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Abstract. In this paper, an adaptive fuzzy neural controller (AFNC) for a class of unknown chaotic
systems is proposed. The proposed AFNC is comprised of a fuzzy neural controller and a robust con-
troller. The fuzzy neural controller including a fuzzy neural network identifier (FNNI) is the principal
controller. The FNNI is used for online estimation of the controlled system dynamics by tuning the
parameters of fuzzy neural network (FNN). The Gaussian function, a specific example of radial basis
function, is adopted here as a membership function. So, the tuning parameters include the weighting
factors in the consequent part and the means and variances of the Gaussian membership functions in
the antecedent part of fuzzy implications. To tune the parameters online, the back-propagation (BP)
algorithm is developed. The robust controller is used to guarantee the stability and to control the per-
formance of the closed-loop adaptive system, which is achieved always. Finally, simulation results
show that the AFNC can achieve favourable tracking performances.

Keywords. Chaos control; adaptive control; adaptive identifier; fuzzy neural network; back-
propagation algorithm.
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1. Introduction

It is well known that chaos is useful and has great potential in many real-world engineering
fields such as digital data encryption and secure communications, biomedical engineering,
flow dynamics and liquid mixing, power-systems protection, and so on [1,2].

Chaos control, which is an important topic in the nonlinear science, in essence, is guid-
ing a chaotic system to reach a desired goal dynamics through various controllers. Since
chaos control was first considered by Ott er al [3], it has been investigated extensively by
many others. Many linear and nonlinear control methods have been employed to control
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chaos [4—-14]. Simple linear feedback control methods were proposed in [5,6]. The authors
proposed time delay feedback control method to control chaotic system in [7,8]. To con-
trol chaos, sliding mode method was employed in [9—-12], backstepping method in [13], and
adaptive control method in [14—17]. These literatures can be classified into two groups. One
is that which the precise mathematical model is needed; and the other is that which the part
information of system mathematical model can be obtained. With the information com-
pletely known, the controllers are often simple, but they are complex if the information is
partly known. As we know, in practical systems it is difficult to obtain a precise mathemat-
ical model. So in practical applications the investigators would like to employ simple and
efficient controllers. Therefore, how to design a simple controller with the little information
of chaotic systems obtained, is an open problem.

The current efforts are devoted to identifying, synchronizing and controlling chaos. The
difficulties encountered in handling chaotic systems have posed a real need for using some
intelligent approaches. The application of neural network and fuzzy logic controllers to
chaotic systems was proposed [18-23], which appears to be quite promising. Recently,
FNN incorporated the advantages of fuzzy inference and neuron learning [24-28]. The
FNN possesses the merits of low-level learning and computational power of the neural net-
work (NN), hence it requires high-level human knowledge representation and the thinking
of fuzzy theory.

In this paper, we are looking into the possibility of developing a new FNN system that
can be used to model chaotic systems and then to control it to a desired target. Finally,
simulation results are presented to demonstrate the effectiveness of the proposed control
scheme.

2. Fuzzy neural network

The configuration of the FNN is shown in figure 1, which consists of fuzzy logic and neural
network. The fuzzy logic system can be divided into two parts: fuzzy IF-THEN rules and
a fuzzy inference engine. The fuzzy inference engine uses the fuzzy IF-THEN rules to
perform a mapping for an input linguistic vector X' = [x1, x2, ..., x,] € R” to an output
linguistic variable y € R. The ith fuzzy IF-THEN rules are written as

R® :if x;is A} and x,is A
, ; (D
then y is B',

where A}, A}, ..., Al and B’ are fuzzy sets [29,30]. Let h be the number of fuzzy IF-
THEN rules. By using the product inference, centre-average and singleton fuzzifier, the
output of the fuzzy logic system can be expressed as

S5 (T )

T = 0TE(X), o)
U () YTHCH)

yX) =
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where ,uAj- (x;) is the value of the membership function of the fuzzy variable, 4 is the total
number of the IF-THEN rules, y' is the point at which B (y') = 1,67 = [y', %, ..., "]
is an adjustable parameter vector and § T = [£ 1, &2, ..., "] is a fuzzy basis vector, where
&' is defined as

[T AL (x))
S (T na) o))

When the inputs are given into the FNN, the truth value £/ (layer 3) of the antecedent part
of the ith implication is calculated by eq. (3). Among the commonly used defuzzification
strategies, the outputs (layer 4) of the fuzzy neural system are expressed as eq. (2). The
fuzzy logic approximator based on NN can be established as in [31,32]. Figure 1
shows the configuration of the fuzzy neural function approximator. The approximator
has four layers. At layer 1, nodes which are inputs stand for input linguistic vector
XT =[xy, x2, ..., x,]. At layer 2, nodes represent the values of the membership function
of total linguistic variables. Each node of layer 2 performs a membership function value. At
layer 3, nodes are the values of the fuzzy basis vector £. Each node of layer 3 performs a

£'(X) = A3)

r{X)

Layer 4
Output node

Layer 3

Layer2

Layer1

G: Gaussian Function

X1 X2

Figure 1. Schematic diagram of a fuzzy neural network.
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fuzzy rule. The links between layers 3 and 4 are fully connected by the weighting factors,
6T = [, 5%, ....y"]. ie., the adjusted parameters. At layer 4, the outputs stand for the
values of the output y(X).

3. Adaptive fuzzy neural controller design

Consider the nth-order chaotic system of the controllability canonical form [33]
X1 = x2,

X2 = X3,

-X':n = f(.XI,.xz,...,X,1)+Af(x1,x2, "'7xl‘l)+d(t)+uv

y = X1,

“)

or, equivalently

xW = fX)+ AfX) +d(1) +u,
y=ux, %)

where A f(X) is the parameters uncertainty, d(¢) is the external noise disturbance, f(X)
are the unknown real continuous functions, # € R and y € R are the control input and
output of the system, respectively. X = [xy, x, ..., x0T =[x, %, ..., x% DT € R" is the
state vector of the system which is assumed to be available for measurement. Based on the
well-known fact that chaotic attractors are bounded in the phase space, the function f(X)
is bounded naturally. The objective of the control is to force the system output y to follow
a given bounded reference signal y,,. First, define the reference vector Y,,, and the tracking
error vector E as follows:

Y; = [ym )‘Jm y,,(ffl)],

E=Y, —X. (6)
The task of the tracking is to design a controller u such that

lim [[Y,, (1) — X(0)[| =0, (7)

t—>00

where ||-|| denotes the Euclidean norm.

3.1 Adaptive fuzzy neural controller

In a nonadaptive control method, the controller is designed based on the plant model. If the
plant model is not known, it is intuitively reasonable to replace it by an estimated model
and use this model for designing the controller. This is the basic idea of adaptive controller,
in which the controller is designed based on an estimated model of the plant assuming
this model is the true model of the plant, and the estimated model parameters are updated
by an online algorithm. Now consider the problem of controlling the system (5). In ideal
circumstances (i.e., d(t) = 0, Af(X) = 0), if the function f(X) is known, we can solve

890 Pramana - J. Phys., Vol. 76, No. 6, June 2011



Robust adaptive fuzzy neural tracking control

the control problem by the so-called feedback linearization method [34]. In this method,
the function f(X) is used to construct the following feedback control law:

u=uX,1)=—fX) +y" () +K'E, (8)

where K = [k, ...k, k;]T € R" is chosen such that all roots of the polynomial A(s) =
s" 4+ kis"~! + ... 4k, are in the open left-half of the complex plane. Applying the control
law (8) to the system (5) results in the following error dynamics:

e(n) + kle(n—]) 4+ .4 kne =0. (9)

This implies that starting from any initial conditions, we have lim,_. ., [|[E(®)| = O, i.e.,
tracking of the reference trajectory is asymptotically achieved. As f(X) is unknown and
d(t) # 0, Af(X) # 0, we cannot use them for constructing the control law (8). Therefore,
we define the lumped system dynamic as F(X) = f(X) + Af(X) 4+ d(¢), and the system
(5) can be rewritten as

n) —
y =x.
Now, we replace F(X) by its estimates F (X) to construct the adaptive controller
ue = uc(X, t|0p) = =F(X|0r) + y3 (1) + K'E, (11)

where O is the parameters of approximate systems F(X). Applying the control law (11) to
the system (10), after some manipulation, results in the error dynamic equation

E = AE + B[F(X|6;) — F(X)], (12)
where
0 1 0 ---0 0
A= : L0 . B= : ) (13)
0 0 1
—k, —kp_1 - —k; 1

Lemma 1. Since A is a stable matrix (i.e., det(sI — A) = h(s) is stable), there exists a
unique n X n positive-definite symmetric matrix P that satisfies the Lyapunov equation [34]

AP +PA = —Q, (14)
where Q is an arbitrary n X n positive-definite symmetric matrix. O

We consider the following Lyapunov function:

1
V=V(E) = EETPE, (15)
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where P is the solution of eq. (11) with a symmetric Q > 0. It is obvious that V is a positive-
definite function and for any ¢, V(#) > 0. The time derivative of V along the trajectory of
eq. (12), by using eq. (14) we get

. 1. 1 .
V = -E'PE + -E"PE
2 2
Lot T r
= _EE QE +E PB[F(X|9F)—F(X)]. (16)
Define the modelling error as

e = F(X|0Fr) — F(X), a7

and |e| < &, where ¢ is a positive constant.
To ensure V < 0, a robust controller u, is designed as

u, = —sgn(E"PB) &. (18)
The synthesis controller is
U=u.+u,. (19)

Substituting eq. (19) into system (5), after some manipulation, results in the new error
dynamic equation

E = AE + B[F(X|0r) — F(X) + u,]. (20)
By substituting eq. (20) into eq. (16), we have

: 1 _; S

Vv = —EE QE + E'PB[f(X|0/) — f(X) + u,]

1
= —EETQE +E"PB¢ + E"PBu,

IA

1
—EETQE + |E'PB|  + E"PBu,

IA

1ot
_EE QE <o0. 21)
From the above analysis we have the following theorem:

Theorem 1. Under the controller u, the error dynamic (20) is asymptotically stable,
Le lim;_ o ||Yn(2) — X(?)|| = 0is achieved always. O

3.2 Adaptive laws

In this section, our task is to use FNN to approximate the nonlinear function F(X), and
develop an adaptive law to adjust the weighting factors of FNN, and apply BP algorithm
to online tuning the means and variances of the Gaussian membership functions, such that
the tracking error E converges to zero.

892 Pramana - J. Phys., Vol. 76, No. 6, June 2011



Robust adaptive fuzzy neural tracking control

Now consider the following optimal parameter vectors:
0y = arg min |: sup |ﬁ(X| Or) — F(X)|] , 22)
OreQp XeUc
where Q2 is the restriction set of 6, and is given by
Qp =1{0F =05 0F ... 031" € R" 05| < mp}, (23)

where mp is the positive constants specified by the designer. By defining the minimum
approximation error as

A=A, 0F) = ﬁ(X|9§) — F(X) (24)
the error dynamic equation (20) can be written as follows:
E = AE + BA + B[F(X|0r) — F(XI6}) +u,]. (25)

In this paper, we use fuzzy logic systems, of the form eq. (2), for approximation, and
we have

F(X|0F) = 0r&r(X), (26)

where O is the link weights of FNN between layers 3 and 4 and £7(X) is the vector of
fuzzy basis functions (FBFs). Now, by substituting eq. (26) into eq. (25), we have

E = AE + BA + B[¢} £ (X) + u,], (27)

where ¢p = ¢p(t) = 0p(t) — 5.
We consider the following Lyapunov-like function candidate:

, , 1 1
V' =V'(E, ¢r) = EETPE n Zqﬁd)n (28)

where P is the solution of eq. (14) with a symmetric Q > 0, and y is a positive constant. It
is obvious that V'’ is a positive-definite function and for any ¢, V'(¢z) > 0. In fact, V'(¢)
represents a time-varying Euclidean measure of the distance of the plant output from the
reference signal plus the distance of the parameters of the fuzzy neural controller from
their optimal values. Ideally, if V'(¢) = 0, it means that the tracking error is zero and the
parameters have reached their optimal values, i.e. E(f) = 0 and 0r(t) = 0}.. The time
derivative of V', using eq. (14), along the trajectories of eq. (27) yields

. 1 |
VI(t) = —EETQE +E"PBA + — ¢ [0F + yE'PBEr(X)] + E'PBu,, (29)
Y

where <ﬁF = éF (since 0y is fixed). Note that we used an unknown but fixed (i.e., time-
invariant) plant. In practice, however, the adaptive controller can be applied to slowly
time-varying and unknown plants [35].
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According to eq. (29), the following adaptive law for adjusting the link weight of FNN
between layers 3 and 4 is given:
6r = —yE"PB&R(X). (30)
Applying adaptive law (30) and robust controller (18) to eq. (29), we have

. 1
V(1) = —EETQE +E"PBA + E"PBy,

1
—EETQE + |E"PB|g — sgn(E"PB)E'PB - £

IA

A

1
—EETQE <0. 31)
Note that the adaptive law defined by eq. (30) does not guarantee that 6 € Q. So, the

modified adaptive law is given by using the projection algorithm [30]

—yE'PBE;(X), [04ll<my or [|f]|=my and E'PBOLER(X) >0, (32a)
F =

Pr{—yE"PB&;(X)}, [0F(|=mp and E'PBOLEF(X) <O, (32b)
and the projection operator Pr(-) is defined by
0p0ter(X
Pr{—yETPBE- (X)) = —yE"PBE#(X) + yETPB%. (33)
Ia
Lemma 2. Let x and y are real vectors of appropriate dimensions. If ||X|| > ||yl|, we have
x—y'x>0. (34)
Proof. Since
1
(x =) = SN = Iyl + lIx = 1), (35)
and using ||x| > [ly|l, we get
1
(x =)= S(xI” = lylI*) = 0. (36)
This completes the proof. g

Theorem 2. Consider that the error dynamic system (20) with the controller u is given by
eq. (19), where u, is given by eq. (11), u, given by eq. (18), and the adaptive law of the
FNN weights by eq. (32). Then the error dynamics system (20) is of asymptotical stability,
that is, lim;_, » ||Y,, (1) — X(#)|| = 0.
Proof. The time derivative of V' along the trajectories of eq. (27) yields

; 1or T 17 T T

Vi(t) = —EE QE + E'PBA + —¢,[0F + yE'PBE(X)] + E'PBu,. (37)

14

If0r € Qp, using eq. (32a) yields

1 .
;#[ep + yE"PBE,(X)] = 0. (38)
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If0p ¢ Qp, then ||0f| = mp > ”9;5 H By using eq. (32b) and Lemma 2, we have
1 .
;qbi[ep + yE'PBE-(X)] = E'PBOFEF(X) (05 — 07) 05 /16£1° < 0. (39)

Then from eqs (37)—(39), we have

. 1
V' (1) < —EETQE +E"PBA + E"PBu,
1
< —EETQE + |[E"PB|¢ — sgn(E"PB)E'PB - &
1 T
< —EE QE < 0. (40)

Based on Lyapunov stability theorem, we have lim,_, . E(f) = 0. This completes the proof.
O

Based on [36], the BP algorithm for tuning online the means and variances of the
Gaussian membership functions is discussed. Consider that the structure of FNN is 2-6-9-1,
and the Gaussian membership function is defined by

2
() —mji)
(ok)?
where m j; and o are respectively, the mean and the variance of the Gaussian function in

the kth term of the jth input linguistic variable x;. The cost function to be minimized is
defined as

l,l/Aij— ) j=172; k=11273s (41)

1
J=J@1) = 5(e1(r>)2, 42)

s —0J —3J dnet} 0. =12 9 43)
= = =e -0, 1=12,...,9,
! dnet]  dnet} dnet} b

P A P 3 9J dnery\  ay?
"7 Oner?  9y? oner? dnet3 0y} dnet?

p

<Zd§,-y,%)-y3, i=1,2,...,6, (44)
P

where the subscript p denotes the rule node in connection with the ith node in layer 2,
and i’ denotes the other node in layer 2 which connects the pth node in layer 3. Then, the
adaptive rule of m j is

P 2 A dnet} _ o 20y} — mjr) 45)
! omjy dnet} Omjy k szk '
and the adaptive rule of ojy, is
PR A 7 dnet} _ 2(y; —mp)? “6)
! d0ji dnet? oji k o '
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where j = 1, 2, k = 1, 2, 3. The parameters of the Gaussian membership functions can be
modified as

my(t + 1) = my (t) + nAmy (), 47)
and
ok (t + 1) = o (t) + nAcji (1), (48)

where 7 is the learning rate.

Note that neth and y‘f denote the summed net input of the gth node and the output of the
gth node, respectively, and the superscript denotes the layer number.

Based on the above discussions, the design algorithm of AFNC is described as follows:

Step 1: Initialize the adjustable parameters of FNN, which include the weighting factors
in the consequent part, and the means and variances of the Gaussian membership
functions in the antecedent part of fuzzy implications.

Step 2:  Specify the feedback gain vector K such that all roots of the polynomial (s) =
s" + kys"~! + ... + k, are in the open left-half of the complex plane.

Step 3:  Specify a n x n positive-definite symmetric matrix Q, solving eq. (14) to obtain
matrix P.

Step 4:  Computing the output of FNN (i.e., F(X|9p)).

Step 5: Computing the controller u, and apply the controller u to the system (5).

Step 6:  Use adaptive law (32) to adjust the weighting factors 6, and use learning algo-
rithms (45)—(48) to adjust the means and variances of the Gaussian membership
functions in the antecedent part of fuzzy implications.

4. Computer simulations

In this section, we apply the proposed AFNC to control the Duffing chaotic system [37]
X1 = X2,
% = —0.1x; — x; + 12 cos(t). (49)

It can be shown that without control, the system is chaotic. The chaotic motion of the
Duffing system is shown in figure 2.

Consider that the system (49) is perturbed by external noise and parameters uncertainty,
and is given by

Xp = X2,

X, = —0.1x; —x13+ 12cos(t) + Af(X) +d(t) + u(t), (50)
where d(t) = 0.1sin(z), Af(X) = 0.1x; + sin(¢)x,. We now use the AFNC to control
system (50), such that the state x; tracks the reference trajectory y,,; = y,,(¢) = sin(¢), and
X2 tracks Y2 = V(1) = cos(t). We choose k; = 2 and k> = 1 (i.e. 2 + k;s + k is stable),
and Q = diag(10,10) > 0. Then, by solving eq. (14), we get

15 5
p:[s 5}. 51)
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Figure 3. Trajectories of x1(¢), y,, (¢) and the corresponding error ey (¢).

We also choose y = 2, n = 0.01 and ¢ = 0.1. In this paper, we use an FNN to
represent the approximation of unknown function F(X). The structure of FNN is 2-6-9-
1. The initial FNN parameters are selected randomly, i.e. O € [—12,12], mp € [—2,2],
o € [0,1]. Here, O represents the link weigh-vector, my represents the mean vector of
the Gaussian membership functions and o ¢ represents the variance vectors of the Gaussian
membership functions. We choose the initial system states X(0) = [—2 —2]. The simulation
results are shown in figures 3-5.

From figures 3 and 4, we can see that the tracking performance is achieved. To illustrate
the control energy, the control input is given by figure 5. The control input is appropriate
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Figure 4. Trajectories of x2(t), ¥, (t) and the corresponding error e5 (t).

for tracking the external reference signal. In [6], small continuous-time perturbation drive
chaotic systems approximately to an unstable periodic orbit (UPO). The control input is
larger than the small perturbation as the control object is different.

5. Conclusions

In this paper, we have developed an adaptive fuzzy neural control scheme for a class of
unknown chaotic systems. To design the AFNC, exact knowledge of the system is not

Figure 5. The control input.
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needed. In addition, the online tuning parameters include the weighting factors in the con-
sequent part, and the means and variances of the Gaussian membership functions in the
antecedent part of the fuzzy implications. The overall adaptive scheme guarantees that the
output of the closed-loop system asymptotically track the desired output trajectory. Finally,
this method has been applied to control the Duffing chaotic system to track a reference
trajectory. The computer simulation results show that the AFNC can perform successful
control and achieve the desired performance.
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