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Abstract. The fundamental optimal relation between heating load and coefficient of
performance (COP) of a generalized irreversible Carnot heat pump is derived based on a
new generalized heat transfer law, which includes the generalized convective heat transfer
law and generalized radiative heat transfer law, q ∝ (∆T n)m. The generalized irreversible
Carnot heat pump model incorporates several internal and external irreversibilities, such
as heat resistance, bypass heat leakage, friction, turbulence and other undesirable irre-
versibility factors. The added irreversibilities besides heat resistance are characterized by
a constant parameter and a constant coefficient. The effects of heat transfer laws and
various loss terms are analysed. The heating load vs. COP characteristic of a gener-
alized irreversible Carnot heat pump is a parabolic-like curve, which is consistent with
the experimental result of thermoelectric heat pump. The obtained results include those
obtained in many literatures and indicated that the analysis results of the generalized
irreversible Carnot heat pump were more suitable for engineering practice than those of
the endoreversible Carnot heat pump.
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1. Introduction

In the analysis of finite-time thermodynamics or entropy generation minimization
[1–18], the basic thermodynamic model is Newtonian law system endoreversible
one in which the irreversibility of only linear finite rate heat transfer is considered.
Blanchard [19] was the first to extend the Curzon–Ahlborn analysis method [20] to
the analysis of heat pump cycles, and derived the coefficient of performance (COP)
bounds for the fixed heating load for an endoreversible Carnot heat pump obeying
Newton’s law. Goth and Feidt [21], Feidt [22], Philippi and Feidt [23] and Feidt [24]
derived the optimal COP for the fixed heating load, i.e. the fundamental optimal
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relation of a Carnot heat pump obeying Newton’s law. Chen et al [25] extended
the characteristic parameters of heat engines to the heat pump and derived the
optimization criteria of a steady-flow two-heat-reservoir heat pump. Wu [26], Chen
et al [27] and Wu et al [28] investigated the specific heating load optimization
of the endoreversible Carnot heat pump, derived the bounds of specific heating
load and COP as well as the optimal relation between the optimal specific heating
load and COP. Sahin and Kodal [29] investigated the finite-time thermoeconomic
optimization for endoreversible Carnot heat pumps.

However, real heat pumps are usually devices with both internal and external ir-
reversibilities. Besides the irreversibility of finite-rate heat transfer, there are other
sources of irreversibilities also, such as bypass heat leakages, dissipation processes
inside the working fluid, etc. Some authors have assessed the effect of finite-rate
heat transfer, together with major irreversibilities on the performance of Carnot
heat pumps using the heat resistance and heat leakage model [28,30–33] and heat
resistance and internal irreversibility model [34,35]. Cheng and Chen [36] and Chen
et al [37–39] established a generalized irreversible Carnot heat pump model which
considers the effects of heat resistance, bypass heat leakage, and other internal irre-
versibilities. The generalized irreversible Carnot heat pump model is more similar
to the real heat pump than the endoreversible Carnot heat pump model. And
they derived its fundamental optimal relation between heating load and COP [36–
38] and the ecological optimal performance [39] with Newtonian heat transfer law.
Kodal et al [40] investigated the finite-time thermoeconomic optimization for the
generalized irreversible Carnot heat pumps.

In general, heat transfer is not necessarily Newtonian. Some authors have as-
sessed the effects of heat transfer law on the performance of endoreversible Carnot
heat pump [41–45]. Chen et al [41] first derived the optimal relation between heat-
ing load and COP of an endoreversible Carnot heat pump with the linear phe-
nomenological heat transfer law, q ∝ ∆(T−1). Zhu et al [42] investigated the
optimal performance of an endoreversible Carnot heat pump under the mixed heat
resistance condition. Sun et al [43] first obtained the performance limits and the
optimal relation between heating load and COP of the endoreversible Carnot heat
pump with the generalized radiative heat transfer law, q ∝ (∆Tn). Other optimal
performances of an endoreversible Carnot heat pump were obtained based on this
heat transfer law [45]. Chen et al [44] first derived the optimal relation between
heating load and COP of an endoreversible Carnot heat pump with the generalized
convective heat transfer law, q ∝ (∆T )n. Other optimal performances of an en-
doreversible Carnot heat pump were obtained based on this heat transfer law [45].
Li et al [46] first derived the optimal relation between heating load and COP of an
endoreversible Carnot heat pump with a new generalized heat transfer law, which
includes the generalized convective heat transfer law and generalized radiative heat
transfer law, q ∝ (∆Tn)m.

Ni et al [47] investigated the fundamental optimal relation between heating load
and COP of the generalized irreversible Carnot heat pump with the generalized
radiative heat transfer law, q ∝ (∆Tn). Kodal [48] considered the generalized
convective heat transfer law, q ∝ (∆T )n, and obtained the fundamental optimal
relation of irreversible heat pump without heat leakage loss. Zhu et al [49] ob-
tained the fundamental optimal relation between heating load and COP of the
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generalized irreversible Carnot heat pump with the generalized convective heat
transfer law, q ∝ ∆(T )n. The effects of generalized radiative heat transfer law and
generalized convective heat transfer law on the ecological optimal performance of
the generalized irreversible Carnot heat pump were analysed by Zhu et al [50,51].

One of the aims of finite-time thermodynamics is to pursue generalized rules
and results. This paper will extend the previous work to find out the fundamental
optimal relationship between heating load and COP of the generalized irreversible
Carnot heat pump based on refs [36–40,47,49–51] using a new generalized heat
transfer law which includes the generalized convective heat transfer law and gen-
eralized radiative heat transfer law, q ∝ (∆Tn)m, in the heat transfer processes
between the working fluid and the heat reservoirs of the heat pump [36].

2. Generalized irreversible Carnot heat pump model

The generalized irreversible Carnot heat pump and its surroundings considered
in this paper are shown in figure 1. The following assumptions are made for this
model [36–40,47,49–51]: (i) The working fluid (refrigerant) flows through the sys-
tem in a steady-state fashion. The cycle consists of two isothermal and two adia-
batic processes. All four processes are irreversible. (ii) Because of the heat trans-
fer, the working fluid temperatures, THC and TLC, are different from the reser-
voir temperatures, TH and TL. The four temperatures are in the following order:
THC > TH > TL > TLC. The heat transfer surface areas, F1 and F2, of the high-
and low-temperature heat exchangers are finite. The total heat transfer surface
area, F , of the two heat exchangers is assumed to be constant: F = F1 + F2.
(iii) There exists a constant rate of heat leakage, q, from the heat sink to the heat
source. Thus, QH = π = QHC − q and QL = QLC − q, where QHC is due to the
driving force of THC − TH, QLC is due to the driving force of TL − TLC, QH is the
rate of heat transfer released to the heat sink, i.e., the heating load π, and QL is
the rate of heat transfer supplied by the heat source. (iv) A constant coefficient
Φ is introduced to characterize the additional internal miscellaneous irreversibility
effect: Φ = QLC/Q′

LC ≥ 1, where QLC is the rate of heat flow from the heat source
to the cold working fluid for the generalized irreversible Carnot heat pump while
Q′LC is that for the Carnot heat pump which is endoreversible.

If q = 0 and Φ = 1, the model will be an endoreversible Carnot heat pump
[19,21–29,45–49]. If q 6= 0 and Φ = 1, the model will be an irreversible Carnot
heat pump with heat resistance and heat leakage losses [30–33] and if q = 0 and
Φ > 1, the model will be an irreversible Carnot heat pump with heat resistance
and internal irreversibilities [34,35,48].

3. Generalized optimal characteristics

3.1 Fundamental optimal relation

The second law of thermodynamics requires that QHC/QLC = ΦTHC/TLC. The
first law of thermodynamics gives that the power input, P , to the heat pump is
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Figure 1. Generalized irreversible Carnot heat pump model [26–30,
37,39–41].

P = QH−QL = QHC−QLC, and the coefficient of performance (COP) of the heat
pump ϕ = QH/P = π/P .

Consider that the heat transfer between the heat pump and its surroundings
follows a new generalized law, q ∝ (∆Tn)m. Then

QHC = αF1(Tn
HC − Tn

H)m, QLC = βF2(Tn
L − Tn

LC)m, (1)

where α is the overall heat transfer coefficient, F1 is the heat transfer surface area of
the high-temperature-side heat exchanger (condenser), β is the overall heat transfer
coefficient and F2 is the heat transfer surface area of the low-temperature-side heat
exchanger (evaporator).

Define ratio (f) of the heat transfer surface area and ratio (x) of working fluid
temperature as follows: f = F1/F2, x = TLC/THC, where 0 ≤ x ≤ TL/TH. Com-
bining the above conditions and eq. (1) gives

QLC

QHC
=

TLC

ΦTHC
=

x

Φ
=

βF2(Tn
L − Tn

LC)m

αF1(Tn
HC − Tn

H)m
. (2)

Solving eq. (2) for THC yields

THC =
[
Tn

L + (rfx/Φ)1/mTn
H

xn + (rfx/Φ)1/m

]1/n

, (3)
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where r = α/β. Combining the first and second law of thermodynamics gives

π = QHC − q, ϕ =
(QHC − q)

[QHC(1− x/Φ)]
. (4)

Combining eqs (1), (3) with (4) gives

ϕ =
ΦαfF (Tn

L − Tn
Hxn)m − qΦ(1 + f)[xn + (rfx/Φ)1/m]m

αfF (Φ− x)(Tn
L − Tn

Hxn)m
(5)

π =
αfF

1 + f

[
Tn

L − Tn
Hxn

xn + (rfx/Φ)1/m

]m

− q. (6)

Equations (5) and (6) indicate that both heating load (π) and COP (ϕ) are functions
of f for fixed TH, TL, α, β, n, m, q, Φ and x. Taking the derivatives of π and ϕ
with respect to f and setting them equal to zero (dπ/df = 0, dϕ/df = 0) yields

fa =
(

Φxnm−1

r

)1/(m+1)

. (7)

The corresponding optimal heating load and optimal COP are, respectively,

π =
αF (Tn

L x−n − Tn
H)m

[1 + (rx1−mn/Φ)1/(m+1)]m+1
− q (8)

ϕ =
Φ

Φ− x

[
1− q[1 + (rx1−nm/Φ)1/(m+1)]m+1

αF (Tn
L x−n − Tn

H)m

]
. (9)

Equations (8) and (9) are the major results of this paper. The optimal heating
load and COP of the generalized irreversible Carnot heat pump for the given TH,
TL, α, β, n, m, q, Φ and x can be determined by the two equations.

Eliminating x from eqs (8) and (9) gives

(π + q)

{
1 +

[
rπ(ϕ− 1) + rϕq

ϕ(π + q)

]1/(m+1)
}m+1

−αF

{
Tn

L

[
ϕ(π + q)

Φπ(ϕ− 1) + Φϕq

]n

− Tn
H

}m

= 0. (10)

Equation (10) is the fundamental relation between optimal heating load and COP
of the heat pump. It is an implicit equation. Therefore, it is not as convenient as
eqs (8) and (9) in heat pump performance analysis. The maximum heating load
and maximum COP bounds are different for different values of m and n.
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3.2 Effects of various losses

(i) If there is no bypass heat leakage in cycle (q = 0), eqs (8) and (9) become

π =
αF (Tn

L x−n − Tn
H)m

[1 + (rx1−mn/Φ)1/(m+1)]m+1
(11)

ϕ =
Φ

(Φ− x)
. (12)

The heating load vs. COP curve is a monotonic decreasing function when n 6= 0
and m > 0, and a monotonic increasing function when n < 1 and m < −1. The
relationship between heating load and COP is irregular in other range of values of
m and n.

(ii) If there are only heat resistance and bypass heat leakage losses in the cycle
(Φ = 1), eqs (8) and (9) become

π =
αF (Tn

L x−n − Tn
H)m

[1 + (rx1−mn)1/(m+1)]m+1
− q (13)

ϕ =
1

1− x

[
1− q[1 + (rx1−nm)1/(m+1)]m+1

αF (Tn
L x−n − Tn

H)m

]
. (14)

The heating load vs. COP curve is a parabolic-like curve when n 6= 0 and m > 0
and a monotonic increasing function when n < 1 and m < −1. The relationship
between heating load and COP is irregular in other range of values of m and n.

(iii) If the cycle is endoreversible (q = 0, Φ = 1), eqs (8) and (9) become

π =
αF (Tn

L x−n − Tn
H)m

[1 + (rx1−mn)1/(m+1)]m+1
(15)

ϕ =
1

(1− x)
. (16)

Equations (15) and (16) are the same results as in ref. [46] for endoreversible
Carnot heat pumps. The heating load vs. COP curve is a monotonic decreasing
function when n 6= 0 and m > 0 and a monotonic increasing function when n < 1
and m < −1. The relationship between heating load and COP is irregular in other
range of values of m and n.

One can see that the internal irreversibility changes the performance character-
istics of the heat pump quantitatively, and the bypass heat leakage changes the
heating load vs. COP relationship qualitatively and quantitatively. The heating
load vs. COP curve is changed from the monotonic decreasing curve to parabolic
curve if n 6= 0 when the heat pump is with the heat leakage loss. The model pre-
sented in this paper reflects the effects of various factors on the performance of a
generalized irreversible Carnot heat pump.
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3.3 Effects of heat transfer laws

(1) When m = 1, eqs (8) and (9) become

π =
αF (Tn

L x−n − Tn
H)

[1 + (rx1−n/Φ)1/2]2
− q (17)

ϕ =
Φ

Φ− x

[
1− q[1 + (rx1−n/Φ)1/2]2

αF (Tn
L x−n − Tn

H)

]
. (18)

Equations (17) and (18) are the same results as those obtained in ref. [47]. The
effects of various losses on the performance are as follows:

(i) If there is no bypass heat leak in the cycle (q = 0), eqs (17) and (18) become

π =
αF (Tn

L x−n − Tn
H)

[1 + (rx1−n/Φ)1/2]2
(19)

ϕ =
Φ

(Φ− x)
. (20)

Equations (19) and (20) are the same results as those obtained in ref. [48] which
indicate that heating load is a monotonic decreasing function of COP.

(ii) If there are only heat resistance and bypass heat leakage losses in the cycle
(Φ = 1), eqs (17) and (18) become

π =
αF (Tn

L x−n − Tn
H)

[1 + (rx1−n)1/2]2
− q (21)

ϕ =
1

1− x

[
1− q[1 + (rx1−n)1/2]2

αF (Tn
L x−n − Tn

H)

]
. (22)

Equations (21) and (22) indicate that the heating load vs. COP curve is parabolic.
(iii) If the cycle is endoreversible (q = 0,Φ = 1), eqs (17) and (18) become

π =
αF (Tn

L x−n − Tn
H)

[1 + (rx1−n)1/2]2
(23)

ϕ =
1

(1− x)
. (24)

Equations (23) and (24) are the same results as those obtained in refs [43,45] which
indicate that the heating load vs. COP curve is a monotonic decreasing function.

(iv) If the total heat transfer area of the heat pump is infinite (F →∞, no heat
resistance losses), eq. (10) becomes
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π =
qϕ

[ΦTH/(ΦTH − TL)− ϕ]
. (25)

The heating load is a monotonic increasing function of COP. However, in this case,
the specific heating load (π/F ) is zero. In this case, the performance is independent
of the heat transfer law.

(v) If n = 1 further, eqs ((17), (18)), ((19), (20)), ((21), (22)) and ((23), (24))
become the corresponding results of refs [36–38], [34,35], [30–33] and [19,21–29],
respectively.

(2) When n = 1, eqs (8) and (9) become

π =
αF (TLx−1 − TH)m

[1 + (rx1−m/Φ)1/(m+1)]m+1
− q (26)

ϕ =
Φ

Φ− x

[
1− q[1 + (rx1−m/Φ)1/(m+1)]m+1

αF (TLx−1 − TH)m

]
. (27)

Equations (26) and (27) are the same results as those obtained in ref. [49]. The
relationship of heating load and COP is a parabolic function. The effects of various
losses on the performance are as follows:

(i) If there is no bypass heat leakage in the cycle (q = 0), eqs (26) and (27)
become

π =
αF (TLx−1 − TH)m

[1 + (rx1−m/Φ)1/(m+1)]m+1
(28)

ϕ =
Φ

(Φ− x)
. (29)

Equations (28) and (29) indicate that heating load is a monotonic decreasing func-
tion of COP.

(ii) If there are only heat resistance and bypass heat leakage losses in the cycle
(Φ = 1), eqs (26) and (27) become

π =
αF (TLx−1 − TH)m

[1 + (rx1−m)1/(m+1)]m+1
− q (30)

ϕ =
1

1− x

[
1− q[1 + (rx1−m)1/(m+1)]m+1

αF (TLx−1 − TH)m

]
. (31)

Equations (30) and (31) indicate that the heating load vs. COP curve is parabolic.
(iii) If the cycle is endoreversible (q = 0,Φ = 1), eqs (26) and (27) become

π =
αF (TLx−1 − TH)m

[1 + (rx1−m)1/(m+1)]m+1
(32)

ϕ =
1

(1− x)
. (33)
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Figure 2. Effects of various losses on the relationship between heating load
and COP for m = 1.25 and n = 4.

Equations (32) and (33) are the same results as those obtained in refs [44,45] which
indicate that the heating load vs. COP curve is a monotonic decreasing function.

(iv) If the total heat transfer area of the heat pump is infinite (F →∞, no heat
resistance losses), eq. (10) becomes eq. (25).

(v) If m = 1 further, eqs ((17), (18)), ((19), (20)), ((21), (22)) and ((23), (24))
become the corresponding results of refs [36–38], [34,35], [30–33] and [19,21–29],
respectively.

4. Numerical example

To show the heating load vs. COP characteristic of the generalized irreversible
Carnot heat pump with the generalized heat transfer law, one numerical example
is provided (see figure 2). In the numerical calculation for the performance charac-
teristics of the generalized irreversible Carnot heat pump, TL = 273 K, TH = 300
K, αF = 4 W/K, Φ = 1.2, α = β(r = 1), n = 4, m = 1.25, q = Ci(T 4

H−T 4
L)1.25 and

Ci = 0.16 W/K are set, where Ci is the heat conductance of the heat pump. Figure
2 shows the effects of various losses on the relationship between heating load and
COP of the heat pump in this case.

Curve 1 in figure 2 is the characteristic curve of the endoreversible Carnot heat
pump with the sole loss of heat resistance and it shows that heating load is a
monotonic decreasing function of COP. Curve 4 in figure 2 is the characteristic
curve of the generalized irreversible Carnot heat pump with the losses of heat resis-
tance, bypass heat leakage and other internal irreversibility, and it shows that the
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relationship between heating load and COP is a parabolic function, i.e. there ex-
ists a maximum COP and the corresponding heating load. The theoretical analysis
results for real irreversible simple cycle air heat pump [13,52], real irreversible regen-
erated cycle air heat pump [13,53], real irreversible single-stage thermoelectric heat
pump [13,27,54,55] and real irreversible two-stage thermoelectric heat pump [56,57]
indicated that the relationships between heating load and COP were parabolic-like
functions, and there exists a maximum COP and the corresponding heating load.
The experimental results of a single-stage thermoelectric heat pump [58] show that
the heating load vs. COP characteristics was also a parabolic curve. Therefore,
the theoretical analysis results of this paper are consistent with those of practical
heat pumps. Apparently, the analysis results of the generalized irreversible Carnot
heat pump are more suitable for practical engineering devices than those of the
endoreversible Carnot heat pump.

5. Conclusion

The fundamental optimal relation between optimal heating load and COP of a
generalized irreversible Carnot heat pump is derived based on a new generalized
heat transfer law, including generalized convective heat transfer law and general-
ized radiative heat transfer law, q ∝ (∆Tn)m. The generalized irreversible Carnot
heat pump model incorporates several internal and external irreversibilities, such
as heat resistance, bypass heat leakage, friction, turbulence and other undesirable
irreversibility factors. The added irreversibilities besides heat resistance are char-
acterized by a constant parameter and a constant coefficient. The obtained results
include those obtained in many literatures, such as the optimal performance of en-
doreversible Carnot heat pump with different heat transfer laws (m 6= 0, n 6= 0,
q = 0, Φ = 1), the optimal performance of the Carnot heat pump with heat
resistance and internal irreversibility (m 6= 0, n 6= 0, q = 0, Φ > 1), the opti-
mal performance of the Carnot heat pump with heat resistance and heat leakage
(m 6= 0, n 6= 0, q 6= 0, Φ = 1), and the optimal performance of the irreversible Carnot
heat pump with generalized radiative heat transfer law q ∝ (∆Tn) (m = 1, n 6= 0)
and generalized convective heat transfer law q ∝ (∆T )m (m 6= 0, n = 1). This pa-
per is a synthesis of the finite-time thermodynamics analysis results of Carnot-type
theoretical heat pump cycle and reflects the universal optimal performance of gen-
eralized irreversible Carnot heat pump with complex heat transfer law. The heating
load vs. COP characteristic of a generalized irreversible Carnot heat pump is a par-
abolic curve, which is consistent with the experimental result of thermoelectric heat
pump. The obtained results indicated that the analysis results of the generalized
irreversible Carnot heat pump are more suitable for practical engineering devices
than those of the endoreversible Carnot heat pump.
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