials of degree n on Lie G, invariant under the adjoint action
of G (these are tabulated for all compact simple groups and can therefore be obtained for
all reductive groups). Then, a simultaneous application of the Russian formula (17) and
the Cartan homotopy formula (24) yields

P(F"(A)) — P(F"(Ayg)) = n(d + 5”)/ diP(A+v— Ay, F(A)))
= (d + S )wum-1(A + v, Ag) , (28)
where A, =t(A+v)+ (1 —1)Ap and

1
F(A) =d+ A+ 3 [Ar, Af]. (29)
Expanding w;,_; in powers of v,
2n—1
W 1(A+v, Ag) =) @b, (v; A, Ag), (30)
p=0

where the lower index denotes the form degree and the upper index denotes the power of
v (the degree in {A} space) that is involved, we get

P(F" (A)) = P(F" (Ag)) = do),_,

fa)hlp dwé’:—lz o p=0,1,...,2n -2,

Fai ' = 0. (31)

This is the set of ‘descent equations’ considered for instance, in [11], generalized to the
case in which there is a background field. This shows in particular that

A(v; A, Ag) = @y, ,(v; A, Ag) (32)

solves the consistency condition (27).
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Remark that all formulae so far written are global on P (M, G) and that only for a trivial
bundle one can choose Ay = 0 and recover the usual local formulae [11,12]. Also for two
different background fields A, A, the anomalies differ by a coboundary. Combining the
Russian formula with the ‘triangle formula’, we have

Wan-1 (A, A + V) + 02,1 (A + v, A]) + @2,-1(A], AJ)
= (d+ .7 (A3, AL, A +v). (33)

The term linear in v gives the difference of the anomalies in background fields Al A% as
an allowed ambiguity

@3, (V3 A, AY) — w3, 5 (V3 A, Ap)
= .7 x(AG. Ap. A) + dxy,_5(AG, Aj, A+ ). (34)

In a recent paper [32] a new ‘simpler’ expression for ) | » (U3 A, 0) has been proposed.
This new expression has a reduced dependence in the field A, attained through the inclu-
sion of powers of dv which contribute to the form degree. This can be generalized to the
presence of a background field by expanding instead of wy,—1(A + v, Ap) the following
form:

W21 (V5 A, Ag) = w21 (A + v, Ag + V) + @2, 1(Ag + v, Ag)
1
= n/ dtP(A — Ay, Z" ' (A)))
0

1
+n/ duP v, "' (AL), (35)
0
where A, = tA+ (1 —1)Ag+ v, A, = pnv + Ap and .% are given by eq. (29). By the
‘triangle formula’ the relation between @,, | and wy,_; is
—1(v; A, Ag) = wra—1(A + v, Ap)
+(d+ )x(A+v, Ay + v, Ayp). (36)

This means that the new @5, | , Will differ from the old ones by allowed ambiguities
[12,22].

Now, it is a remarkable fact [2] that, although a)énfz(v; A, Ap) represents a non-
trivial class in H'(Lie ¢, i), this class can be ‘killed’ by enlarging I'joc (A, Ap) into
oc(g; A, Ag), where g belongs to %,. We define the action of .Z on g by

Sg = —vg. (37

We lift the whole situation to P(M x [0, 1], G) = P(M, G) x [0, 1] by considering a
family of connections A, on P(M, G) such that

A =Apgfort =0, A=A, (38)
and a family g; of gauge transformations satisfying

go=1id¥9, g =g. (39

914 Pramana - J. Phys., Vol. 78, No. 6, June 2012
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We continue v, .¥ into V, S such that

1
SV = 5 [v,Vv],
SAZ = _d[OtV - [Al9 V] )
Sgr =V, (40)

and define

Cuew (815 Ar, Ag) = / (@9, (Ar, Ag) — @9, (Asg,, Ao)), (41)
Mx[0,1]

where dio = d + d; is involved everywhere.
First we have

STyzw (815 Ar, Ag) = / o (v; Ay, Ap) . (42)
M

This is because, by construction, the second term in the right-hand side of eq. (41) is
invariant under S, and
w5, (Ar, Ao) = dia (V: Ar. Ao). (43)

The result follows by the application of Stokes theorem and the vanishing of the integrand
for t = 0 (notice that the rule given by (18) has to be used, with S instead of d;).

Secondly, we shall show that, for a suitable choice of g;, I';,;,, can be expressed as an
integral over M of a functional which is manifestly local in the gauge potential A, but not
obviously local in g. To this end, we can write

Fow = / @, (Ars A)) — %, (Arg.» A0))
Mx[() 1

= —/ dS—/ @91 (Arg,(5)» Ao)
0 Mx[0,1]

1
__ f S f W0 (Arg s Ao, (44)
0 Mx[0,1]

where g, (s) is a family such that g,(0) = id¥, g;(1) = g;.
The latter expression reads [2],

0 (S)
L = — / ds / %szf( {(5) 5% A,g,@,Ao)
Mx[0,1]

- _/ ds/ ﬂ( s )ag‘() gm,AO) (45)
0 M

where, after commuting S with the integral over M x [0, 1] (see eq. (18)), we have
contracted

Sa)gnfl = _dtmwén72 = _dwtd
with d/ds, using

Vi i 71( )ag,(s) (46)
as

Pramana - J. Phys., Vol. 78, No. 6, June 2012 915
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Taking advantage of the exponentiability of %, we may, for instance, choose
&) =Y 90 =0, ¢()=1 47

with &€ € Lie ¥.
Now, I'y;,y as given by eq. (44) can be split into two parts [7,22-26]: a purely mesonic
part

]
g
Il

0
- / 5,1 (Ao, , Ao)
Mx[0,1]

1 0
—/ ds/ ;z%(gl_l(s) g;(s),Aogl(s),Ao> (48)
0 M s

and a gauge field part

My = — / A (A Ao + @ (Ao, Aog)
Mx[0,1]

+a)(2),171(A0g,1 Atg,)s (49)

where we have used the gauge invariance of a)gnfl. After using the ‘triangle formula’ and
Stokes theorem we get

I'a :/ X (Ag, Aogg, Ao). (50)
M

To sum up

1
Fuow == [ 5 [ /€ Ao A0+ [ XA Ange Ao, (51)
0 M M
where x is given by eq. (25), and
g =gi(s)=e*, g=¢. (52)
It is easy to see that the change of I',,;,, under a change of the background field from
A(l) to A% is given by
Fww(g; A, A%) —Tww(g; A, A(l)) = / (x(A, Aza A(l)) - X(Ag’ A(z)’ A(l)))
M
(53)

Finally, let us point out that in this section we have been very careful to distinguish
between A, g, . and v and their corresponding continuations into M x [0, 1] which
we wrote A,, g;, S and V. In the next section, to keep the notation from becoming too
heavy, we shall always write A, g, . and v, considering the 7-dependence implicit when
necessary.

4. The covariant Bardeen vertex anomaly

(This is not to be confused with the covariant current anomalies [13], which can be derived
from the present formulae (see also [19])). Assume [7,12] there is a subgroup K of G with
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the property that the invariant symmetric polynomial P vanishes when its arguments are
restricted to Lie K, and that P(M, G) is reducible to K (e.g., its transition functions
may be chosen to lie in K), so that Ap may be chosen to belong to Lie K. Then, we
may decompose A and v along Lie K and an invariantly defined orthogonal complement
(Lie K)

AIAK+AJ_, AK,UK € Lie K,
v=vg+vy, A;,v, € LiekK),. 54)

The anomaly <7 (v; A, Ap) as it stands does not vanish along K; there, it reduces to
@ (vg; A, Ag), where A does not belong to Lie K.
Define the Bardeen (local) counterterm

Tp(A, Ag) = — / (@3, (A, Ag))+@3,_(Ag, Ax)+@3, (Ag, A))
Mx[0,1]

_ / X (A, Ax, Ao). 55)
M

The first term cancels the canonical anomaly. The second term is identically zero, since its
arguments are both in Lie K. The covariant anomaly %, (v; Ag, A, Ag) is thus given

by

T, (A, Ag) = —d e, (v: Ag, AL) (56)
and clearly does not depend anymore on Aj.
We use the family
Ai=t(A+v)+ A —-1t)(Axk +vg) =Ax +vg +1(AL+vy), &)

so that the homotopy formula yields
P(Z"(A+v)) — P(F"(Ak + vk))
= P(F"(A))
=n(d+.5) /l drP(AL +vi, F"(A))
— (d+ P (A+ 0, Ay + o) (58)
with

1
F(A) = (d+ A + 3 [Ar, Al

F(Ag +1AL) + 17 [AL v1]
—t[AL,vi]i —[AL vk + O (V7). (59)
This expression for .7 (A;) is obtained by using

S Ax = —dvg — [Ag, vkl —[AL, vi]k .

SAL = —dvy —[Ag, v ] —[AL, vg] = [AL, v1ly,

1 1
Sk = —5 [vg, vl — 3 [vi,vilk,

1
S = —lvg,vi] — 3 [ve,vil, . (60)
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Juan Maries, Raymond Stora and Bruno Zumino

Collecting the linear terms in eq. (58) yields

ooy (V; Ak, AL)

1
- nf dtP (L, F'™ (g +1A1)
0

+n(n—1) /01 dtP(AL, P[AL vl —1[AL il
—[AL vl F"?(Ag +1AL), (61)
which for A| = 0 reduces to the well-known result
eov(v3 Ak, 0) = nP(vi, F"" (Ag)). (62)
Remark, as a check, that the vg dependence has disappeared as it should, i.e.,
Geov(Vi; Ak, AL) = 0. (63)
Although the anomaly does not depend on the background field, I" g does, and it is clear
that its variation is given by

Tp(A, AY) —Ts(A, A)) = —f x(A, A], AY). (64)
M

It is also possible to obtain a new expression I',,.,, for the WZW action which gives the
covariant form of the anomaly and is expressible in terms of ¢ € ¥/ By eq. (56), a
functional which gives the anomaly directly in the covariant form is:

Fow (g3 A) = / (@ (A Ag) — 6% (Ags Agi)- ©5)
Mx[0,1]

We consider g € 4 decomposed in the following way:
g=8k, g€9/%, keX. (66)

Since by (56) and (63) a)g,Hl (A, Ag) is invariant under gauge transformations k € JZ (or
at least under k € .%5), we have the following identity:

3,1 (Ag, Agk) = 03,1 (Ag, Agk), (67)
and therefore
I-‘wzw (g; A) = I-ﬂwzw (é’, A), (68)

i.e., ['y., depends on g alone. By using the ‘triangle formula’ it is easy to get the
following expression for I'y,,,, in terms of the more conventional I'y,;,,:

Coew(@; A) = T (&5 A, Ao) + Ta(A, Ag) — Ts(Ag, Ag), (69)

where ['y,,,(8; A, Ap) is given by eq. (51). Notice that under a change in the background
field, the variation of Ty, is cancelled by the variation of the counterterms (eqs (53) and
(64)) as it should be, since by definition I',;,,(g; A) is intrinsically independent of Ay. It
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is only to get an expression local in A and globally defined on a non-trivial P(M, G) that
we are forced to introduce the background field in the right-hand side of eq. (69).

It should be noticed that the variation of ¢ under a gauge transformation (i.e., .£ g)
depends on the particular way the decomposition of eq. (66) is defined.

The most popular application [2,7,22-26] of this formalism is when G = Gg x G. In
this case the following notation is used:

(gr,.8L) €9 =%r x %1, (g,8) € ¥ =diag¥,
A= (Ar,A), Ar=V+A, A, =V-A,
Ak =(V,V), AL =(A —-A),

UR = Vy + Vs, UL =UVy — Uy,

vk = (y,vy), vl = (va, —Va),

P(F"(A)) = P(F"(Ag)) — P(F"(AL)). (70)

In this case the covariant vertex anomaly is given by specializing eq. (61), with the
result

Q{chiral (UA; V, A)

cov

1
=n/ drP(va, F*"1(V 4 tA))
0

1
+n(n— 1)/ drP(A, (> — 1) [A, val, F”_Z(V +tA))
0
— (Vg = —v4s, A —> —A), 71)
which for A = 0 reduces to

il () 2V 0) = 20 P(us, F"' (V). (72)

cov

However, one may get a shorter formula for the full anomaly by choosing, instead of

Iy = — / (@, (Ars Ao) — &% (AL, Ag) + @, (V. Ag)
Mx[0,1]
— a5, (V. AL), (73)

the following expression:

M= / @, 1 (Ak, Ag) + @l (Ao, Ap) + (AL, Ag))
Mx[0,1]

- f X(AL, A, Ao), (74)
M

which differs from ' by

Mg —Tp = — / (@3,_1(V, AR) + 3, (Ag, AL) + @3,_ (AL, V)
Mx[0,1]
_ / K (AL, Ar V). (75)
M
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Then, the new covariant anomaly satisfies

S, (Ar, Ar) = —dZ/S™ (v4; V, A), (76)

and is obtained from the identity
P(F(Ag)) — P(F(AL))
=n(d+.%) /01 dtP(Ag +vg — Ap — v, F" 71 (A)
= (d +.7) @5, (Ar + VR, AL + 1), (77)
where now:
A =t(Ag+vrp)+ U —1) (AL +vL),

T

@+ 2)A+ 3 1A A
= F(tAr + (1 = AL) + 41t — DA, val + 0%
= F(V—(1=20)A) +41(t — D) [A, v4] + OQ?). (78)

Picking the term linear in v in the right-hand side of eq. (77) yields the wanted form of
the anomaly

Q//chiral (UA; V, A)

cov

1
= 2n/ dt P(vs, F'1)
0
1
+8n(n — 1)/ dtP(A, t (t — 1) [A, val, E"79), (79)
0

where
F,=F(V—(1-20)A).
As before
Al (4,0 V,0) = 2nP(va, F" (V). (80)

Equation (69) with either I or I'; can be used to construct a WZW action which
depends only on ¢ € % x ¥, /diag¥. A possible decomposition of g is [24]

(8r, 81) = (¢, 818% ) (&R, &R) ,
g =(e.818%') € Yr x Y, /diag ¥ (81)
From (35), we know how g and g; transform:
Sgr = —VRgR, gL = —VL&L, (82)
and if we define U = g, g}l, we obtain immediately the action of . on g
JSU = (&8}1) =7g185 +8.L8x
= _ULngEI + ngElvR =—v U+ Uvg. (83)
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Appendix

Here we consider the problem of defining the action of ¢, on the algebra of polynomi-
als generated by a particular set of forms A,, F;,.... This is applied to polynomials in
{A(x,)), F(x,A),v,dv}, where v is the geometric Faddeev—Popov ghost and

Ax,2) = g 'A) g+ g 'dg, g=g(x, A,
A, L) = dA(x, L) + % [A(x, ), A(x, AM)] = g_lF(x)g, (A.1)

and the meaning of the resulting extended Cartan homotopy formula is exhibited.

In general, given a family of connections A, with curvatures F;, we want to extend
the algebra of polynomials P(A,, F;) with values, e.g., in the enveloping algebra e(Lie
G) of the relevant Lie algebra in such a way that it becomes stable by applications of
d (exterior derivative with respect to base space), d; (exterior derivative with respect to
parameter space) and ¢,, a homotopy derivation which increases the degree in d¢ by one
and decreases the degree in dx (x € base space) by one, such that

td —de; =d,,
e[d, - d[e[ == 0,
dd; +d;d = 0. (A2)

So, we need in general the generators in table 1.

Notice that the generator of degrees (3, 0) in (dx, df) is not independent, since by the
Bianchi identity we have dF, = F;A, — A, F,. Similarly, the generator of degrees (0, 3)
can be written as

1
Eﬁ,zdz Fy = (L Ay) (G A) — (G AY) (Gd Ay) (A.3)

Also, the following generators are identically zero (they would have a negative degree
in dr)

A, =2dA, =CF =0. (A.4)
Table 1.
d-deg
ds-deg 0 1 2
0 A)f Fl
] E,A, tht dt Ft
ZI Ft
2 E,th, ﬁ,d,F;
02F,
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Now we may subject the free algebra generated by elements in the table to relations
consistent with eq. (A.2). We consider two examples:

(1) Impose the relations
U F =d A, LA =4d A = E,ZF, =Y{,d, F, =0. (A.5)

Only A, F;,d;A; and d,F, remain as independent generators. This is the case
considered in eq. (12).

(2) Introduce a new form v, of degrees (0,1) in (dx,dr) and impose the following
relations:

LA = vy, L F =L, = 0. (A.6)
From ¢, F; = 0 we get
0=4(F =¢dA, +¢,A?
= (dl, +d)A + (L ADA + AL A))
=dv; +d;A; + [vs, Al
This defines d, A, as
diAy = —dv, — v, A/ (A7)
From ¢2F, = 0 we get in a similar way
0=02F, =2d,v, + [v, v,],

which defines d, v, as
1
divy = _5 [ve, ve]. (A.8)

In this case the remaining independent generators are { A;, F;, v,, dv, }. From (A.7)
and (A.8) it is clear that we can identify v, with the geometric Faddeev—Popov ghost
v, d; with . and A, with A(x, 1) as given by (A.1). Therefore, we define the action
of £, on polynomials in {A(x, A), F(x, A), v, dv} by

Z)LA =10,
EAF = E)\U = O,

1
Ekdvz(dﬂ;\+§”)v=5”v=—§[v,v]. (A9)

We shall now write the extended Cartan homotopy formula for 2 given by
2 =03, (A, Ay, dw),_; = P(F"(A)) — P(F"(Ap)), (A.10)
where P is an invariant symmetric polynomial, i.e.,

4P = 7P =0, (A1)
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In this case eq. (16) becomes

&

y_wgnfl =—d <

p+1
e}\

p! (p+ D!
since by eq. (A.9) ¢, P = 0.

This coincides with the ordinary descent eq. (31) if we identify

w§n1> : (A.12)

» _8 o
Wy 1—p = EwZn—l' (A.13)

To evaluate this expression we need, in addition to eq. (A.9), the action of ¢, on
Ap and Fy. We set

6 Ay = €, Fy =0, (A.14)

which is consistent with .¥Ag = YFy = 0 and eq. (A.2). (Strictly speaking, we are
considering the algebra of polynomials in {A, F, Ay, Fo, v, dv} with the constraints
E}LF = E)LU = E;\AU = ZAF() = <yAO = yF() =0and Z)LA = v.)

It is clear that the formula for &)ﬁhk » given in eq. (A.13) coincides with the one
obtained by expanding w;,—;(A + v, Ag) in powers of v (eq. (30)), since ¢, carries
A into A + v into itself.

The integral form (eq. (20)) of the extended Cartan homotopy formula, with
(A.13) is

/ wé’n_l_,,=(—)”d/ bt (A.15)
0T p11

Tp+l
If T, is a p-simplex which has as vertices the gauge group elements {go, g1,..., &}
and we define

ap(AvAO; g07 glv"'7gp):/X,Bp(A(-x)VAO(x);gO(-x)v"'1gp (X)),

(A.16)
where B, is the following density in x-space:
ﬁp(A(-x)3 Ao(x)s g()(.x), gl (-x) EECICE ) gp (-x))
= / w;n—]—p (U’ A(X), AO(x))v (A17)
T

then «, is a p-cocycle in the (simplicial) gauge group cohomotogy with coboundary
operator given by

(Aay)(A, Ao 805 81s -+ 8p)
p+1

=Y () p(A, Ao; 80,811+ 8in - -2 8pr1)- (A.18)
i=0

This can be easily checked for o;:

(Aay) (A, Ao; go. &1, &2)
=1 (A, Ao; g1, &2) — a1(A, Ao; go, &2) + a1 (A, Ao; go, &1)

=// Wy = —/ d/ w3, 5 =0, (A.19)
X BTZ X T2
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where eq. (A.15) has been used in the last step. In general, eq. (A.15) can be written as
ABp = / Wy 1y = (57 dBp, (A.16)
0741

which vanishes upon integration over x-space. Notice that iteration of eq. (A.20)
gives all the higher cocycles once §; is defined. The cohomology of the gauge group
and an explicit construction of its cocycles have been considered recently in [30—
32,34], whose results are recovered quite directly here.

By considering different parametrizations and different algebras of polynomials, the
formalism presented at the beginning of this Appendix can be used to obtain new sets of
‘descent equations’ from the extended Cartan homotopy formulae (eqs (16) and (20)).
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