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Abstract. To test a developed reconstruction algorithm for cone beam geometry, whether it is
transmission or emission tomography, one needs projection data. Generally, mathematical phan-
toms are generated in three dimensions and the projection for all rotation angles is calculated.
For non-symmetric objects, the process is cumbersome and computation intensive. This paper
describes a simple methodology for the generation of projection data for cone beam geometry for
both transmission and emission tomographies by knowing the object’s attenuation and/or source
spatial distribution details as input. The object details such as internal geometrical distribution are
nowhere involved in the projection data calculation. This simple approach uses the pixilated object
matrix values in terms of the matrix indices and spatial geometrical coordinates. The projection data
of some typical phantoms (generated using this approach) are reconstructed using standard FDK algo-
rithm and Novikov’s inversion formula. Correlation between the original and reconstructed images
has been calculated to compare the image quality.
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1. Introduction

Three-dimensional cone beam tomography [1-5] is an important tool for non-destructive
examinations to look into the density distribution of an object. To execute this type of work
one needs to acquire 2D projection data in cone beam geometry and then reconstruct it with
proper algorithm. In this respect, the reconstruction software, being the critical part, must
be tested before reconstructing actual experimental data to check its validity and determine
its resolvable ability. For this very reason, projection data are obtained by performing simu-
lated experiments using various computational techniques such as geometrical algorithms,
Monte Carlo method, etc. In all these cases, the internal distribution and/or shape of the
object are taken into account. For a particular angle, the projection data are calculated by
finding the ray integrals along the ray path. For the next rotation angle, the projection data
are calculated by first rotating the object matrix to get new object details for that angle and
subsequently computing the ray integral.
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2. Conventional approach for cone beam data

For symmetric objects like sphere within a sphere or coaxial cylinders, the projection
data calculation is quite simple as it exploits the symmetry of the object and/or takes
into account the well-defined geometry of the object. However, for objects which do not
have any symmetry, the conventional methodology to calculate the projection data of a
phantom for cone beam geometry in transmission and emission modes is to calculate the
effective contribution which a voxel has on a ray passing from the source through a par-
ticular image pixel. This method is tedious and complex. Before presenting our approach,
we discuss below the conventional method to show the computation and complexity
involved.

2.1 Transmission tomography data

To start with a simple note, let us consider fan-beam geometry. The source is located
at S(x.,y.) and the object centred at 0(0,0). Let A be an n, x n, object matrix. For
transmission case, we have

AG )=y i=12....n, j=12,....n, (1)

where (;; denotes the attenuation value at the pixel (i, j).
For a homogeneous object,

MU = o = constant, Vl’ ,]

Let pixel width along X-ray direction (i.e. x-axis) is A. The ray passing through the object
at a fan angle n is represented by r,. This ray passing through the pixel (i, j) encompasses
a fraction wy; of the pixel length A (see figures 1, 2). Hence the effective ray path in the
pixel is wjA.

~=

Figure 1. Fan beam geometry for transmission tomography. w;;’s are calculated for all
the pixels lying on the ray path r;,.
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Y

Figure 2. A ray emanating from the source S is subsequently attenuated on passing
through a pixel (i, j) lying on the path r;,.

The ray integral g, is then calculated by summing the product of w;; and the effective
path length w;; A over all the pixels (i, j) lying on the ray path

gy =exp| —A Z wiwij | - 2)
Gi.j)

onry

For the cone beam geometry, the procedure is similar except that in addition to the fan angle
n, the cone angle ¢ should also be accounted for. Following the same line of argument as
above, the effective ray path in the voxel (i, j, k) (in this case, voxel is to be considered
instead of pixel as was the case in 2D) becomes wyr A.

The ray integral g, , is now calculated by summing the product of 1 and the effective
path length w; A over all the voxels (i, j, k) lying on the ray path

8oy =€xp | —A Z MikWijk | - 3)

(i, j. k)
onryp, y

2.2 Emission tomography data

The projection data generation in the case of emission tomography [6—8] is much more
complex in the sense that the y-ray emitted from a source point inside the object is
attenuated over a part of the object, i.e. starting from the source point somewhere
inside the object to its periphery.

Pramana - J. Phys., Vol. 76, No. 4, April 2011 669



Tushar Roy, P S Sarkar and Amar Sinha

b

Figure 3. Fan beam geometry for emission tomography. The shaded pixel represents
the source. wy;’s are calculated for all the pixels lying on the ray path r;,.

Consider the fan beam data collection geometry. Let S(x.,y.) be the focal point of the
fan beam. The object is centred at O(0,0). Let A and F be n, x n, object attenuation and
source matrices respectively.

F,jp)=1fy, i=12,....n, j=12,...,n, “)

and A is the same as defined in eq. (1). A photon, emitted from the pixel (is, j;), passing
through a point (i, j) on the path r, encompasses a fraction w;; of the pixel length A (see
figures 3 and 4). The projection data g, for this path is the sum of the contributions of all
such source points lying on this path. Equation (2) is modified to incorporate the source
term

Figure 4. A ray emanating from a source pixel (i, js) is subsequently attenuated on
passing through a pixel (i, j) on the path r;,. The dotted line traces the ray back to the
focal point S.
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(i, ))=(nc.ny)
gr= Y fuexp|=A > pywy|. o)
(is, Js) @, ) = (s, Js)
onry onry

where f; ; is the source term at (i, j;).
For cone beam data collection geometry, arguing on similar lines, the projection data
8¢,y at cone angle ¢ and fan angle 7 is obtained by modifying eq. (3) as follows:

(i.j.k)=(ns.nyon.)

8o = Z fijk exp | —A Z MikWiik | » (6)
(is. js ks) i,k = (s, s ks)
onry,p onrg,p

where f; ;. is the source term at (i, j, k).

In this method, the crux of the problem is finding w;; or w;; (as the case may be) which
is tedious, time-consuming and also computation intensive. In this technique, the object
matrix is re-evaluated for each projection angle separately.

3. Simpler approach for cone beam projection data

In our approach, the fraction wy; of the pixel contribution to the ray path is not calcu-
lated. The method relies on finding the coordinates of the pixels lying on the ray path and
subsequently rebinning the data to find the ray integral.

3.1 Transmission tomography projection data generation

Let A be an n, x n, x n. object (attenuation) matrix whose elements are the attenuation
values [, then

AG k) =, =12 n, j=12..n,k=12....n. (7

The origin O(0, 0, 0) is taken to be at the centre of the object. The source is at the focal
point S (x¢, Y, z2¢c) = S (—D, 0, 0) (see figure 5). Each voxel of size A is represented by
its index (i, j, k), coordinates (x, y, z) and p-value (u;x). We break the cone beam into N
fans with cone angles ¢ (measured from the central plane z = 0) varying from —@ux to
+@max and for each cone angle ¢ we break the fan into N rays with fan angles n varying
from —nmax t0 +7max. Considering object dimension of (Xmax, Ymax»> Zmax)

_1(? —1 { Zmax
= tan (—) , = tan (—) :
% D Pmax D

1 (Y —1 ( Ymax
=t 1<_>’ max = (_) 8
n=tan |5 1 an D (®)

The ray passing through the object at cone angle ¢ and fan angle 7 is represented by r, ,,.
The projection data for the central ray ro o is given by

ny

Ny
200= ) Migh =AD" . )
i=1 i=1
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Figure 5. Cone beam geometry for data collection.

For simplicity, let us start by calculating the projection data for the central plane z = 0.
For this plane, cone angle ¢ = 0 is the case for fan beam geometry. Consider the central
ray rpo. The points lying on this ray path have coordinates given by (x, 0, 0). To find out
the coordinates of the points on the path of the ray r, o, we rotate the frame of reference
through angle ¢ about y-axis, the centre of rotation being S(x., y.,z.). A point (x, Yy, z)
in the original frame of reference transforms to the point (x’, y’,z’) in the new frame of
reference, where

x'= (x —x;)cosp + (z — z.) sing

/

y =y =Y

/
Z

—(x —x)sing + (z — z.) cos . (10)

Two successive points lying on the path ry o separated by distance A are now separated by
distance Acos ¢ on the new path ry o.

Now, for the points on the ray path r, ,, we rotate the frame of reference through angle
n about z-axis, the centre of rotation being S(x., y¢,z¢). A point (x’,y’,z") in the new frame
of reference upon rotation through 7 about z-axis transforms to the point (x”, y”, 7”),
where

x" = x.+ (x'cosn + y sinn)
y" = ye + (—=x"sinn + y' cosn)
ze+7. (1

IS
I

Two successive points lying on the path r, o separated by distance A cos ¢ are now sepa-
rated by distance Acos@cosn on the new path r, .
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In the original frame of reference, each voxel Ax AyAz located at (x,y, z) corresponds
to an index (i, j, k). Now, in the rotated frame the point (x”,y”, z”) corresponds to certain
index (i, j”, k") in the original frame of reference (see figure 6). The indices i, j”, k”
may no longer be integers and so they are rounded off to the nearest integer under the
restriction

The index (i”, j”, k") will give us the p-value at that point, ;. The projection data
8o,y for the ray r,, , will be the ray integral over all such voxels (i”, j”,k”) on this path.

([-//. j//’ k//)
onrg pn

For the projection data set at different rotation angles 6, where 0 < 6 < 2m, the atten-
uation matrix A is first rotated through angle 6 and the new attenuation matrix is obtained
using bilinear interpolation. Then the above steps are performed on this rotated matrix to
obtain the projection data set at angle 6.

3.2 Emission tomography projection data generation

Let A and F be n, x n, x n; object (attenuation) and source matrices, where
FG,j,k)y=fjx, i=12,....nc, j=1,2,....n,, k=1,2,...,n, (13)

and A is as defined in §3.1. Each voxel at (x,y,z) linked to matrix index (i, j,k) has a
corresponding jt-value w; and a source count fij.

Y” Y
. P. .y 77)
AN P(X,y,2) y X”
\ " -
\ //
\\ ///
\\ //
b
S = > X
/
S,y 2) ;0
/
/
/
/
/
/
/
V7 /
¥
Z,,

Figure 6. Transformation of a point P to P” under two subsequent rotations.
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The ray path through the object at cone angle ¢ and fan angle 7 is represented by r,, .
The projection data for the central ray ry o are given by
ny Ny
200= ) fijk XD (—A > uijk), (14)
is=1 i=1
where f; ;1 ’s are the gamma emitting source points lying on the path rg .

Using similar arguments as in §3.1, point (x,y,z) transforms to (x”,y"”,z”) after rotations
through angle ¢ about y-axis and angle n about z-axis (see eqs (10) and (11)). Once the
new index (i”,j”,k") is known, we obtain the attenuation value w; ¢~ and the source value
finjnr at that point. The projection data g, , for the path r,, , is then given by

8o =Y. [fui

(i 5 k)
onry, p
Q.. k)=(ny.ny.n:)
xexp | —Acosgcosn Z ir e |- (15)

G.J. k) = (i i k)
onrg.n
For the projection data set at different rotation angles 6, where 0 < 6 < 2, the attenu-
ation matrix A and F are first rotated through angle 6 and the new attenuation matrix and
source matrix obtained using bilinear interpolation. Then the above steps are performed on
the rotated matrices to obtain the projection data set at angle 6.

4. Reconstruction of projection data

Some mathematical phantoms, their sinograms and reconstructed images, are discussed
below.

4.1 Reconstruction of transmission projection data using FDK algorithm

Phantom 1 consists of a solid Al cylinder (1 = 0.037 mm™") of radius 10 mm and height
40 mm (figure 7a). It contains a Cu sphere (u = 0.198 mm~") of radius 2 mm centred at
(—3.2,0, —4.2) and an SS rod (1 = 0.154 mm™") of base radius 2 mm centred at (0, 2.8).
This rod is broken from z = —4.2 to z = —12. The linear attenuation coefficient values
are at 150 keV energy.

For numerical simulation purpose, Phantom 1 was discretized on a regular grid of 101 x
101 x 241 units. The projections were generated for 300 views /rotations with angular step
of 1.2°. D was taken as 100 mm. The reconstruction was done using FDK algorithm.

The reconstructed w-values were found to be in the ratio 1:0.178:0.775 (Cu:Al:SS). This
is in good agreement with the actual p-value ratio 1:0.187:0.777 (Cu:Al:SS).

4.2 Reconstruction of emission projection data using Novikov’s inversion formula

Phantom 2 represents a drum of diameter 55 cm and height 87 cm with 2 mm thick lead-
lining (u = 2.4588 cm™!) (figure 8a). It consists of, as shown in figure 5, a low activity
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(a) (b) ()

Figure 7. Phantom 1: (a) original object, (b) sonogram, (¢) reconstructed object.

radioactive isotope (1 = 5.6311 cm™") in the form of small spheres at 15 different locations
(refer table 1) in a surrounding matrix (u = 0.12 cm™").

For numerical simulation purpose, Phantom 2 was discretized on a regular grid of 121 x
121 x 241 units. The projections were generated for 300 views /rotations with angular step
of 1.2°. The reconstruction was done using FDK-like cone-beam SPECT reconstruction

algorithm [7], and D is taken as 100 cm.
(a) (b) G))

Figure 8. Phantom 2: (a) activity, (b) attenuation map, (c¢) sinogram, (d) recon-
structed activity. Note: The boundary of the drum is shown only for illustration
purpose.
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Table 1. Activity table for drum D-2 (central plane is the z = 0 plane).

Source shape/ Source position/centre Source dimension Activity
geometry (x,y,z)incm (radius in cm) (counts/s)
Sphere (15.6, —15.6, —37.5) 3.5 2% 10*
Sphere (—11.4, -12.0, -33.7) 35 2 x 10*
Sphere (—19.8,4.2, -25.0) 35 2 x 10*
Sphere (—13.8, —1.8, —14.1) 35 2% 10*
Sphere (=5.4,2.4,-9.8) 35 2 x 10*
Sphere (3.0, —15.0, —4.9) 3.0 1 x 10*
Sphere (—15.0, —-18.0,3.3) 3.0 1 x 10*
Sphere (19.2,12.6,6.5) 3.0 1 x 10*
Sphere (2.4, -9.0,10.3) 3.0 1 x 10*
Sphere (—19.8, -19.2,19.0) 3.0 1 x 10*
Sphere (—18.6, 18.0, 22.8) 2.5 3 % 10*
Sphere (1.2,—11.4,27.2) 2.5 3% 10*
Sphere (—4.8,14.4,31.0) 2.5 3% 10*
Sphere (13.2,19.8, 34.8) 2.5 3 x 10*
Sphere (—21.6, —5.4,38.1) 2.5 3 x 10*

5. Computation time

All the calculations were done on a standard PC with 2.4 GHz Pentium 4 processor and
1 GB RAM. For transmission, the CPU time for projection data calculation for a 121 x
121 x 241 grid was 4.33 s per projection. For emission, the CPU time for projection data
calculation for a 101 x 101 x 241 grid was 4.77 s per projection.

6. Image comparison: Correlation coefficient

The correlation between the original image g(i,j) and the reconstructed image g(i,J)
provides a classical criterion [9]. The correlation coefficient is given by

PIARD DML NII()!
S Y s Y, Y )

The correlation is equal to 1 if the images are identical, and <1 if any differences exist.

Correlation (p) =

(16)

6.1 Projection data comparison

The main source of error in the projection data using our algorithm can be attributed to the
bilinear interpolation and subsequent modification of the matrix values for each ray path.
This error can be reduced by finer gridding of the data matrix at the cost of computational
time.

To compare the quality of the projection data (for transmission) with the ideal data, we
chose a simple object — off-centred sphere within a sphere (Phantom 3, size: 121 x 121 x

676 Pramana - J. Phys., Vol. 76, No. 4, April 2011



Generation of projection data for cone mean geometry

0.99992 -
0.99990 - - - . s . e

099988 ; 4 aiklla US| G A I I A N O 38 8
0.99986

099984 L

Correlation coefficient

0.99982 —

0.99980 —

v T v I ' I N T v 1 N I ' T N 1 v 1 N I v Ll r 1
0 30 60 90 120 150 180 210 240 270 300 330 360

Rotation angle (degree)
Figure 9. Plot of correlation coefficient between the projection data (for Phantom 3)
computed geometrically and the projection data calculated using the algorithm) as a
function of the rotation angle.

121). The ideal data were calculated geometrically by finding out the chord lengths of
the X-ray passing through the object and incorporating attenuation values along its path.
Figure 9 shows the plot of correlation coefficient (between the projection data as calculated
geometrically and the projection data calculated using our algorithm) as a function of the
rotation angle. The plot shows dips at rotation angles 90°, 180° and 270°. This is because

Phantom 3 *— Algorithm
1,000 =

0.995 .
o0 P ek
0.985 i
0,580 Ih 1

0.875
0.970
0.965 |
0.960 .

Correlation coefficient

0.955
0.950 -
0.945

0.940 T T T T T 1
o 20 40 60 80 100 120
Z-slice no

(b) (© (d)

Figure 10. (a) Phantom 3, (b), (¢) reconstructed images using projection data calcu-
lated using the algorithm and the projection data computed geometrically respectively,
(d) plot of correlation coefficient as a function of Z-slice no.
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the error due to bilinear interpolation will be maximum at 90°, 180° and 270° rotation
angles.

The correlation coefficient between the two images is more than 0.99 which shows that
the projection data computed by our algorithm are almost identical to those computed
geometrically.

6.2 Reconstructed image comparison

The correlation between the reconstructed image and the original phantom has been cal-
culated for testing the quality of the reconstructed image. Figure 10a shows the original
phantom and figures 10b and ¢ show the reconstructed images for the projection data com-
puted using the algorithm and those computed geometrically respectively, as stated in §6.1
for Phantom 3. The correlation coefficient between the reconstructed images (figures 10b
and c) and the original phantom (figure 10a) for Phantom 3 is plotted as a function of
Z-slice number as shown in figure 10d.

The fluctuations in correlation coefficient in figure 10d at Z-slice nos 49 and 61 corre-
spond to the edges of the smaller sphere. The comparatively lower correlation coefficient
is due to the error introduced in the reconstruction process as they produce high-frequency
component.

Figure 11 shows the plot of correlation coefficient for the Phantom 1 in §4.1. The fluctu-
ations in correlation coefficient around Z-slices 61 and 100 correspond to the broken edges
of the stainless steel rod and can be explained as before. This is evident in the sharp fall
of correlation coefficient at Z-slice 61. The high-frequency component near Z-slice 100 is
modified due to the presence of the copper ball and hence the fluctuations in correlation
coefficient are comparatively less at Z-slice 61.

Phantom 1 - — Algorithm

1.00 o

A ——— J_'h?r-q' . 8
0.98 - : 18 K

0.96 - | L
0.94 -
0.92 -

0.90

Correlation coefficient

0.88
0.86

0.84 -

' T M I N L N T ' T
0 50 100 150 200 250
Z-slice no.

Figure 11. Plot of correlation coefficient as a function of Z-slice no. for Phantom 1.
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The correlation coefficient between the reconstructed image and the original phantom is
more than 0.97 and 0.98, respectively for Phantoms 3 and 1, for most of the slices. This
shows a good correspondence between the original object and the reconstructed volume.

7. Conclusion

We have carried out an algorithm development study for computing the cone beam projec-
tion data for absorption-based tomography and emission tomography studies. The basis of
this method lies in identifying the coordinates and the corresponding indices of the points
lying on the particular ray path within the object matrix which give the corresponding
pu-value and/or the source counts (for emission) in that voxel for computing the projection
data.

The object information is required only as an input matrix in terms of p and/or source
terms. Nowhere the information about the geometry and shape details of the object is
required in the whole calculation. The comparison of correlation coefficient shows that
the reconstructed image from projection data computed by our algorithm reproduces the
original phantom very well. In terms of the computing time involved, this approach may be
a little slower than other faster projection data generation techniques [10] but it guarantees
less complexity and easier formulation.
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