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Abstract. In this paper, the quantum properties of a two-level atom and the cavity-field in the
Jaynes—Cummings model with the gravity beyond the rotating wave approximation are investi-
gated. For this purpose, by solving the Schrodinger equation in the interaction picture, the evolving
state of the system is found by which the influence of the counter-rotating terms on the dynam-
ical behaviour of atomic population inversion and the probability distribution of the cavity-field
as quantum properties is explored. The results in the atom—field system beyond the rotating wave
approximation with the gravity show that the quantum properties are not completely suppressed
under certain conditions.
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1. Introduction

A fundamental task in physics is the description of the matter—light interaction using the
Jaynes—Cummings model (JCM) [1]. The JCM is analytically solvable by rotating wave
approximation (RWA) when the counter-rotating terms (CRTs) are neglected [2]. This
approximation is valid when coupling regime is weak and the detuning is small [3,4].
Yet, with the advent of circuit QED it has become feasible experimentally to explore
regimes of the model where the dynamics is not well described within the RWA [5-7].
There have already been many investigations exploring analytically and numerically the
local dynamics of the model beyond the RWA [8,9]. Some of the developed techniques
deal with nearly resonant but strong couplings [10—12] and some deal with highly detuned
and strong coupling scenarios [13—15].

On the other hand, with development of technologies of laser cooling and atom trap-
ping, the interaction between a moving atom and the field has attracted much attention
[16,17]. Experimentally, atomic beams with very low velocities are generated in laser
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cooling and atomic interferometry [18]. It is obvious that for atoms moving with a veloc-
ity of a few millimeters or centimeters per second for a time period of several milliseconds
or more, the influence of Earth’s acceleration becomes important and cannot be neglected
[19].

A semiclassical description of a two-level atom interacting with a classical running
laser wave in a gravitational field is given in [20,21]. However, the semiclassical treatment
does not permit us to study the pure quantum effects occurring in the course of atom—
radiation interaction. Recently, within a quantum treatment of the internal and external
dynamics of the atom, we have presented our research to investigate the influence of
classical homogeneous gravitational field on the atom—field properties in the JCM with
the RWA [22,23].

In this paper, the quantum properties of two-level atom and the cavity-field are inves-
tigated, when the two-level atom interacts with the single-mode travelling wave field in
optical ring cavity (cavity-field) with the gravity and beyond the RWA. By solving the
Schrodinger equation in the interaction picture, the evolving state of the system is found
by which the influence of the CRTs on the dynamical behaviour of atomic population
inversion and the probability distribution of the cavity-field is explored. In §2, we present
a quantum treatment of the internal and external dynamics of the atom. In the interaction
picture, we obtain an effective Hamiltonian describing the interaction of two-level atom
with the single-mode cavity-field with the gravity and with respect to CRTs. In §3, we
investigate the dynamical evolution of the system and show how the CRTs may affect
the dynamical properties of the JCM with the gravity. In §4, we study the influence of
RCTs on atomic population inversion and the probability distribution of the cavity-field
as quantum properties under certain conditions. Finally, we summarize our conclusion
in §5.

2. The effective Hamiltonian for the JCM with the gravity beyond the RWA

The total Hamiltonian for the atom—field system with the gravity and in the absence of
RWA with the atomic motion along the position vector X is given by [24]

H = Hiee + Hrwa + Herr, (D
where

. p’ .o sin L L

Hfree=m—Mg'x+hw aa‘i‘i +§ﬁweg0z, ()

Hrwa = hilexp(—ig - ¥)a'6_ + exp(ig - ¥)6..a], 3)

Herr = Brlexp(ig - X)a' 6. + exp(—ig - X)6_al, )

where @ and &' denote, respectively, the annihilation and creation operators of a single-
mode travelling wave with frequency w, ¢ is the wave vector of the running wave and
0+ denote the raising and lowering operators of the two-level atom with electronic levels
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le), |g) and Bohr transition frequency weg. The atom—field coupling is given by the param-

eter A and p, X denote, respectively, the momentum and position operators of the atomic
centre of mass motion and g is the Earth’s gravitational acceleration. The Schrédinger
equation is given by

i le@)
ot

It is convenient to consider the evolution of the state vector |¢(¢)) of the total system in
an interaction picture induced by the unitary operator

= Hlgp(1)). Q)

. —itH, —i [ H,(thdr
T(6) = exp [ —220 ) exp —i [ Hy(hdt! ’ 6)
h h
where
2 2

g — P I AL _pad

Hy = 3 +Mg-x—h |:8M (a'a+ |e)(e|)a)i| ha,$, @)

. 3 Y N

8:[2w—§weg—q-<x+%>i|, (®)
with

A 4oy - 1

Hy(t)=(p+4q)-8t+ 51\4g2r2. 9)

In this picture, the evolution of the transformed state vector |p.(f)) = f‘(t)l(p(t)) is
governed by the Hamiltonian

As A A

H,= TTHT —inT'T
h(expl—itA_(p, g, 01a'6_ + explitA_(p, §, )]0, )

+ ha(explitA L (p, 3, 01a'6, +expl—itA,(p, & Dlo_a),  (10)

where

S

P q- ..

Ai(p,g,t)=wﬂ:weg—(7+q~gt+3m>, (11)
has been introduced as the Doppler shift detuning at time . The Schrédinger equation
governing the JCM beyond the RWA is

ihalfﬂle(t))
ot

It is not easy to solve eq. (12) because of the presence of the CRTs in (10). Thus, the
unitary squeezing operator is defined as

= Hy |1 (1)) (12)

5 . M.
S(n) = exp (?az - za”) } (13)
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The Hamiltonian corresponding to the state vector |, (¢)) = St (m)|@1.(2)) is obtained as

fh = S§THLS—in§'S
= hA[A(D)E + A*(Ha™ + t(na'é_

+ 2N 0)6.a + EX(DaT6L + E(S_a + C )], (14)
where
n* sinh /4n*n [i(fm* —n'n) } in* —n*n) in*
At) = —w| - T (s
© An*n 4dn*n @ 4dn*n 2 (1>
h4/_
E(1) = (1) cosh /777 — 9y (1) RV N (16)
E(t) = Py (1) cosh /7 — P (00" Smjn_vn a7
C(t) = [(i) - l(””*—_””)] (cosh /4n'y — 1), (18)
2 8n*n
with
Pi(t) = expl—itAs(p, §, D). (19)

By considering the two constraints A = 0 and & = 0, the time-dependent function 1(¢) is
obtained as

2weg exp(ix (1)/2) +iwfi(t) eXp(—ix(t)/Z)]

.
1) =7 explix (@) In [2weg explix (1)/2) — if1 () exp(—ix (1)/2)

(20)

with

x (1) = —iIn[of (1], (21)
where

f©) = 0fi)) = 5=In f2(0). (22)

w
h) = ’az)f)‘ O yifr )+ 2/TFTOL. 23)
eg
—2iWeg .

fi@®) = . exp(—2iwegt). (24)
By using (20), the Hamiltonian (14) is rewritten as

Hy, = hA[Z(D)a'6_ + 25 (1)é0a + C(0)]. (25)
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The Schrodinger equation with regard to (25) is

ihalfﬂze(t))
ot

Finally, by using 7, = exp(—i fot C(t")dr’), the effective Hamiltonian is given by

= Hoolgae (1)) (26)

Hey = T]Hy T, —ihT]T, = Hy. — C(1)
= ML0a's- +*(1)6.al, 27)
where we have defined g: (t) and C(¢) in (16) and (18), respectively.

3. Dynamical evolution beyond the RWA

In §2, we obtained an effective Hamiltonian for the atom—field system with the gravity
and in the absence of RWA. In this section, the dynamical evolution of the system is
investigated. We shall show how the CRTs may affect the quantum dynamics of the JCM
with the gravity. For this purpose, we solve the Schrédinger equation

WO _ Bt o, 8)

at

for the state vector | (1)) = T.(t)|¢2.(¢)) with the effective Hamiltonian (27). Since the
Hamiltonian couples only the states |g,n + 1) ® |p) and |e, n) ® |p), the state vector is
introduced by the following form:

ih

V() = / Ep > Wen(p.g.Dle.n) ® |5)
n=0

+Ven+1(P, & DIg.n+ 1) ®|p)). (29)

The equations of motion for the time-dependent probability amplitudes v, , (P, g, 1) =
V1, Yent1(P, &, 1) = Y by substituting (27) and (29) into (28) are found as

U1 = —iry/(n + D (O, (30)
and
U = —iry/(n + D). (31)

At time t = 0 the atom is uncorrelated with the single-mode cavity-field and the state
vector of the system can be written as a direct product

W =0) = [¥em(0) ® [Vaom(0)) ® [¥fie1a(0))
</ d3p¢(ﬁ)|ﬁ)) ® (cele) +cqlg))

® <Z wn|n>) : (32)
n=0

where we have assumed that initially the field is in a single-mode coherent superposition
of Fock states, the atom is in a coherent superposition of its excited and ground states, and
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the state vector for the centre-of-mass degree of freedom is [em (0)) = [ d*pd(p)|p).
The initial state (32) reads as

W (t=0))= fd3p2(wnce¢<ﬁ)|e,n> ®17)
n=0

+wari1cgd(Plg.n + 1) ® [p). (33)
When we compare eq. (33) with eq. (29) we find the following initial conditions:
Y1t =0) = wacep(p), Y2t = 0) = War1c,0(P). (34)

We can solve two coupled first-order differential eqs (30) and (31) in a straightforward
way. We have

a;Z‘ - a*(t)% + by ()Y =0, (35)
and

% ~a02 4 b, 0002 =0, (36)
where

a(t) = % ba(t) = 2(n + DE* (O (D), 37)

are time-dependent. The exact solutions of eqs (35) and (36) read as, respectively,

by
i) = exp(ta (g)) [Co(D D1 (1) + Co ) En(0)], (38)
and
thy(t)
Yo (t) = exp( ) ) [C(1) Doy (1) + C(2) Eny (1)1, (39)
where
o —vao  iJEwD
Dy, (1) _H_a*3(t), 20 s (40)
o (e wED)
E,(t) = 1Fy mﬂ/l( 3 (1) + NG ; (41)
@ —V2b,(1) | 1/a®
Dzn(r>—HL3(t), a0t | (42)
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2
_H2 _
byt /2_( V2b, (1) +Ma<r)) |

Ep (1) = 1Fy P Sl WP 72 43)
with
C.(l) = E2,(0)y1(0) — E1,(0)y2(0) ’ (44)
E2,(0)D1n(0) — E1,(0) D2, (0)
C.(2) = D5, (0)¢r1(0) — D1, (0)¢2(0) 5)

E1,(0)D2n(0) — E2,(0)D1,(0)’

and H, | F; denote, respectively the Hermite and the confluent hypergeometric functions.

4. Dynamical properties of the model beyond the RWA

In this section, influence of the CRTs on the quantum properties of the two-level atom and
the quantized radiation field with the gravity is studied.

4.1 Atomic inversion

The atomic population inversion is expressed as

W) = (Y @)]o|[¥(1)). (46)
By using the atom—field state |1/ (7)) given by eq. (29), we obtain

Wi = [ &p Y twl = 1Pl )
n=0

Therefore, by substituting (38) and (39) into (47) we have

(s v a* ()b, (t) + a()b: (1)
W) = /d pgexp <t P )

$A|Cu (WP (D1 () = [Dan (D))

+1CiQPUE @) = [Ex(D)]?)

+ Co(DCE QD1 (D ET, (1) — Day(t) E3, (1))

+ CaQ)C()(E1, (1) D, (1) — Ep, (1) D3, (1)}, (48)

where according to eqs (16) and (19), ¢(¢) and y4(¢) in a(¢) and b, (¢) are functions of
p. We have shown in [23] that because of strong gravity g - g = 1.5 x 107s72 in atom—
field system with the RWA, the quantum properties such as atomic population inversion
W (t) and the probability distribution of cavity field P (n, t) are suppressed. Furthermore,
investigations of quantum properties such as W (¢) and P(n, t) for various physical sys-

tems are extremely important due to experimental realizations [25,26]. Therefore, we
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are interested in establishing conditions in which not only both the gravity and the CRTs
are considered but also the quantum properties of the system are not suppressed. For
this purpose, we consider an atom—field system beyond the RWA with the weak gravity
g -g = 0.01 x 107s72, because based on [23], the quantum properties of the system
are not completely suppressed when considering the weak gravity with proper value for
atom-field detuning A = @ — wes. Then, by considering different values for coupling
parameter A, the other condition for our purpose is found. Influence of CRTs on the evo-
lution of atomic population inversion for three values of coupling parameter A with the
weak gravity g - g = 0.01 x 107572 and the atom—field detuning A = 0.18 x 107 rad s~!
[23] is shown in figure 1. We assume that at t = 0, the two-level atom is in a coherent

superposition of the excited state and the ground state with ¢, (0) = 1/ V2, c.(0) =1 / V2

and the cavity-field is prepared in a Glauber coherent state w, (0) = exp(—%)a" //nl.
In figures 1 and 2 we setg = 10’ m™!, M = 1072 kg, g = 9.8 m 572, wyec = hq*/2M =
0.5 x 10° rad s71 [20-24], wee = 8.82 x 107 rad s™', 0 = 9 x 10’ rad s™!, & = 2 and
o (p) = exp(—p? /002) with oy = 1 [23,27]. Here, it is necessary to point out that

the relevant time-scale introduced by the gravitational influence is 7, = 1/,/q - g [22].
Therefore, for an optical field with |§| = 10" m~!, 7, is about 10~* s. In figure 1a, one can
see the Rabi-like oscillations in the atomic population inversion W(¢) in weak coupling
regime with A = 0.01w [28,29] which is agreeable with [30]. In the atom—field system
beyond the RWA, not only the weak gravity is considered but also the atom—field detuning
A = 0.18 x 107 rad s~! [23] is selected. By comparing figures 1b and Ic for strong
coupling A = 1.11w [31] and ultra-strong coupling A = 11.1w [32] respectively, the
Rabi-like oscillations in the atomic population inversion W (t) is completely suppressed
which is agreeable with [33,34]. Moreover, with increasing value of coupling parameter
A, the amplitude of W (¢) increases.

27'[ 2oy

4.2 The probability distribution of the cavity-field

The probability distribution function P (n, t) that there are n photons in the cavity-field at
time ¢ is given by

P(n,0) = |[(nlyr (). (49)
By using the expressions (27), (36) and (37) we have

P@n)=/hﬁmwmn%wamﬁ. (50)

Therefore, we obtain
P(n.1) = /d3pexp (ta (t)bnﬁt;(;g(t)b”(”)
X AICa (DI D1 () + [ D2 (1))
+1C QP UE O + [Exn (D))
+ Ci(HC2)(D1a (1) EF, (1) + Doy (1) E3, (1))
+ Ci(QC; (D) (E1 (1) D}, (1) + Ez, (8) D3, (1))} (51)
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Figure 1. Time evolution of the atomic population inversion vs. the scaled time Az.
Here we have set g = 10"m~ L, M= 10726 kg, g=9.8m sfz, wrec =0.5x 100 rad sfl,
weg = 8.82x 107 rad ™!, w = 9x 107 rad s™', @ =2, G - g = 0.01 x 107 s72,
A=0.18 x 107 rad s! and ¢, =cg= 1/+/2 with coherent state for initial cavity-field:
(a) For A.=0.01w, (b) for A=1.11w and (c) for A.=10.1w.

The three-peak structure of probability distribution of the cavity-field P (n, t) in [23] has
decreased with increase in gravity, when the RWA is considered. Influence of CRTs on
the three-dimensional plot of the P (n, t) with the weak gravity g - g = 0.01 x 107s~2 and
the atom—field detuning A = 0.18 x 107 rad s~! [23] is shown in figure 2. By comparing
figures 2a—2c for weak coupling A = 0.01w [28,29], strong coupling A = 1.11w [31] and
ultra-strong coupling & = 11.1w [32] respectively, one can see that the number of peaks
in the P(n, t) increase because of CRTs (compare with [23]). Moreover, the multipeak
structure of P (n, t) is an evidence for the nonclassical behaviour of the cavity-field which
means, the nonclassical behaviour of cavity-field is suppressed with respect to CRTs by
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(b)

Figure 2. The three-dimensional plot of the probability distribution function P (n, t)
vs. the scaled time At and n with the same corresponding data used in figure 1: (a)
For A = 0.0lw, (b) for A = 1.11w and (¢) for A = 10.1w.

increasing the coupling parameter. By comparing figures 1 and 2, it is found that the
nonclassical behaviour of quantum properties for the atom and the field in our system
without the RWA is not suppressed by considering three conditions: (I) the weak gravity
g-g = 0.01 x 107s72, (II) the weak coupling A = 0.01w and (III) the atom—field detuning
A =0.18 x 10" rad s~
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5. Summary and conclusions

In this paper, the quantum properties of a two-level atom and the cavity-field in the
JCM with the gravity beyond the RWA are investigated. For this purpose, by solving
the Schrodinger equation in the interaction picture, the evolving state of the system is
found by which the influence of the CRTs on the dynamical behaviour of atomic pop-
ulation inversion of two-level atom and the probability distribution of the cavity-field is
explored. The results are summarized as follows: with increase in coupling parameter
in our system without the RWA (1) the Rabi-like oscillations in the atomic population
inversion are disappeared, (2) the nonclassical behaviour of cavity-field is suppressed and
(3) the nonclassical properties of the atom—field system beyond the RWA with the gravity
are not completely suppressed by considering three conditions: (I) the weak gravity, (II)
the weak coupling and (III) the proper detuning.
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