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Abstract. We study some typical defect problems in one-dimensional (1D) hexagonal
and two-dimensional (2D) octagonal quasicrystals. The first part of this investigation
addresses in detail a uniformly moving screw dislocation in a 1D hexagonal piezoelectric
quasicrystal with point group 6mm. A general solution is derived in terms of two functions
1, @2, which satisfy wave equations, and another harmonic function ¢3z. Elementary
expressions for the phonon and phason displacements, strains, stresses, electric potential,
electric fields and electric displacements induced by the moving screw dislocation are then
arrived at by employing the obtained general solution. The derived solution is verified
by comparison with existing solutions. Also obtained in this part of the investigation is
the total energy of the moving screw dislocation. The second part of this investigation
is devoted to the study of the interaction of a straight dislocation with a semi-infinite
crack in an octagonal quasicrystal. Here the crack penetrates through the solid along the
period direction and the dislocation line is parallel to the period direction. We first derive
a general solution in terms of four analytic functions for plane strain problem in octagonal
quasicrystals by means of differential operator theory and the complex variable method.
All the phonon and phason displacements and stresses can be expressed in terms of the
four analytic functions. Then we derive the exact solution for a straight dislocation near a
semi-infinite crack in an octagonal quasicrystal, and also present the phonon and phason
stress intensity factors induced by the straight dislocation and remote loads.

Keywords. Quasicrystal; dislocation; crack; stress intensity factors; piezoelectricity; gen-
eral solution.
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1. Introduction

Quasicrystals, which were first discovered in 1984 by Shechtman et al [1], pos-
sess a type of ordered structure characterized by crystallographically disallowed
long-range orientational symmetry and by long-range quasiperiodic translational
order. Since the discovery of quasicrystals, the elastic theory of quasicrystals con-
tinues to attract investigators’ attention [2-7]. It has been experimentally verified
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that quasicrystals can really exist as stable phases, then it is necessary to take
quasicrystals as a thermodynamic system and to establish the corresponding ther-
modynamics of equilibrium properties. Yang et al [8] first generalized the ther-
modynamics of equilibrium thermal, electrical, magnetic and elastic properties to
the case of quasicrystals. By group theory, they derived physical property ten-
sors for two-dimensional pentagonal, octagonal, decagonal and dodecagonal and
three-dimensional icosahedral and cubic quasicrystals. Recently Li and Liu [9] de-
rived physical property tensors for one-dimensional quasicrystals according to group
representation theory. They presented particular matrix forms of the thermal
expansion coefficient tensors and piezoelectric coefficient tensors under 31 point
groups for the 1D quasicrystals. Most recently Rao et al [10] determined the
maximum number of non-vanishing and independent second-order piezoelectric
coefficients in pentagonal and icosahedral quasicrystals also by using group rep-
resentation theory. With the development of the elasticity theory of quasicrys-
tals, theoretical investigations of dislocation and crack problems in quasicrystals
also receive focused attention. Ding et al [11] obtained the displacement fields
induced by a straight dislocation line along the period direction of decagonal
quasicrystals. Yang et al [12] derived an analytic expression for the elastic dis-
placement fields induced by a dislocation in an icosahedral quasicrystal. Li et
al [13] considered an infinite decagonal quasicrystal containing a Griffith crack
which penetrates through the solid along the period direction. Zhou and Fan
[14] studied an octagonal quasicrystal weakened by a Griffith crack. Wang and
Zhong [6] studied the interaction between a semi-infinite crack and a line dislo-
cation in a decagonal quasicrystalline solid. Liu et al [15] addressed the inter-
action between a screw dislocation and a semi-infinite crack in one-dimensional
quasicrystals.

In the first part of this paper, we investigate the problems of dislocation dynam-
ics in a one-dimensional hexagonal piezoelectric quasicrystal with point group 6mm
by employing the results of Li and Liu [9] as our starting step. A general solution
is derived in terms of two functions (1, w2, which satisfy wave equations, and one
harmonic function ¢3. Elementary expressions for the phonon and phason displace-
ments, strains, stresses, electric potential, electric fields and electric displacements
induced by a straight screw dislocation line parallel to the quasiperiodic axis mov-
ing along a period direction in this piezoelectric quasicrystal are then obtained by
employing the obtained general solution. Also derived is the total energy of the
moving dislocation.

In the second part of this paper, we address in detail the interaction problem
between a straight dislocation and a semi-infinite crack in an octagonal quasicrys-
talline solid. We first present the general solution for plane strain problems in
octagonal quasicrystals. All of the phonon and phason fields can be expressed
in terms of four analytic functions. We then derive the field potentials for (i)
a straight dislocation in an infinite octagonal quasicrystal; (ii) asymptotic fields
around a semi-infinite crack in an octagonal quasicrystal; and (iii) a straight dis-
location near a semi-infinite crack in an octagonal quasicrystal. We also derive
analytic expressions of the phonon and phason stress intensity factors induced by
the straight dislocation.
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2. A uniformly moving screw dislocation in a 1D hexagonal piezoelectric
quasicrystal with point group 6 mm

2.1 Basic formulations

The generalized Hooke’s law for 1D hexagonal piezoelectric quasicrystal with point
group 6 mm, whose period plane is the (z1,22)-plane and whose quasiperiodic
direction is the x3-axis, is given by [5,9]

011 = C11€11 + C12€22 + 13633 + Riwss — ei(’)ll)E3’
O22 = C12€11 + C22€22 + C13€33 + Riwss — ei(”ll)E3’
033 = C13€11 + C13€22 + C33€33 + Rowsz — ei(’é”)E‘g’
093 = 039 = 2C44€39 + R3wso — 6515)E27

013 = 031 = 2case31 + Rawsy — eV Ey,

012 = 021 = 2Cg6€12,

Hys = Ra(e11 +e22) + Rocas + Kywgs — ef) s,
Hs1 = 2R3e31 + Kowsy — 6(125)E17

Hso = 2R3e39 + Kowsp — 6(125)E27

D3 = 6;(311)(611 +e22) + 6%)633 + 6;(3?1033+ €33 I3,

D, = 26%)631 + eg)w31+ €11 Fn,

1 2
Dy = 2655)632 + 655)w32+ €11 Fo, (1)
where 0;; and H;; are the phonon and phason stress components, D; are the electric
displacements; ¢;; and ws; are the phonon and phason strains, F; are the electric
fields; ¢q1, ¢12, €13, €33, C44, Coe are six elastic constants in the phonon field and cgg =
(c11 — ¢12)/2; K7 and K3 are two elastic constants in the phason field; Ry, Ro, R3
are three phonon—phason coupling elastic constants; eZ(-Jl-) and eg)
coefficients and €71 and €33 are two dielectric coefficients.
The strain—displacement and electric field—electric potential relations are given
by

are piezoelectric

€11 = U1,1, €22 = U272, £33 = U33,

1 1 1
€12 = §(u1,2 +uz1), €31 = §(u1,3 +us1), €32= 5(“2,3 +uz2),

w31 = w31, W3z = W32, W33 = W33,
Ei=—¢1, Ey=—¢2 FE3=—¢3, (2)

where u;(i = 1-3) are three phonon displacement components, ws is the phason
displacement, ¢ is the electric potential; a comma followed by (i = 1,2, 3) denotes
partial derivative with respect to the ith spatial coordinate.

In the absence of body force and electric charge density, the equations of motion
and the charge equilibrium equation are [4,16]
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0111 + 012,2 + 0133 = pli1,

021,1 + 0222 + 0233 = plig,

031,1 + 0322 + 0333 = plig,

Hg3y 1 + Hsz o + Hss 3 = pis,

D11+ D2z + D33 =0, (3)

where the superdot means the differentiation with respect to time, and p is the
mass density of the piezoelectric quasicrystalline solid.

For the anti-plane shear problem in which the non-trivial displacements us, w3
and the electric potential ¢ are independent of x3, the equations of motion and the
charge equilibrium equation can be expressed in terms of ugz, w3 and ¢ as

caaV2us + RsVws + €\t V20 = pii,
RsV2us + Ko Vws + €220 = piiss,
G%)VQ’UJ;; + Ggi)vzwgf €11 V2¢> =0, (4)
where V2 = ;—;2 + 83—; is the two-dimensional Laplace operator.
1 2
It follows from (4)3 that V2¢ can be expressed in terms of VZu3 and VZws3 as

Hey e
Vi = LV2ug + 15V . (5)
€11 €1

Inserting the above into (4); 2 and eliminating V2¢, we arrive at

544VQU3 + R3V2w3 = pus,
R3V2U3 + I~(2V2w3 = p’ll)g, (6)

where €44 = c4q + 6%)2 /€11 is the piezoelectrically stiffened elastic constant in the
phonon field, f(g =Ky + e§25)2 /€11 is the piezoelectrically stiffened elastic constant

in the phason field, and R3 = Rs + 6515)6525) /€11 is the piezoelectrically stiffened
phonon—phason coupling elastic constant.
Next we introduce two new functions ¢; and @y given by

uz = apy — R3pa, w3 = Rypq + aupo, (7)
where
1 - - Z
o = 5 |:644—K2+\/(644—K2)2+4R§ . (8)

Consequently eq. (6) can be rewritten in the following canonical form:

1 82301
s? o0t2

1 92
Vi = o 9)

Vg, = -,
b1 s3 Ot2

where
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(éaa + Ko) + /(@ — Ko)? + 4R3

S1 = \ 2 )
o

(Gaa + K3) — \/(544 — K3)? + 4R?

S9 = 2p (10)

are two wave speeds under anti-plane shear conditions. Meanwhile if we introduce
a third function @3 given by

1 2 1 2) 5 2 1) 5
=3+ ﬁl% + ﬁw:; — 3+ 6(15)0‘ + egs)Rfi o1+ 6&5)04 - egs)RB

€1 €1 €11 €11 v
(11)

then eq. (5) can be written as
V23 = 0. (12)

The nontrivial stresses and electric displacements can be expressed in terms of three
new functions ¢1, s and @3 as

013 = 031 = (Caax + R%)%J + Rs(a — Caa) P21 + 6§15)<P3,17

093 = 033 = (Caax + R%)%,z + 1:33(04 — Caa)p2,2 + 6515)%,27

Hs = Ry(a+ Ko)p11 + (Kaao — R2)pa 1 + 6525)903,17

Hzo = R3(a+ Ka)p12 + (Kaa — R2)pa o + 6%)803,27

Dy = — €11903,1, D2 = — €11¢932, (13)

Consequently eqs (7) and (11) for the displacements and electric potential and
eq. (13) for stresses and electric displacements give a general solution for a kind of
elasticity dynamic problems in a 1D hexagonal piezoelectric quasicrystal with point
group 6mm, where the dislocation line is parallel to the quasiperiodic axis. The
three unknown functions ¢1, @2 and @3 can be determined from the appropriate
boundary or initial-boundary conditions.

2.2 Electroelastic fields induced by a moving piezoelectric screw dislocation

Now consider a straight screw dislocation line parallel to the quasiperiodic x3 axis.
The screw dislocation suffers a finite discontinuity in the displacements and in the
electric potential across the slip plane. We further assume that the screw dislocation
moves at a constant velocity V' along the zi-axis. We choose a new coordinate
system (z, y) which moves together at the same velocity V' as the dislocation, and
the moving and the fixed coordinate systems coincide at ¢ = 0.

Make the following transformation to transform the fixed coordinate system
(z1,22) to the moving coordinate system (x, y):
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r=x1—Vt, y=umx (14)

then eqs (9) and (12) can be transformed to the following equations in the moving
coordinates

ﬂza ©1 82@1

2079 32902 0 D3 0%p3
e 8y2 b

2 9x2 8y2 S a2 * Oy?

:O’

=0, (13)

where

pr = m’ P2 = m (16)

The general solution of eq. (15) can be immediately arrived at

pr=Im{fi(z1)}, w2 =Im{fa(22)}, ¢3=1Im{f3(2)}, (17)

where z1 = x + 101y, 20 = x + 102y, z = x + iy.
The screw dislocation investigated here is defined as

y{dug = b, fdwg —d, ]{dd) = Ag, (18)

or equivalently

j’{d _ ab+ Ryd %d _ad— Rsb
Y1 O(Q —i—RQ 3 ©2 a2 —|—R§ 3
(1)
e b+e d
7( dps = Ap— A5V a5 d (19)

where b is the phonon displacement jump across the slip plane, d is the phason
displacement jump across the slip plane, A¢ is the electric potential jump across
the slip plane.

Consequently the three analytic functions fi(z1), f2(22) and f3(2) take the forms

f(2) ab+ Rad
z71) = ——————1Inz,
e 2m(a? + R3) '
ad — Rsb
29) = ———————In 2o,
fa(z) 2m(a? + R3) ?
f ( ) 611A¢—6115)b—61?d1 (20>
= nz.
312 2mE11 i

In view of egs (7), (11), (17) and (20), the phonon and phason displacements
and electric potential can be expressed in terms of the mechanical and electric
dislocations as follows:
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- Oé(Oéb + Rgd) 1 51582 Rg(Rgb — ad) 1 ﬂgfﬂg
= T tan + — tan :
2m(a? + R3) r1 =Vt 2r(a?+ R3) = Vi
_ ]:23(046 + R;d) tan—1 B1xa alad — Rgb) an—1 Boxo
2r(a? 4 R?) 1=Vt 27(a? + R2) =Vt
611A¢ — 6115)b — €§25 tan_l 9
2mE1 -Vt
 (eiot ¢ Ry)(ab + Rgd> ! 1
2’/T€11 (a2 + R2) Tl — Vit
2
(e e Ry)(ad —Ryb) ) By o)
271'611(@2 + R%) Ty — Vt,

¢ =

Similarly, the phonon and phason strains are given by

alab+ Rgd) B1xo
2m(a? + R3) (z1 — Vi)? + Bfa3
_ Ry(R3b — ad) Paa

2m(a? + R2) (v1 — V)2 + G523’
alab+ Ryd)  fi(z1 — Vi)
2m(a2 + R3) (v1 — V)2 + fa3
Ry(Rsb—ad) Bz — Vi)

_ , 22
2n(? + 1) (21— VOP + 33 (22)

Y31 = 2€31 = —

V32 = 2€32 =

Rg(ab-f— Rgd) 611’2
2m(a? + R2) (v1— V) + 323
_a(ad — Rgb) 52.%‘2
2m(a2 + R3) (z1 — V)2 + G323’
R3(Oéb + Rgd) 61 (1‘1 -Vt )
2m(a2 + R2) (v1— V)2 + a3
a(ad — Rsb)  Ba(z — Vi) (23)
2m (a2 + R2) (x1 — V)2 + B33’

2L2

w31 = —

w32 =

the electric fields by

I €11A4¢ — 3115)5 - e% d Z2
1= 2mEqq (.Il — Vt)2 + 22
(eig'a + ¥ Rs)(ab + Rsd) Bizs
271'611(@2 + R%) (-'L'l - Vt)2 + ﬁ%l'%
+ (ef))a - 611)R3)(0ld R3b) Bao
271'611(052 + Rg) (331 — Vt)2 + 5333%7
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_EnA(b—e%)b—@g)d (331 —Vt)
2mE 1 (iCl —Vt)2+$§
Ba+ed Ry)(ab+ Ryd) (e — V)

By =

(e15a+ €5 )
2m€1; (a® 4+ R3) (x1 — V)2 + 3223

eDa— eV Rs)(ad — Rsb)  Balar — V)
2mE1 (Oé2 + Rg) (xl - Vt)2 + 539537

(24)
the phonon and phason stresses by

(5446! + R%)(ab + Rgd) 511'2

om(a? + R2) (w1 — V)2 + pia3
Rg(a — E44)(Oéd - Rgb) 52.1‘2

om(a? + R2) (z1 — V)2 + B33
_6515)(611A¢ - 6515)17 - eﬁ?d) T
2meq (xl —Vt)2+x%7

013 =031 = —

(&4404 + R%)(Olb + ]‘:L)3d) 01 (1131 — Vt)
2m(a2 + R2) (11— Vt)* + B3
+Rg,(a — ¢y4)(ad — Rgb)  Bo(xy — Vi)
2m(a? + R2) (z1 = V)2 + 323
+e§?(611Aq’) - egls)b — e:(é)d) x1— Vit
2mEq1 (581 — Vt)2 + 5857

023 = 032 =

Hay — _R3(Q+K2)(ab+}é3d) ﬂlxg
3 21(a2 + R2) (z1 — V) + a3
(Kaa — R3)(ad — Rgb) Bas
21(a? + R3) (x1 = V)* + a3
ei(€ndg —eifb—eDd) T2
2mE (CL‘l — Vt)2 + $%’
Rs(a+ Ky)(ab+ Rsd)  Bi(x1 — Vi)
2r(a? + R2) (z1 — V)2 + faj
+ (KQQ - R%)(Otd - Rgb) ﬂg(fﬂl - Vt)
om(a? + B2) (o1 — V) + Bl
+eg?(euAgb - e%)b - eg?d) x1— Vi
2mE (1‘1 —Vt)2+l‘§’

H3y =

(26)

and the electric displacements are given by
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D EnAd) — 615 — 6525)d To
1T 2 (z1 — V)2 + 23’
1) (2)
611A¢—615b—615d 1 — Vit
Dy = . 27
2 o (1 — V)2 + 23 (27)

It can be easily checked that when R3 = 655) = 0, the results derived here can just

reduce to those obtained by Wang and Zhong [17] for a screw dislocation moving
in piezoelectric crystals.

2.3 Energy of the moving piezoelectric screw dislocation

The total energy W per unit length on the dislocation line of the moving screw
dislocation is composed of the kinetic energy Wy and the potential energy Wi,
which are given by the following integrals:

Wi = g / (42 + w2)daidas, (28)
1
Wp = 5 / (O’3jU3’j + Hg,ng,j + ngb,j)dxldx% (29)

where the integration should be taken over the circular annulus ro < r < Rg, with
ro being the radius of the screw dislocation core.
The specific expressions of Wy and W), are finally given by
ky Ro kp n Ry

W —In—, W,= 30
k=7 o p A o (30)
where

pV?
2(a2 4+ R%)

(ab + Rsd)? N (ad — R3b)?

e = 5, 5

(ab+ R3d)?

1 (&44042 + KQR% + 204R§)
b1+ — =
B 2(a? + R3)?

(644 R% + Kra? — 2aR3) B2
(ﬂz %) o od — R

1) 2
—ep <A¢ _ 815b+€15d> ) (32)

€11

Consequently, the total energy is given by

ki + kp In Ro

W =
4 o

(33)
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It can be observed from the above that the total energy W becomes infinite when
V — min{sy, s2}. Thus min{s;, s2} is the limit of the velocity of the screw dislo-
cation.

In addition when V' < min{sy, s2}, the total energy can be written as follows:

1
W =W+ §m0V2, (34)

where W is the potential energy per unit length of a stationary screw dislocation,
ie.,

W, — (caab?® + Kod®— €11A¢2 + 2Rsbd + 2¢{bAG + 262 dAg) 1 Bo
47 To

(35)

9

2 2
p(bT::d) In £ is the static mass of the dislocation per unit length.

and mg = -

3. Interaction of a straight dislocation with a semi-infinite crack
in an octagonal quasicrystal

3.1 General solution

The generalized Hooke’s law for octagonal quasicrystalline materials with point
groups 8mm, 822, 8m2 and 8/mmm, whose period direction is the x3-axis, and
whose quasiperiodic plane is the (z1, z2)-plane, is given by [18]

011 = Cr1€11 + Cr2e92 + Ci3ess + R(wi1 + waa),

092 = Crae11 + Cr1€22 + Ci3eszz — R(wi1 + waz),

o33 = C13e11 + Ci3€22 + Cs3e3s,

012 = 021 = (C11 — Ci2)e12 — R(wiz — way),

023 = 032 = 2044823,

013 = 031 = 2C44¢13,

Hy1 = R(e11 — €22) + Kqwi1 + Kowaa,

Hss = R(e11 — €22) + Kowny + Kjwaa,

Hiy = —2Reqp + (K1 + Ka + K3)wiz + Kswon,

Hy = 2Reqs + Kswis + (K1 + Ko + K3)won,

Hiz = Kyqwss,

Hoz = Kywos. (36)
where o;; and H;; are phonon and phason stress components; ¢;; and w;; are
phonon and phason strains; Cy1, Ci2, C13,Cs3, Cyy are five elastic constants in the

phonon field, K1, Ko, K3, K, are four elastic constants in the phason field, R is the
phonon—phason coupling constant.
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The phonon and phason strains ¢;; and w;; are related to the phonon and phason
displacements u; and w; through the following relationship:

Eij = 0.5(1141'7]' + Uj7i), Wij; = Wi,j- (37)

In the absence of body forces, the static equilibrium equations for the quasicrystal
are given by [18]

0ij; =0, Hij; =0. (38)

For the plane strain problems in which the displacement components u1, us, w1, ws
are independent of x3, and furthermore ug = 0, the equations of motion can be
expressed in terms of the displacement components uq, us, w1, wy as follows:

2C1u111 + (Ci1 — Ci2)ug 22 + (Cii + Cr2)us 12
+2R(w1,11 — w122 + 2wz 12) =0,
(C11 + Cr2)ur 12 + (Ci1 — Cr2)uz 11 + 2C11u2 22
+2R(we,11 — w220 — 2wy ,12) =0,
Kiwi 11 + (K1 + Ko + Ks)wi 20 + (K2 + K3)ws 12
+R(u1,11 — u1,22 — 2ug12) =0,
(K1 4+ K2+ K3)wa 11 + Kiwa 20 + (K2 + K3)wi 12
+R(u2,11 — u2,22 + 2u1,12) = 0. (39)

The above set of equations can be equivalently written in the following matrix form:

Uy
U2
wq
w2

= 04><13 (40)

where the components of the 4 x 4 symmetric differential operator L are given by

02 > ’
Ly = 2011875@ +(Cy1 — 012)855%’ Lis =Ly =(C11 + C’12)m7
82 82 82
13 31 (8:8% 3x%> J 14 4 0x10xs’
02 0?
Ly = (C11 = Cr2) 55 + 20155
22 = (Cn Clz)@x% +2Cn 6x%7

0? 0? 0?
Log = Lz = —4 Los =Ly =2R( . — L
23 32 Raxlal'g ) 24 42 R <8x% 8.1‘%) ’

0? 0? H?
L3 = 2K —+2(K 1+ Ky+K3)=—5, Lsys = L3 =2(Ky+K
33 1(%% +2(K+ Ko+ 3)(%%7 34 43 (Ka+ S)leaxg’
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9? 9?
L44:2(K1+K2+K3)@+2K1@ (41)
1 2

Now we introduce a displacement function F', which satisfies the following equa-
tion:

IL| F =0, (42)

where |L| is the determinant of the differential operator matrix L. Omitting the
intermediate procedures, the displacement function F' finally satisfies the following
partial differential equation [14]:

V2V2V2V2E — 4eV2V2A2AF + 4e A2 A2A*A*F = 0, (43)
where
92 92 > >
2_ Y v 2 _ 07 _ 0%
V=02 Toap N T o T o
and

2 ]
L R(C11+012)(K2+I2<3) 5, 0<e<l
[(C11 = Cr2) (K1 + K2 + K3) = 2R?] [C11 Ky — R?]

(44)

Applying the differential operator theory, one general solution to eq. (40) can
now be expressed as

ur = L1 F, up =L, F, wi=Lj3F, wy=Lj,F, (45)

where L7, L],, L75 and L], are the algebraic cofactors of L. The specific expressions
of L7, L5, L]5 and L}, are given below:

86
Lt = 4K [(C11 — C12)(K; + Ky + K3) — 2R?] 52
1
+8[K1(2C11 — C12) (K1 + Ko + K3)
86
—3R*(K K K3)]——
3R*(K, + 3K, +3 3”%{5@«3
+4|K71(5C11 — C12)(Ky + Ko + K3)
2 &
— Ki — 2Ky —2K3)| ———
OR7(FK 2 3) 0x20x4
66
+8(Ci1 K1 — R?) (K1 + Ko + K3) =, (46)

G
0z
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Ly = —4[Ki(C11 + Cr2)(Ky + Ka + K3) + 6R* (K2 + K3)]

b 96
X (3:551’8;32 + 3x18x§) - 8|:K1(Cll + C12) (K1 + Ko + K3)

86
J— 2 S —
86
Lig = —AR [(C11 — C12) (K1 + K> + K3) — 2R?] 520
1
36
—8R [K1(2C11 + C12) + (Cu1 +3C12) (K2 + Ks) = B] 5y
x{05
86
—4R [Kl(CU + 3012) — (7011 + 012)(K2 + Kg) + 2R2} 922024
3015
2y 0°
+8R(C11 K1 — R )8Tcg’ (48)
86
L’{4 =4R [K1(3Clg — Cll) + (011 — Clg)(KQ + Kg) =+ 4R2] 92
29029
86
+8R [(011 + 3012)(K2 + Kg) — Kl(SCu — 012) + 4R2] 353
Oxy0xs
86
—4R [K1(5Cn + 012) + (7011 + 012)(K2 + K3) - 4R2] 5
83518952
(49)

Here it shall be mentioned that the displacement function F' is derived by means
of the differential operator theory. It is observed that the method given here for
the derivation of F' is more straightforward than that presented in [14] and [19]. In
addition it is not difficult to understand the fact that the displacement function F'
satisfies exactly the same partial differential equation as that derived by Zhou and
Fan [14].

The general solution to eq. (43) can be expressed as

F =Re{fi(z1) + fa(z2) + f3(23) + fa(z4)}, (50)

where z; = z1 + p;x2, Im{p;} > 0 (j = 1-4) and p; (j = 1-4) are explicitly given
by

= [+ Ve 2+ M [ i1 - Ve) 2,

= [+ Ve 2 4+ ] e (1 - V)7,

= [+ Ve 2 = M [ i1 = Ve) 2,

= [+ Ve 2 = ] = (1 = V)2, (51)

Consequently, the phonon and phason displacements can also be expressed in
terms of f;(z;) (j = 1-4) as follows:
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where f0)(z)

Re {
= Re {521f(6) 21) + 522f(6)(22
{

) ) )
= Re {541f1 z1) + 542f2(6)(22) + 543f3£6)(23) + 544f4£6)(24)

e 511f16) (z1) + 512f2(6)(22) + 513f3§6)(23) + 514f4£6)(24)
) )+ 523f(6)(23) + 02 f(ﬁ) (24)

= Re 531f1 (z1) + 532f26 (22 +533f36 (23 4-534f46 (24
)

(52)

)
2
2
j

= 07 f/0z7, and the constants §;; are given by

015 = 4Ky [(C11 — Cra) (K1 + Kz + K3) — 2R?]

5oy =

(ng =

+8p? [K1(2C11 — C12) (K + Ky + K3) — 3R*(K; 4+ 3K, + 3[{3)]
+4p? [K1(5C11 — Cra) (K1 + Ky + K3) — 6R2(Ky — 2K, — 2K3)]
+8p5(C11 K1 — R?) (K1 + Ky + Ks),

—4p;(1 ‘Hﬁ) [Kl(cu + C12) (K1 + Ko 4+ K3) + 6R*(Ky + Ks)}
—8p° [K1(C1y + C1a) (K1 + Ko + K3) — 10R (K + K3)]

—4R [(011 —Cr2)(Ky + Ky + K3) — 2R2]

—8Rp? [K1(2C11 + C12) + (Cr1 + 3C12) (Ka + K3) — R?]

—4Rp} [K1(C11 + 3C12) — (7011 + Cr2)(Ka + K3) + 2R?)
+8RpS(C11 K — R),

54j = 4Rpj [Kl(?)clg — Cu) + (Cn - 012)(K2 + Kg) + 4R2]

+8Rp) [(C11 + 3C12) (K> + K3) — K1(3C11 — Ch2) + 4R?]
—4Rp} [K1(5C11 + C12) + (TC11 + C12)(Kz + K3) — 4R?] (j = 1-4)
(53)

The phonon and phason stress components can also be expressed in terms of the
four analytic functions f;(z;) (j = 1-4) as

o012 = 021 = Re {711f1(7)(21) + 712f2(7)(22) + 713f3§7)(23) + 714]%7)(2 )}

022 = Re {’Yzlflm(zl) + ’722f2(7)(22) + ’723f:§ (23) + ’724f

His = Re {731f1(7)(21) + 732f2(7)(22) + 733f3§ (23) + 734f

Hy; = Re {741f1(7)(21) + ’Y42f2(7)(22) + ’Y43f9§ (23) + ’Y44f4

o33 = Re {)\21f1(7)(21) + )\22f2(7)(22) + >\23f;§ (23) + )\24f

Hiy = Re { M1 17 (1) + Ao 57 (22) + s I3 (28) + DI

()}
(o)}
A} (
11 = Re {)\11f1(7)(21) + )\12f2(7)(22) + )\13f9§ (z3) + )\14f4 }
(1)
)}
SJNE

Hs1 = Re {)\41f1(7)(21) + >\42f2(7) (22) + )\43f3§ (23) + )\44f4

924
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where the constants «;; and \;; are related to d;; through
Ci1—C
Y15 = %(pj(slj + d2;) — R(pjds; — d45),

Y25 = C1201j + C11pjd2; — R(I35 + pjdaj),

v3; = —R(p;jd1; + 625) + (K1 + Ko + K3)p;03; + K304,

Yaj = R(01j — p;jda;) + Kadsj + K1p;da;, (56)

A1j = C11015 + Ciap;da; + R(d35 4 pjdaj),

Xoj = C13(15 + pjo2;),

Azj = R(01; — pjba;) + K1035 + Kap;joay,

)\4]' = R(pj51j + 52]‘) + Kgpj53j + (Kl + K2 + K3)54j. (57)

Now introduce four stress functions ®1, 5, ¥y, U5, which are related to the phonon
and phason stresses through the following equations:

0%, 09,
ol =——5—, O12=——
11 81'2 3 12 8331 )
S, TS
21 — ox ) - 8.’1}1 ’
8\111 a\Ill
Hyp=—>2L Hp="1
11 8302 ) 12 6371 )
8\112 6\1’2
Hyy = -2, Hy=—2. 58
21 3&62 ) 22 81'1 ( )

Apparently, the introduced stress functions automatically satisfy the equilibrium
equations (38). It follows from eqs (54) and (58) that the four stress functions
O, Py, Uy, U, can be expressed in terms of the four analytic functions f;(z;) (j = 1-
4) as

6 z1) + 712f2

o
=
I
=
&)
2
—
—
)
=

(23)+714f4 (24)
23) + 20 f10) (24)
)(23)+734f4 (21)
(

23) + Y4 f4 ( 1)

z2) + 713f3

)

21) + 72 f 22)+7335
(
3

3

( (

( (
731f1(6)(21) + y32f5 6)(22) +33.f.

O (

S
[ V]
’;U
)
£
,?'*

z1) + 742f2 Z2) + ’Y43f

—— = N

3.2 Field potentials

3.2.1. A straight dislocation in an infinite octagonal quasicrystal. Consider the
Burgers vector of a straight dislocation, which is infinitely long in the period
direction, with the core at the origin in an infinite octagonal quasicrystal, b& d =
(bl, bQ, 0, dl, dg) where
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fdul = bl, deQ = b2, %dwl = dl, %dwg = dg, (60)

for any loop C surrounding the dislocation line.
We can assume that in this case the four analytic functions f;(z;) (j = 1-4) take
the following forms:

f1(6)(21) = Ar1lnz, fQ(G)(ZQ) = Ay 1n 2,
feEG)(Zs) = Aslnzs, fi6(24) = Ayln zy, (61)

where A; (j = 1-4) are complex constants to be determined.
In view of eq. (60), we can arrive at the following set of linear algebraic equa-
tions:

Im {611 A1 + 61242 + 61343 + 61444} = _%7
Im {621 A1 + G20 A + 023 A3 + Gag Ay} = _;%7
Im {631 A1 + 03242 + 033 A3 + 03444} = _%7
T {61 Ay + Ga A + 015 A + asAg} = _;L;, (62a)

Im {71141 + 71242 + 71343 + 711444} = 0,
Im {72141 + Y2242 + Y23 A3 4+ Y24 A4} = 0,
Im {3141 + 73242 + 73343 + 73444} = 0,
Im {v41A41 + ya2A2 + Va3 Az + Y44 A4} = 0. (62b)

Then the four unknown constants A; (j 1-4) and their conjugates can be
uniquely determined from the above set of equations.

3.2.2 Asymptotic fields around a semi-infinite crack. Here we consider a semi-
infinite crack which lies on the negative real axis. The crack penetrates through
the solid along the period direction. We assume that in this case the four analytic
functions f;(z;) (j = 1-4) take the following form:

(21) = Biya, £17(z) = Bay/a,

es) = Bsy/zs,  f(20) = Bav/7a, (63)
where B; (j = 1-4) are complex constants to be determined.

The satisfaction of traction-free boundary conditions 015 = 099 = His = Ho =0

on the crack surfaces 1 < 0, x5 = 0 will result in

Im {y11B1 + 712B2 + 71383 + 71484} = 0,

Im {21 By + 722 B2 + Y2383 + 724 B4} = 0,

Im {31 By + 732 B2 + V3383 + 734 B4} = 0,

Im {41 B1 + 42 B2 + Y4383 + v44 B4} = 0. (64)
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According to the following stress intensity factors on the crack tip [6],

KI = lim vV 27‘(‘.7310’22, KH = lim O\/ 271'],‘10’12,

z1—0,52—0 x1—0,20—
T = l(i)rn 0V27Z1H22, Tn = lém ome' (65)
1 —U,T2— r1—U,x2—
Then we arrive at another set of linear algebraic equations
Re {’71131 4+ Y12 B2 4+ v13B3 + ')/1434} = ﬁ7
V2T
K
Re {721 B1 + Y22 B2 + Y2383 + 724 B4} = \/Tiﬂ
T
Re {v31B1 + V32 B2 + v33B3 + y34 B4} = \/%7
11

Re {v41B1 + Va2 B2 + ya3Bs + Y44 Ba} = (66)

Vo
Consequently, the four unknowns B; (j = 1-4) can be uniquely determined from
egs (64) and (66) as

—1

B,y Y11 Y12 Y13 Y14 K1

By | _ 1] ye1 22 23 Y K (67)
Bs Vor | Y31 Y32 Y33 V34 Tn |-

By Y41 Y42 V43 Va4 Tx

Substituting eq. (63) into egs (54) and (55), we can obtain the asymptotic phonon
and phason stress fields around the semi-infinite crack in an octagonal quasicrystal.
Apparently all the phonon and phason stress components ¢;; and H;; exhibit the
classical inverse square root singularity near the crack tip.

3.2.3 A straight dislocation near a semi-infinite crack in an octagonal quasicrystal.
As shown in figure 1, we consider an octagonal quasicrystal containing a straight
dislocation near a semi-infinite crack. The semi-infinite crack also lies on the neg-
ative real axis, and the dislocation is located at x1 = x1,, 22 = T2,.

The satisfaction of continuity condition of tractions across the total real axis
—00 < 71 < 400,22 = 0 will result in the following equations:

Z'Yl]f Z%gf( i(vlej - %A])
z2—2jo 2Z—Zo)’

Jj=1
: - (A T
(T 7 25445 27
S = Y e - 3 (2 L,
j—1 j—l =1 7¢
™, ~ (omds _ T
si4; A
S - ) - 3 (2 - )
~(wd T
. 7 45415 4
S he - -2 (2 - BL)
= = Z = Zjo Z = Zjo
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X2
(xlm x20) .
Line
r, dislocation
0, x1
I ——

Figure 1. A line dislocation near a semi-infinite crack in an octagonal

quasicrystal.

where zj, = &1, + p;jT2, (j = 1-4) and A; (j = 1-4) are determined from eqs (62a)
and (62b). Here we have replaced the complex variables z; (j = 1-4) by the common
complex variable z = x1 4 ixs due to the fact that zy = 20 = 23 = 24 = z on the
real axis [20,21]. When the analysis is finished, the complex variable z = x; + izs
shall be changed back to the corresponding variables z; (j = 1-4).

The traction-free boundary conditions 12 = 090 = Hys = Has = 0 on the
surfaces of the semi-infinite crack z; < 0,22 = 0 can be expressed as

4 4
7 o,
Z'Yljf} )(fff) + Z'Yljf; )(551 ) =0,
j=1 j=1
4 4
7 S
Z’Yzjf]( @) + Z’Yzjf; '(@7) =0,
j=1 j=1

4 4
S £ @)+ YA (@) = 0,
j=1 j=1

4

j=1

Substitution of eq. (68) into eq. (69) will result in

928

4
S i) + Y A5 @) =0 (a1 <0).
j=1

- ) (7) - (2 A
2 7D+ 17 6) 2 (fﬂl ~Zo W1 ZJ)
Jj=1 jil

- ) (@) - (A

. ,7 + 47 - = 217 - —
2% ERCAR ] 2 (xl ~ %o 1 _ZJ>
Jj=1 !

. () (7) - (L el

. .7 + 47 - = 3474 —
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4 4
S [0+ 7] = 3 (24
j=1

= xrp — Zjo

L A ) (21 < 0).

T1 — Zjo

(70)

In order to simplify the analysis, we introduce four new analytic functions defined

or equivalently

where

Ay 7 Az
h _ My _ h _ My
(D) = 106 = 2 () = 0() -
_ M,y As _ D,y A
hs(z) = f3"(2) 7 — 235 ha(z) = f1"(2) 7 — 21
Consequently, eq. (70) can be rewritten as
4 —_
B A A
hi(x) 4+ k(2 =— (’7133 jj),
;m]( 1)+ hyar)] g P
4 —_—
B A i A
Thi(zH) + h(z _ (’YQJJ JJ),
;mm 1)+ hj(ay)] g e ——
4 e
_ il A
hi(x]) + hji(z))] = — ( I 73),
];’Y?)J [ J( 1) J( 1)] ; T — 2o | T1—Zg
4 4 . A TA
hilzH)+hi(z7)] = — ( 45425 4]])
;m («) + hy(a7)] Ezj e T
¥ - Ay L By
hi(zf) +hi(2y) = ——— + )
1= %10 T 1T Zjo
4
_ As B2;
ho(xf =2 P2
2(27) + ha(zy) e +Z ——
=1
4
_ As Bs;
ha(xi) 4+ ha(z]) = ————— + Y — =
3(1) 3(1) T1 — 234 ;931—2’3‘0
4
_ Ay Baj
ha(x?) 4+ hy(zy]) = ————— + —= (21 <0),
4(1) 4(1) T1 — Z40 ;m—zjo (1 )
B Y11 Y12 Y13 Y14 - Y15
B2; — | Y2 Y22 Y23 Y4 V25 (j=14)
Bs; Tl 31 Y32 Y33 Y34 V35
Baj Y41 Y42 Y43 Va4 Yaj
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The Riemann—Hilbert problems (eq. (73)) can be easily solved as

hi(z) = — TP +Z2

Jj=1

L, +A1m_§:ﬁuﬁo

ZJO

BV e D
A - B2;
hol@) = =5t ; 2 -
+L BerAQ\/ZZ*iﬁ%@ )
23/z =20 27
As . Bs;
S T D S e

9

L g AS\/E Zﬂsj\/@

3 + —
2z 2=z 7 7o

Ap/Zio = Baj\/Fo
1 By + 41/ %4 _2543 i (75)

where B; (j = 1-4) are given by eq. (67).
In view of eqs (71) and (75), the explicit expressions for the four analytic functions
fi(2) (j = 1-4) are given by

4
(7)
fi7 () = 21 — 210) +jz=;221

— %)
1 Ae Py

+ Bl + - = Z -
AVES 1T e ST 21T Zo

4
B2

2(z2 — Z20)

b

j=1

L g +A2\/5724:52j\/?7'0

+ 2 —
2./22 Z92 — Z90 = 22 — Zjo

)

4
(7)
3 (%) = 2(2’3 — 230) + Z 2(z3 — 230)

Jj=1
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1 B + AS\/ ZSO /63] \/ ZjO

+ 3 )
2\/z3 73~ 20 T %3~ Zjo

4
Baj

2(z4 — Za0)

Ay

2(24 — Z4O)

() =

=1
A o . i\/ Zjo
L g,y AvEe S PuvE (76)

4 p—
2\/2 24 — 240 = Z4 = Zjo

The local phonon and phason stress intensity factors induced by the straight
dislocation and remote loads are determined by

kl = lim vV 27‘(1‘10’22, kH = lim 0\/ 2’/T331O’12,

x1—0,22—0 z1—0,x2—
tI = lim vV 27‘1’3?1]‘]227 tH = lim vV 27T$L‘1H12. (77)
x1—0,22—0 x1—0,22—0

The local phonon and phason stress intensity factors induced by the straight
dislocation and remote loads can be finally derived to be

4
fo Y145

kH:KH*2 27Re 5
Zl \/Zjo

kI = KI — 2v27mRe

t[[ = TH — 2v 2mRe

2

t1 =11 — 2v27Re

(78)

M-
2

Particularly when the dislocation lies on the positive real axis, i.e., z1, > 0 and
Y10 = 0, then the stress intensity factors induced by dislocation are given below in
view of egs (62b) and (78):

kH—KH—QU Z'Ylg i k= KI—Q\/ 2’723 i
tr = 17 —2,/ t—T—21/ 79
11 I 1 Z’YSJ js U I ZMJ (79)

] 1
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4. Conclusions

In §2 a moving screw dislocation in a 1D hexagonal piezoelectric quasicrystal with
point group 6mm is analyzed in detail within the framework of Landau theory.
We first present a general solution in terms of two functions ¢1, @2, which satisfy
wave equations, and another harmonic function ¢3. Based on the obtained general
solution, analytic expressions for all the field variables such as displacements, elec-
tric potential, strains, stresses, electric fields and electric displacements are found.
We also present the total energy of the moving screw dislocation. The obtained
solutions are verified by comparison with existing ones. It shall be pointed out
that the derived solutions are valid when V' < min{s;,s2}. The obtained general
solution can also be conveniently utilized to analyze a Yoffe-type moving crack in
a 1D hexagonal piezoelectric quasicrystal with point group 6mm.

In §3 we have investigated the interaction of a straight dislocation with a semi-
infinite crack in an octagonal quasicrystalline solid. The shielding or anti-shielding
effect on the crack tip due to the neighboring straight dislocation can be easily
observed from the expressions (78) and (79) for the local stress intensity factors
induced by the straight dislocation.

Acknowledgements

The authors are indebted to the referee for his/her very helpful comments and
suggestions. This work is supported in part by AFRL/ARL.

References

[1] D Shechtman, I Blech, D Gratias and J W Cahn, Phys. Rev. Lett. 53, 1951 (1984)
[2] P De and R A Pelcovits, Phys. Rev. B35, 8609 (1987)
[3] W G Yang, R H Wang, D H Ding and C Z Hu, Phys. Rev. B48, 6999 (1993)
[4] D H Ding, W G Yang, C Z Hu and R H Wang, Phys. Rev. B48, 7003 (1993)
[5] R H Wang, W G Yang, C Z Hu and D H Ding, J. Phys. Condens. Matter 9, 2411
(1997)
[6] X Wang and Z Zhong, Int. J. Eng. Sci. 42, 521 (2004)
[7] X Wang, Int. J. Eng. Sci. 42, 1911 (2004)
[8] W G Yang, D H Ding, R H Wang and C Z Hu, Z. Phys. B100, 447 (1996)
9] C L Liand L Y Liu, Chin. Phys. 13, 924 (2004)
[10] K Rama Mohan Rao, P Hemagiri Rao and B S K Chaitanya, Pramana — J. Phys.
68, 481 (2007)
[11] D H Ding, R H Wang, W G Yang and C Z Hu, J. Phys. Condens. Matter 7, 5423
(1995)
[12] W G Yang, M Feuerbacher, N Tamura, D H Ding, R H Wang and K Urban, Philos.
Mag. AT77, 1481 (1998)

[13] X F Li, T Y Fan and Y F Sun, Philos. Mag. A79, 1943 (1999)
[14] W M Zhou and T Y Fan, Chin. Phys. 10, 743 (2001)

[15] G T Liu, R P Guo and T Y Fan, Chin. Phys. 12, 1149 (2003)
[16] S F Li and P A Mataga, J. Mech. Phys. Solids 44, 1799 (1996)

932 Pramana — J. Phys., Vol. 70, No. 5, May 2008



Some defect problems in 1D hexagonal and 2D octagonal quasicrystals

] X Wang and Z Zhong, Mech. Res. Commun. 29, 425 (2002)

] C Hu, D H Ding and R Wang, Rep. Prog. Phys. 63, 1 (2000)
| X F Li and TY Fan, Chin. Phys. Lett. 15, 278 (1998)
]
]

Pramana — J. Phys., Vol. 70, No. 5, May 2008 933



