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Abstract. In this paper we discuss symmetries of classes of wave equations that arise as a con-
sequence of some Vaidya metrics. We show how the wave equation is altered by the underlying
geometry. In particular, a range of consequences on the form of the wave equation, the symmetries
and number of conservation laws, inter alia, are altered by the manifold on which the model wave
rests. We find Lie and Noether point symmetries of the corresponding wave equations and give some
reductions. Some interesting physical conclusions relating to conservation laws such as energy, lin-
ear and angular momenta are also determined. We also present some interesting comparisons with
the standard wave equations on a flat geometry. Finally, we pursue the existence of higher-order
variational symmetries of equations on nonflat manifolds.
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1. Introduction

The well-known Vaidya metric representing a model for the spherically symmetric solution
of the Einstein equations with geometrical optics stress energy tensor of radiation is widely
discussed in the literature [1-3]. A special case of the metric is the well-known Papapetrou
model [4] and a study involving the Carter constant and Petrov classification is conducted
in [5]. The references in the latter includes studies on the nature of the Killing tensors and
well-known notion of the isometries of the metric which are the diffeomorphisms of the
manifold onto itself which preserve the metric tensor [6].

The Lie and Noether symmetries of the geodesic equations have been discussed in detail
in [7], the more interesting case being the latter since these lead to conservation laws via
Noether’s theorem [8]. We showed that we totally recover the information regarding the
isometries of the metric from a study of the Noether symmetries associated with the corre-
sponding natural Lagrangian, L. The Noether symmetries of a system are a one-parameter
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Lie groups of transformations that preserve the action £ = [ L and are determined by a
Killing-type equation given later. That is, a larger algebra of generators of symmetry are
obtained and, hence, more conservation laws are classified. The Lie symmetries, on the
other hand, leave the system invariant under the transformation and contain the Noether
symmetries [9].

The standard wave equation in (14-3) dimensions has been extensively studied in the
literature from the point of view of its Lie point symmetries. A detailed symmetry analysis
of this equation is discussed by Ibragimov [10]. It is well known that in three-dimensional
Euclidean space, the linear wave equation admits a maximal 16-dimensional Lie algebra of
point symmetries excluding the infinite symmetry. In this work, we use a purely geometric
consideration to construct the wave equation in a curved background geometry in such a
way that the wave equation inherits nonlinearities of the respective geometry in a natural
way. Keeping in mind that the wave equation in four-dimensional spacetime may be of
more physical significance, we use the Vaidya manifold for our purposes.

We present some salient features of an Euler-Lagrange system of differential equations
[8,9]. Consider an rth-order system of partial differential equations of n independent and
m dependent variables,

EP(x,u,uqy,...,up) =0, B=1,...,m. (1)
A conservation law of (1) is a closed form of the equation given by

D;T' =0, )

0
o ;] —
u; 3 +ui.jﬁ+"' , i=1,...,n,
J

where u’ represents the first derivative of u* with respect to the ith independent variable
x! and ”Z represents all second derivatives of u* and so on and 7 = (T',...,T" is a
conserved vector of (1). Suppose A is the universal space of differential functions. A
Lie—Bicklund operator (vector field) is given by

x=g L gl e g O 3)
=5 T e T e gh"”'zau;?jh ’

where £, n® € A and the additional coefficients are

£ = Dy(W) + &,

é‘i(?iz = DilDiz(Wa) + gju(;iliz’ (4)

and so forth, where W* is the Lie characteristic function defined by

W =n* — Sj”(;~ 5)
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In this paper, we shall assume that X is a Lie point symmetry operator, that is, & and
n are functions of x and u and are independent of derivatives of u. The Euler—Lagrange
equations, if they exist, associated with (1) is the system,

SL

=0, a=1,...,m, (6)
Su“

where §/6u® is the Euler—Lagrange operator given by

S 1Dy Dy I @)
- = — i Dp ——, a=1,...,m.
Sua aua = ! ’ 8u?‘]mis

L is referred to as a Lagrangian and a Noether symmetry operator X of L arises from a
study of the invariance properties of the associated functional,

E:/ L(x,u,uqy,...,up)dx, (8)
Q

defined over Q2. If we include point-dependent gauge terms g, ..., g,, then the Noether
symmetries X are given by a Killing-type equation,

XL+ LD;§ = D;g;. )

Corresponding to each X, a conserved vector T = (T',..., T") is obtained via Noether’s
theorem.

The paper is organized in the following form. In §2 we discuss symmetries of classes
of wave equations that arise as a consequence of some Vaidya metrics. The objective is
to show how the respective geometry affects the Lie point symmetry algebras of the corre-
sponding wave equation. Then, in §3, the Noether point symmetries of the corresponding
wave equations are determined via a Lagrangian. It will be shown that the algebras of
Noether point symmetries are also reduced when compared with the algebra of the stan-
dard wave equation (radically, in some cases). Via Noether’s theorem, some conserved
flows are constructed. Finally, in §4, we pursue the existence of higher-order variational
symmetries of wave equations on the respective manifolds.

Firstly, we note that the Vaidya metric [3] is given by

2m(t
ds? = — (1 - ﬂ) dr* — 2dt dr + r* (d6* + sin® 6 d¢?), (10)
r

for which a special case, m(f) = ¢, is known as the Papapetrou model [4].
A wave equation on a Lorentzian manifold endowed with a metric g;; is given by the
expression

92 _ 1 . _
(m - v2) u (%, 1) = {g°°a§0 + 58" [8% (0:80009; + a,-jr{;ak]} u(x,1) =0,

where u(x, t) is some given wave function,

1
Flkj — Egkm(ajgim + aigjm - amgij)’
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Table 1. The Lie point symmetries of the wave equation for various cases of m(z).

m=20 m=k m=t m=e' m = m(t)
oy 0 t0; + roy 1oy, 1oy
to; + ro, uoy, uoy, 0 0
120, + 2r(r + 10 — 2u(r + 1)y 3 ¥

uoy

3

represents the Christoffel symbols, g/ is the inverse of the metric gij with spherical
variables r, 6, ¢, and

—1-20)y —10 0

o -1 00 0
81 = 0 02 0
0 0 0 r’sin*6

Consequently, the wave equation on a curved Vaidya background takes the form

2m(t)

— r?sin Ou,, — 2r sinfu,; + 2r sinf <1 — > U, + 2sinm(t)u,

2m(t)

r

+ r2sind (1 — )u,, + cosBug + sinBugg + ugy = 0. (11)
We shall classify the Lie and Noether point symmetries of this equation and show the
effect of the curved background on the respective symmetry algebras.

2. Lie symmetries

We determine the Lie point symmetry generators of the wave equation (11) and split
these into various cases (table 1). The principle Lie algebra is stated below. The most
significant result we note is the reduction in the dimension of the algebra of Lie point
symmetries when compared with the algebra of the wave equation on a flat manifold.
This, as will be seen later, also has consequences on the number of standard conservation
laws (usually first-order) of (11). Furthermore, the number of exact or invariant solutions
are reduced drastically. For illustration, we perform a reduction corresponding to some
two-dimensional subalgebras.

It is well known that the case m = 0 is isomorphic to a flat manifold and one would
expect a maximal 16-dimensional algebra. It is clear that the wave equation is somewhat
distorted even in this case and the number conservation laws will be reduced (see §2.1 for
a confirmation of this).

2.1 Reduction of order — some illustrations

We demonstrate two reductions of the wave equation using two-dimensional subalgebras
for the case m = t. In both cases, this leads to a partial differential equation in just two
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independent variables which can be further analysed using another Lie symmetry reduction
or an appropriate, alternative method.

(i) If X; = 34 + ud,, [X1, X2] = 0 so that reducing may begin with either X; or X,.
The respective wave equation,

2t
—2r2sinQu,, — 2r sinOu, + 2r sin O (1 — —) u, + 2t sin6u,
r

2t
+r2sin6 (1 — 7) Upr +cosQug + sinQugyg + ugy = 0, (12)

becomes

2t
—2r2sinQw,,; — 2r sinfw, + 2r sin O (1 - —) w, + 2f sin Qw,
r

2t
+r%sin@ (1 - —> Wyr + cOS Owy + sinOwgg + w = 0 (13)
r

via the generator X since

leads to the new dependent variable w defined by u = w(t,r, 6)e?. From X, =
td; + ro, we get

so that w = W («, 0) leads to the partial differential equation,
2a® + o — @) sin@ W,y + (da® + 20 — 2) sinOW,
+cosOWy +sinOWyy + W =0, (14)

where @ = r/t.
(ii) If we first reduce using X| = 9, we get

2t
—2r2sinQu,, — 2r sinOu, + 2r sin O (1 — —) U, + 2t sin6u,
r

2t
+r2sin6 (1 — 7) Uy + cosBug + sinfugy = 0, (15)

and then X, = ud, + 19, + r9, leads to
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so that with invariants « = r/t and w(f,«) = tu we get the reduced partial
differential equation

Qo + o — 20) sin Owgy + Qo + 20 — 2) sin Hwy,
— 2« sin Qw + cos Bwy + sin Owgg = 0. (16)

3. Noether symmetries and conservation laws

Since (11) is variational, we determine the Noether symmetries using (9) and the corre-
sponding conserved flows (T, T", TY, T?) via Noether’s theorem. First, it can be shown
that a Lagrangian of (11) is given by

1 2m (¢ 1 1
L = —r?sinfu,u, + Erz sin 6 <l - m_()) u? + = sinQuj + ~uj. 17)
r

2 279

(i) The case m = 0.

560

@ X! =39

1
T! = E(r2 sinQu,u; — u(ugpy + cos Oug

+sinO(ugg + r Quy + ruy, — 2u; — rug)))),
1, . 2
T = —Er sin @ (u,u; — uy +u(—uy + uy)),
0 1.
TV = —3 sin @ (ugu; — usg),

1
T — 5(—u¢ut + ultyg).
®) X3 =10
L, .
T = Er sin6(upu, — uttyg),
1, .
T = —Er sin @ (ug (ur — u;) + u(—ttyy + isp)),

TG

1
—3 Sin @ (ugig — ultgy),
¢ 1 2 i
T = 5(—u¢, — u(cosBuy + sin 6 (ugy
+ I"(ZM,. + Fuyr — 2(14[ + rutr)))))‘
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(©) X} =ud, +13 +ro,
1
T! = E(r2 sin Qu, (ru, + tuy) — u(tugy + t cos Qug + sin O (tugg

+r((r +20u, +r(r + Dup — 1 Qus 4 ruir))))),

1
T" = —Er(r sin@(u, —u,)(ru, + tu;) + u(uggy + cosOug

+sin@(ugg — r(—u, +u; +rug + tu, — tug)))),

1
T — =5 sin0 o (ruy + tu) = urupy + titg)),

T¢ = %(—u¢(ru, +tu) Furuyg + tugg)).
(d) X}1 =128, + 2r(r + )3, — 2u(r + )9,
T = %(Zr2 sinQu® — r2 sinQu, 2r (r + u, + t2u,) + u(t>upy
+ 12 cos Qug + sin O (FPuge + rQQ2r% + rt + t>u, + r (2r?

+2rt + )y — 12 Quy + rug))))),

1
T" = Er(r sin@u, — u)Qr(r + Hu, + t2u,) + u@r + Digpg
+2(r +1t)cosOug +sin@2(r + t)ugg — r(—2(r + t)u,

+2Q@r +tu, + 2r2utr + 2rtuy + tzutr - tzutt))))v

1
T = 3 sin 6 (ug 2r (r + Huy + 12u;) — uQr(r + Dy + 2us)),

1
T¢ = §(u¢(2r(r + Ouy 4+ 12u) — uQr(r + Hyg + 2usy)).

e X 51 = g(t,r,0,¢)0, where the function g(z,r, 0, ¢) satisfies the equation
8o + cos 989 + Sin9(860 + r(Zgr + 18 — Z(gt + rglr)))'

T' = r?sin6(ug, — gu,),
T =r?sinf(u(—g, + &) + glu, — u,)),
TY = sinf(—ugo + guy),

T? = —ugy + guy.
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(ii) The case m = k where k is an arbitrary constant.

562

(a)

(b)

(©)

X? =39,
r . .
T' = E(r sinQu,u; — u(ugy + cosBug + sin b (ugg — 2(k — ru,
+r((=2k + r)uyr — 2u; —ruy,)))),
1 . )
T = —Er sin@((—2k + r)u,u, —ru; +u(k — r)uy +ruy)),

T(9

1
—3 sin @ (ugu; — usg),
1
T¢ = 5(_”¢“r + uttyy).
X3 =9,
1, .
T' = 5" sin @ (ugpu, — uityg),
I
T" = —Er sin@(ugy ((—2k + ryu, — ru;) +u((2k — rju,¢ + rug)),
1.
T? = ) Sin 0 (ugpug — ugy),
1
T? = E(—ug, — u(cos Qug + sinO(ugg — 2(k — r)u, +r(—=2k + r)u,,
—2(us +rug))))).

X% = g(t,r,0,¢)0, where the function g(tz,r, 0, ¢) satisfies the equation
8pp + cosOgp +sinb(gog — 2(k —r)g, + r((=2k +r)g,r — 2(8: +r8:r)))

T' =r?sinf(ug, — gu,),
T" =rsin0@u(2k —r)g, +rg) + g((=2k + r)u, —ru,)),
T% = sin6(—ugs + guy),

T? = —ugy + guy.
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(iii) The case m = t.

@ Xj=2
t l 2 o _
T! = 5" Sin O (ugt, — Ullyy),
1 .
T" = —rsinb(ug((r = 20u; = rug) +u(=(r = 20)ttrg + riugg),
o_ 1. _
7Y = 3 Sin 6 (ugug — ultgy),

1
T¢ = 5(—u§) — u(cos Buy + sin O (ugy + 2(r — Hu, +r((r — 20)u,,

= 2(u; +rug))))).
(®) X3 =ud, +13 +rd,

1
T! = E(r2 sinQu, (ru, + tu;) + u(—tugy — t cosQug + sin O (—tugp

— (P2 +2rt = 2t9u, + Qrt> = =2 Oup, +t Quy + ruy,))))),

L 2 2 2 2
TN = Er(s1n9(r(2t —uy + (r* —rt +2t)u,u; +rtu;)
— u(ugpy + cosOug + sin O (upp + r(u, — u;)

— rzut, — rtuy + 21214;;» + rtuy))),
1
T = —5 sin @ (ug (ru, + tu,) — u(ruyg + tugy)),

1
T — E(—u¢(ru, +tug) +u(ruyg + tu)).

(c) X% = g(t,r,0,¢)d, where the function g(¢,r, 6, ¢) satisfies the equation
8¢y T €080gg +sin6(gpo +2(r — 1) g + r((r —2)grr — 2(gr +r&ur)))

T' = r?sin6(ug, — gu,),
T" =rsin0@u(—(r —2t)g, +rg;) + g((r —20)u, — ru,)),
TY = sin6(—ugs + guy),

T? = —ugy + guy.
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(iv) The case m = e'.

(@ Xj=20d
I, .
T! = zrz sin @ (ugu, — Utry),
1
T = —Er sin@ (ugy((—2¢" + ru, — ruy) + u(2e' — r)uyg + rugg)),
0 L.
T = —5 Sinf@(ugug — ultggy),

T¢ = %(—ué — u(cosOuy + sin O (ugy — 2(e' — r)u,
+r((=2¢" +r)uy — 2(u; + rug))))).
(b) X; = g(t,r,0,¢)d, where the function g(z,r, 6, ¢) satisfies the equation

8pp + cOs gy +sinb(gey — 2(e" —r)g, +r((—=2e" +r)grr — 2(8 +r&u)))
T' =r?sinf(ug, — gu,),
T" =rsinfu(e' —r)g, +rg;) — g((2e" —r)u, +ru,)),
TY = sin0(—ugy + guy),
T = —ugy + guy.

(v) The case m = m(t) where m(t) is an arbitrary function of z.

@ X;=20
t__ l 2 i _
T! = 2r sin@ (ugpu, — uit,q),
1
T7 = = rsinb(ug(r = 2m(O)ur = rug) +u(@mt) = g + rigg)).
o_ 1o _
TY = > Sin@(ugig — ultgy),

1
T¢ = E(—ué — u(cos Qug + sin 0 (ugy + 2(r — m(t))u,

+r((r =2m@)uyr — 2(u; +ruir))))).
(b) XS = g(t,r,6,¢)d, where the function g(z,r, 6, ¢) satisfies the equation
8pp + 08089 +sin0(ggg +2(r —m(1)) g, +r((r —2m(1))grr —2(8: +7&ir)))

T' =r?sinf(ug, — gu,),

T" =rsin€u(—r —2m))g +rg) + g((r —2m())u, — ru,)),
T% = sin0(—ugy + guy),

T = —ugy + guy.
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4. Higher-order symmetries and conserved densities

In the standard (1+3) wave equation there exist higher-order variational symmetries
which lead to nontrivial conserved flows. Thus, even though there is a radical reduc-
tion in the number of variational point symmetries and conservation laws, one could
analyse the curved wave equation on a knowledge of the higher-order symmetries and
conservation laws. In this section we list some of these variational symmetries X' =
n(x, u, Uy, U@y, Ua))d, and nontrivial conserved flows (77,77, 7?7, 7T?) wherein the
conserved density is given by 7' (see [9] for a discussion on recursion operators and
generalized symmetries).

(i) The case m = 0.

Xll = Quy + tugyr + 1ly) 0y,

T = é(z sinQugou; + 2r sinQu,u; — ruyppuy — r cos Qu,gu;
— 7 sin@u,gut; — 2r? sinQu, u; — 13 sinOuyyru;
— 2r SinOu? + 2ultrpp — ritrltspy — 3t Uiy
+ 2cosOuug — rcosOu,ug — 3t cosOu; g
+ 2sinQuu;gp — r SinOQu,u99 — 3t SinOu, 1,09
+ 8r sinQuu,, + 2r sin Quggut,, + 212 sin Ou, u,,
+ 273 sin Ouyy ity — 217 sin Quyu,, — 61t sin Ou iy,
— 473 sinQu?, + 2ruuts gy + 2r cos Outyg
+ 2r sinQuut;,90 + 1072 sin Quu,,, — 13 sin Ou,uyy,
+ 213 sin Qu,u;,, — 312t SinOupttyry + 203 Sin Ouityyy,
— 8rsinQuu,, + 3¢ sinQuggu,, — 4r* sinOu, u,,
+ 67t sin Ou,uy + 3r2t sinOu,p 1, — 612t sin Ou, uy,
+ ugp Qu; + 2ruy + 3tuy,) + cos Oug (2u; + 2ruy + 3tuyy)
+ 3tusty g + 3t cos Ouityg + 31 sin Ouutypo — Tr? sin Outy,
+ 6rt sinQuu,,, — r sinQu, iy, + 6r2t sinOu,u,,,
— 3 sinQuutyyyy + 312t sin Ouutyy, — 6rt sin Ouuty,

— 3r2tsinQu,u,, — 3r2t sinOQuuyy,,),

Pramana - J. Phys., Vol. 77, No. 3, September 2011 565



R Narain and A H Kara

7" = gr(uw,u,, + cos Qugu,; + sinQuggu,; + 8¢ sinOu, u;;
+ r2sin Ouypity, — 2 sin Ouguyy + Ul
+ cosQuug + sinOuusg9 — 7r sin Ouuy,,
+ 3r%sinOu, iy, — 2r2 sinOuuy,,, + Tr sinOuity,,
+ 3rt sinQu vy — u; (Uspgy + COS Ouyg
+ sin 6 (w99 + r Quyr + ritgy + 66Uy + rug, + 3tugy,)))

+ r2sinBuuyy,, — 3rt sinOuuy,,, + 3rt sinOuityy,),

1.
7% = E sin 0 (ug Quy + ritgy + tug) — uuge + rityre + tise)),
" 1
7% = E(Mqﬁ(zun + rUg + tUgy) — u(2ut,¢ + ritgrg + tuttl¢))-

(ii) The case m = k where k is an arbitrary constant.

Xlz = uq’mau,
.1 . . .
7" = 6(—u¢¢¢,u, — cos Quggu, — sinOugppit; + 2k sinOu,gu;, — 2r sinOu,4

+ 2kr sinOQu, pu; — r2 sin Ou,rpty +2cosQugutyg + 2r sinOuguy,

+ 2sinQuggu,p — 4k sin Ou,u;p + 4r sinOu,u,g — 4kr sin Qu,, 1,4

+ 212 Sin Oty g — 28 SINOU Uy — UpUrpp + 2Ullrppp — 27 SINOULy,
—+ 2 cos Quupp —sin Qu g0 +2 sin Ouup94 +2k sin Ou g, —cos Qug
— 4r2sin Ouspuy — 4k sinQuuyry + 4r sin Ouuyy + 2r2 sin Ousltsrg
+ 2kr sinOugu,, —rZsin Ougiyrr —4kr sin Ouny,g +2r2sin Ouityyrg

— 47 sinQuuy iy — 3r? sinOu, iy + 2% sin Ouguy, — r? sin Ouutyyg),

I .
Tr — 5}, Sin@((—2k + r)u,uy — rugyg + u(2k — rugrg + rigg)),
0 .
T = 3 Sin @ (ugttyp — Ullyg),

1
T = g(u¢¢u,, + cos Qugu,; + sinOuggu,, — 2k sin Ou,u,, + 2r sin Qu,u,,

— 2kr sinOu, iy + r*sinOu, uy — 2r% sinQu, u,, + Buglyg
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+ cos Quuyg + sinOuuyp9 — 2k sin Quuy, + 2r sinOuuyy — (s

~+ cos Qu,p+ Sin O (u99 — 2(k — Pty + r((=2k + r)ug, — 2rug,)))

— 2kr sinOuutyyy + 1% sin Ouuiysyy — 2r sin Ouuyy, — 2r% sin Ouityr).
(iii) The case m = t.

XP = (titigg + ritrgp + tgp)du,

T = é(ruéd) + tuttgppg + 1 Os Outigpy + t Sin Outtpopy + 6r2 sin Out, gy
+2rt sin Qut,pp — 212 $in Ouit, gy —3r° $in Ou, 1,4 +3r> sin Oust,,
+r2t SINOuttrpp —2rt* SINOUU, gy — 27T SINOULpp — 3721 SIN Ol
+ugpy(t cos Oug+sin O (tuge +(—3r2+2rt =2t u, + rt ((r —2)u,,
—2(u+rug)))) +tug(—ugpp —cos Ougy —sin 0 (gop +2(r —1)u,g

+r((r —20)uyrp — 2(ut¢+ru,r¢))))+r2t sin Qut; ),

1
T =

= gr(ugw + UUpppp 4+ cos @btbt9¢¢ + sin 9141499¢¢ — 4r sin 9uu,¢¢

+10¢ sin Quu, g +3r2sin Ou,ttrpp—6rt SinOu,tt,pp — 2r% sin Ourpg
+47t Sin Ot rpp — 372 Sin O, gyt +47 SN Outt; g +371 SN O, Uy
—612 $in Ou, U gy — 37t SINOU gy + Upy(cOS Oug + sin O (ugy + (57
=8 u, +r((r —20)uyr — Suy — 2ruy,))) — ug(Uppp + cOs Ougy
+sin0(uggyp + 2(r — Dtrg + r((r — 20)urry — 2(Urg + rite))))

+12 $in Ouityppp — 3t Sin Outtyy gy +612 Sin Ottty g+ 37t SIN OU;144),
L.
T = E s1n9(u¢¢u9 + ug(ru,(M, + tu,¢¢) — bt(u(.)¢¢ + riyopp + tu,9¢¢)),

T¢ = é(—ruwd,ur — 1 cosOuggit, — rsinOuggpity + 2rppllyry — gl
+2r sin Quggutry + 2r* sin Ou,upy — 2rt Sin Ou, ity + 21 sin Oup ity
—4r%t sin Ouypity, — r3 sin Ourtrry + 2r2¢ sin Ouyrttrry + 2tUpplisgp
—tcosOugyu; — t sinOugepit; — 472 sin Ou,pu; — 2rt sinOQu,yu,

+21% $in Ou,pu; — 121 S0 Oty gty + 2112 $IN Ot p gyt +27 COS Ottgit g
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+ 2t cos Ougut,g + 21 sin Qugguty + 2r* sin Ou, g + 47t sin Ou,
— 442 sin Ou,ugy + 2r2¢ sin Ouy ity — 4rt? sin Ouy sy

— 2t sin Qu,u,5—4r3 sin Ou, iy, — 41>t sin Ouyguty, + 21> sin Ouyg
+ 272t 8in Ousutyrg + U (dugy + cosOug + sinOugg + 2ru, 44
—rcosOu,g — rsinOu,gp — 3r% sinOu,, + 4rt sinOu,,

— r38inOu,,, + 2r%t sinOu,,, + 2tu,pp — t cosOug — 1 5in Ousgp
+ 4r? sinQu,, — 2rt sinOu,, + 21% sinOu,, + 2r3 sinOu,,,

+ (2rt? — r2t) sin Qu,,, + 2rt sin Qu,, + 2r%t sin Quy,, ) — uCugppe
—cosOQuggy — sinOQuggy — 6r SinOu,¢ + 61 sinOu,g + ru,gpe

— 27 €08 Ourgy — 2r Sin Outrgap — 9r* Sin Oty + 1471 Sin Ot

— 273 sin Ouyrrg + 4r%t sin OUrry + 6r SiNOu,p + tiggp

— 2t cos Oup — 2t sin Ou,p94 + 14r? sin Ousrg + (4% — 4rt)

X Sin Oy + 413 $in Oty — 221 SN Ottyyy g + 4% Sin Oty

+ 4rt sin Quyy + 4%t sin Ouyyg)).
(iv) The case m = e'.
X} = tpgpu,
Tt = —%rz Sin 6 (Uppplty — Ullrppp),
T = %r $in 0 (ugppg ((—2€" + r)u, — rug) + u((2e' — Mgy + Fitipge)),
T = %sin@(qu,ue — UGgpp),

T¢ = %(quz + upy(cos Oug + sin b (ugg — 2(e’" — ru, + r((—2e" +r)u,,
—2(u; + rug)))) — ugp(cosOugy + sin 6 (uggy — 2(e" —r)u,g
+r((—2¢" +r)upg — 2(upg + rityg)))) + u(cos Oupgyg
+ sin 6 (ugopy — 2(€" — Mtrpy + r((—2€" + )ity

— 2(Urgp + TUtrpp)))))-

568 Pramana - J. Phys., Vol. 77, No. 3, September 2011



Wave equation on Vaidya manifolds
(v) The case m = m(t) where m(t) is an arbitrary function of .

X = Ugpgdu,
I, .
T = _Er Sin O (Uppplty — Ulkrppp),
|
T = 5" $in 0 (ugpp ((r —2m())u, —ru) + Q2m(t) —riutrsps +ritiggp)),
o _ 1.
TV = 3 Sin 6 (ugpppito — Uoppp)

T¢ = %(uwz + Ugg(cosOug + sin O (ugg + 2(r — m(t))u,
+r((r =2m@)urr — 2(u; + rusr))))
— ug(cosOugy + sin O (uggy + 2(r — m(t))u,¢
+r((r = 2m(0)urrg — 2Qusg + ritirg))))
+ u(cosOugpy + sin 6 (Ugopy + 2(r — m(t))urge

+r((r =2m@)urrpp — 2(Uspp + Thirpg)))))-

5. Discussion and conclusion

We have considered the classical wave equation in some Lorentzian spacetime backgrounds
with a point in mind that the wave equation there may naturally inherit nonlinearities from
the geometry. In this connection, we have considered the Vaidya metric for which a special
case is the Papapetrou metric. We have given some symmetry reductions to show how
the wave equation there can be either solved or reduced to ordinary differential equations
using the method of invariants. Also, some conservation laws were constructed. In his
book, Ibragimov [10] suggests that in three-dimensional flat space the linear wave equation
admits a 16-dimensional Lie algebra of point symmetries excluding the infinite symmetry.
In this study we show that the wave equations admit fewer symmetries when it is solved on
a curved manifold. A special case to note is m = 0 when the Vaidya manifold is supposedly
flat. Manifolds that are flat need not to lead to the wave equation admitting the maximal
16-dimensional Lie algebra of point symmetries. Finally, some higher-order symmetries
and associated conservation laws were presented. Solving or analysing the nonlinear wave
equation in curved spacetime background using the invariance approach may provide some
insight in geometry or relativity for different manifolds.
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