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Abstract. Quantum effects which have usually been associated with micro-scale phe-
nomena can also arise on the macro-scale in situations other than the well-known macro-
quantum phenomena of superconductivity and superfluidity. Such situations have been
shown here to arise in processes involving inelastic scattering with bound or partially
bound systems (not bound in all degrees of freedom), and the macro-quantum behaviour
is associated with the state of the total system in transition in the process of scattering.
Such a state is designated as a ‘transition-state’. It is pointed out that we have already
observed such manifestations for a particular system, the charged particles in a magnetic
field where interference effects involving macro-scale matter waves along the magnetic field
have been reported [R K Varma et al, Phys. Rev. E65, 026503 (2002)].
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1. Introduction

In a series of papers over the last few years the present author has developed the
concept of a ‘transition amplitude wave’ in relation to the problem of charged parti-
cle dynamics in a magnetic field [1-3]. The concept which is essentially of quantum
origin, predicts the existence of one-dimensional matter waves for charged particles
moving along magnetic field which are of macroscopic dimensions with an astonish-
ingly large wavelength of ~5 cm for typical parameters (electron energy € ~ 1 keV
and magnetic field B ~ 100 G). Such matter waves with the above macro-scale have
indeed been observed [2,4,5], in the form of one-dimensional interference effects. A
remark must, of course, be inserted immediately to ward off any misunderstand-
ing, namely, that these matter waves are essentially ‘derived’ ones, and belong to a
partially bound system, as distinct from the basic de Broglie waves.

A general formalism for the derivation of the equation of evolution for the tran-
sition amplitude of the above problem was given in ref. [1]. However, a more direct
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qualitative derivation of the required expression was presented in the Appendix of
the experimental paper [2]. It is desirable, however, to give a more precise and
fuller formal derivation of the above-mentioned expression. The purpose of this
paper is to provide such a derivation. Set in the Feynman path integral formalism,
it will be seen to be more general in its applicability. Hence its importance!

2. Transition amplitude in the path-integral representation

The transition amplitude plays a central role in the evolution of quantum phenom-
ena. This is expressed by an integral equation of the form

(X, t2) :/dX1Kv(X27t2;X17751)1/J(X1,t1) (1)

with Ky representing the transition amplitude, and ¢ (X;,t1) and ¥(Xa,t2) de-
noting the state at (Xy,¢1) and (Xq,t2), to > t1. Specifically, Ky (Xa,ta; X1,11)
denotes the amplitude that a particle emitted at X; at time ¢; transists to the
point Xy at the time ¢5. It is also called the ‘propagator’.

Following Feynman and Hibbs [6], the ‘transition amplitude’ Ky is represented
by a functional integral of the form

Kv(Xg,tg;Xhtl):/l exp {;/thL(X(tLX(t);t) DX(t), (2)

where L denotes the Lagrangian for the dynamical system, and where DX(t) de-
notes a functional differential element for the paths over which the integration is to
be carried out between the points X; and X5. T'wo of the properties of the propa-
gator Ky may be noted: First, if we regard Ky as a function of (Xs,t2), keeping
(X1,t1) fixed then Ky (Xa,t2) as a function of (Xa,t2) = (X, ) is a Schrodinger
probability amplitude and satisfies the Schrodinger equation.

0 R,
zhaKv(X,t) = <—2mv +V> Ky (X,t). (3)

Secondly, it can be shown that

=
Ky (Xa,t2; X1, 1) §(Xy — Xy) (4)
ta—t1+0
and
L OKy (2,1
zh% — HoKy(2,1) = §(Xg — X1)8(ts — t1) (5)
2

with
Hy = -T2 V(X 6
T 2) (6)
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Quantum manifestation of systems on the macro-scale

By virtue of eq. (3), Ky (2,1) is a Schrédinger probability amplitude with respect
to the point (X, t3) of its argument. But taking note also of its argument (X1, ;),
it may also be interpreted as a ‘conditional probability amplitude’: namely the
amplitude of finding the particle at (Xg,t9) if it was at X; at the time ¢;. Taking
note of this interpretation and the fact of its being a transition amplitude, allows
us to impart it a novel physically observable attribute which we shall discuss in
what follows. Note that in eq. (1) an integration over X; with the wave function
(X1, t1) gives the contribution to ¥(Xa, t2) from all points {X; }. But if the source
of particles is only at the point X, then we write ¥(X1,t1) = (X — Xy), so that

P(Xa, t2) = Ky (Xa,t2; X, 1), (7)

the contribution coming only from the point X. The wave amplitude 15(Xs) at Xo
(regarding X fixed) is then essentially the transition amplitude Ky (Xa,t9; X, t1).
The state represented by ¥9(Xa, to; X, 1) then has its origin attached to it through
the argument (X,¢1). In that sense it is a kind of ‘conditional state’. One would
interpret it as the amplitude for finding the particle at (Xs,ts) if it originated at
(X,t1). Since Ky is a Schrédinger (conditional) probability amplitude (by virtue
of egs (3) and (7)) it must satisfy the integral equation (1), so that we have

Ky (Xg,t9; X1,t1) =/dX3Kv(X2,t2;X37t3)Kv(X3,t3;X1at1) (8)

another important property of the propagator. Note that (7) also follows from (8)
in making use of (4). Hence the mutual consistency of the above set of equations
and definitions.

The conditional Schrodinger amplitude specified by the propagator Ky which
carries the label of the initial state (besides that of the final state through its
argument) is, as we shall see, a rather interesting object since it carries the specific
information of the transition involved. We shall discuss, in what follow, some of its
interesting quantum properties.

3. Perturbation expansion of the Feynman kernel

We shall first define an unperturbed one-dimensional system specified by a time-
independent potential U for which the Schrédinger eigenvalue problem can be
solved exactly with eigenvalues E, and eigenfunctions ¢,. The total potential
V' is then split into V = U + W, where W represents, in general, a time-dependent
perturbation.

If we denote by Ky, the propagator with the potential U, it is well-known that

Ku(Xayto; X1,11) = ) da(Xa)e 2t/ (Xy), (9)

Then the perturbation expansion of the propagator Ky around Ky can be written
in the form [6]:
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Ky(2.1) = Ko 1) - ¢ [ Ku(3)W (X t)
< [KU(s, 1) - %/KU(3,4)W(X4,t4)KU(4, 1)dX sty

+o -}dxgdtg, (10)

where the arguments (2, 3), (3,4) etc. of Ky denote the totality of variables (X3, t2),
(X3,t3), (X4,ts4) etc. Writing the expression (9) for Ky in (10) we obtain

Kv(2,1) = ) u(Xo)g) (Xy)em Fnltamtal/n

_% /¢m(X2)¢iL(X3)W(X37t3)97iEM(t27t3)

X (X3) @k (X )e HEnts=t)/hq Xy dtg + - - -
=" b (X2) A (t, 1) 0% (X1), (11)

n,m

where the coefficients Ay, (t2,11) are the ‘transition matrix elements’, and may be
written as a perturbation expansion

)\mn = 5mneiiEn(t27tl)/h + A%')n + Agg')n +oee (12)

with
to

( *
A= = [ X [ dtad, (X)W (Xata)on(Xa)
t1
Xe%[Em(t?,*tz)*En(tS*tl)]. (13)

With the form (11), A (te,t1) includes all orders of perturbation corresponding

to one or more scatterings, with )\%% giving the first-order contribution, while the

first term of (12) pertains to no scattering and thus no change of state. Hence the
Kronecker 0,,,,,.

We now seek a physical interpretation of the terms in the summation in the
expression for Ky . Consider one of the terms such as

Apn(Xo, ta; X1, 1) = G (X2) Amn (2, t1) @5 (X1). (14)

Following Feynman and Hibbs [6] (p. 116) it can be interpreted as follows: ¢ (X1)
is the amplitude that if we are at point X; we are in the state n, A\, is the
transition amplitude matrix element for going from the state n at the time t; to
the state m at the time t2. Thus A, (t2,t1)¢) (X1) may be interpreted as the
amplitude for the system being initially (time ¢;) at the point X; and the state
n and transiting over a time (t2 — t1) to the state m, being still at the point X;.
Finally interpreting the factor ¢,,(X2) as the amplitude for the system to be found
at the point X5, knowing that we are in the state m, A, (X2, t2, Xo, 1) is finally
interpreted as the amplitude for being initially in the state n at the time ¢; and
to be found in the state m at the later time t5 as a result of the time-dependent
perturbation W (X, ).
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Quantum manifestation of systems on the macro-scale
4. Equation of evolution for the ‘conditional state’

We introduced in §1 the terminology of the conditional state through eq. (7), as

one example. We shall discuss here this concept in more general terms and in

more detail. As already discussed in §1, the propagator K(Xs,ts; X1,t1) can be

interpreted as a ‘conditional’ probability amplitude. The equation of evolution (8)

of the propagator Ky, is the proper equation of evolution for the conditional state.
If in Eq. (8), we let [from (4)]

Kv(Xg,tg;Xl,tl) = tliII’l KV = 5(X3 — Xl) (15)

3—11

then we essentially recover eq. (7) except for the suffixes on X and ¢.

Ky (Xo,t2; X1,t1) = /dX3KV(X27t2;X37t3)5(X3 - X1) (16)

(Xo, to; X1, t1) = Ky (Xa, ta; X1,t1). (17)

Note that the expression (7) for (Xa,t2;X1t1) or expression (17) for
Y(Xo,to; X1,t1) in terms of Ky as the conditional state, was obtained with
Ky (Xs,t3; X1,t1)|ts—t, = 0(X3 — X1). The interpretation for the relation (15)
is that it gives the probability amplitude to be at X; at the time ¢;, and to be at
X3 at the time ¢35 — t1. The J-function describes the fact that there is no evolution.

So far the conditional state was defined with the initial state being localized at a
point X, defined by the §-function §(X; — X). However, a more interesting situation
arises, when the conditional state is defined with the initial state being one of the
eigenstates of the unperturbed system or sharply centered around it. Therefore, in
what follows, we shall gradually pass on from the initial state 6(X; — X) to the one
corresponding to one of the eigenstates and obtaining the final state corresponding
to it.

To this end, we begin by expressing the J-function in terms of the eigenfunction
dn(X) as a completeness property

3(X1 = X) =) ¢n(X1)g5(X). (18)

Then a given term of the sum, ¢, (X1)¢%(X), is to be interpreted as: ¢ (X), the
amplitude to be at X, but in the state «, while ¢,(X;) for the particle to be in
state «, but at the position X;. The d-function is ensured only if all the states n
are allowed to operate in the sum with equal weights.

If, on the other hand, the sum is centred around a particular eigenstate N, we
have the function

A(Xs = X5 N) =Y on0(Xs) i (X)p(v), (19)

where p(v) denotes the weight function for v. If p(v) = exp[—(v/v0)?], then the
dominant term in the sum is ¢n (X1)pN (X), if vy < N.
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If we now use the function (19) instead of §(X3 — X;) in eq. (16), we have,
employing the expression (11) for Ky (2,3)

Ky (Xo,t2; X1,t1) :/dX3Z¢m(X2))\mn(t2aﬁ1)¢:l(X3)

m,n

X 0N (Xs) b, (X1)p(v)- (20)

Carrying out integration over X3 on the right-hand side we get

Ky (Xo,t0; X1,t1;N) = Z¢m(X2))\m,N+u(t2»tl)P(V)¢7v+u(X1)» (21)

m,v

where we have added a label N to the kernel Ky (Xs,t3; X1,t1;N) on the left,
indicating the fact that the distribution of eigenstates defining the initial state is
peaked at n = N. Considered as a Schrodinger wave amplitude with respect to
the argument (Xs,t2), the Ky (Xs,ta; X1,t1; N) is then a probability amplitude of
finding the particle at (X2, t2), if initially it had the amplitude at X; with a sum of
eigenstates centred around N as given by (19). The initial distribution (19) in X;
is a broad one as against the d-function, §(Xs — X1). In the limit vy — 0, so that
p(v) =0, for v # 0, there is only one term, v = 0 in the summation (21), and the
situation is completely complementary to the J-function case. The corresponding
Ky is then a ‘conditional’ probability amplitude with the initial eigenstate label
N, rather than the initial position label X; as in eq. (7) or (17).

Ky (Xs,t3,X1,15N) = Y 6 (X3) A die (X1). (22)

This state is now comprised of the eigenstates ¢,, obtained through transitions
Amn from the well-defined initial state ¢. We may call this a ‘transition state’
(for want of a more suitable name) as it is related to a state in transition. This
is also essentially a conditional state but with the initial state being an eigenstate.
This nomenclature emphasizes this specification. It is found to have some rather
interesting properties as we shall see in what follows.

5. ‘Transition state’ in two dimensions

It will be necessary to consider a generalization of the above formalism to two
degrees of freedom to uncover these properties. The two degrees of freedom may
refer to the two dimensions of a given particle. Let x and y refer to the two
coordinates of the particle. Then the two-dimensional counterpart of eq. (11) is
given by

Kv(2.1) = Y b (@2)X0(92) Mmnsgon b5, (115 (1), (23)

where we assume that the perturbation potential W(x,y) is time-independent, so
that Ap,p;.0 is also time-independent.
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We recall that Ky (2, 1) is a Schrédinger amplitude with respect to the coordinates
‘2" = (29, Y2, t2) of the particle, subject to the initial state being given as fixed. If
the initial state is weighted as in (19), centred around a (N, K) with the weight
functions p(o, 7) ~ exp[—(0/00)? — (7/70)?] so that (23) leads to

Ky(2,1;N,K) = ¢m(22)Xu(Y2) ANt o i 4

m,o
H°,T

XON 10 (21)Xk 17 (Y1)P(0,7), (24)

where we have written n = N + o, v = K + 7, and included the labels (N, K) on
Ky, signifying the fact that the initial state is ‘biased’ to be centred around the
eigenstate (IV, K). The final state denoted by the left-hand side is then a conditional
state. Since it is essentially defined by the transition A, n., x we have called it a
‘transition state’ in the limit og, 79 < 1.

SH

5.1 Scattering problem with one ‘bound’ and one ‘free’ degree of freedom

We shall now apply the above formalism to a scattering problem where the particle
is bound in its one degree of freedom and free in the other: the potential U in the z-
coordinate, and a constant potential along the y-coordinate. Since the perturbation
W which induces the transition A\, v, k is assumed to be time-independent, the
total energy is conserved across the transition so that

where Fny and Ey are respectively the energy of the initial ‘bound’ and ‘free’
degrees of freedom. Correspondingly ¢y, ¢, represent bound state eigenfunctions
while xk, X, represent plane waves along y.

XK = ey, Xp = ety (26)
with (K, u) being continuous wave number variables, so that

Eg = (Z(n)Q, B, = (2’22~ (27)

Now from (23) the transition state (with the initial labels N, K) is given by (with
g =T = 0)

Ky (2, 15N, K) = (@) dh (21)Xuy2) X (1) A, N, i (28)
m,p
Note that,
Xu(¥2)X i (1) = ety —iKy1 _ (i(p—K)y2 (iK (y2—y1) (29)

Using (25) and (27) one can calculate the quantity (4 — K) in (29). Assuming
that the transition N — m = N + «, is such that a < N, then from the energy
conservation (24) we have
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O0EN

Using the expression (27) for Ex and E,,, we get
AK\ ' a OE N aw
w-m=- (") = (31)

where we have approximated (p + K) ~ 2K, in view of @ < N, «a being the
level interval across which transition has taken place, and where v = AK/m is the
velocity along y, while w = (0EN/fON) is a frequency corresponding to the bound
motion in the x-coordinate in the correspondence limit.

5.2 Harmonic oscillator in the bound degree of freedom

We now specialize to the case where the bound degree of freedom is a harmonic
oscillator with the potential U(z) = %szxQ; with the frequency €, so that Fny =
(N + $)hQ. The expression for (1 — K) is then obtained from (30), as (1 — K) =
—af)/v.

Consider now the complete expression for Ky (2,1; N, K) of eq. (28) with m =
N + a. Note that because of the energy conservation (25), the summation (or
integral) over p is restricted to values given by (31), which is in turn related to
a =m — N. We thus have from (28) for the case under consideration.

Kv(2, LN, K) =Y ¢n+al@a)dn(z1) expli(i — K)yz +iK (y2 — y1)]

X {5N+a.N6uKei(EN+EK)(t2tl)/h

—ime—H{EN+ER)(t2—t1)/h

X5(EN+EK _Em _EM)WN+a,N;uK7 (32)

where Wi, nyuk is the matrix element of the perturbation W(z,y) between
the states (¢n+aXu) and (¢nxk), and the d-function in energy arises from the
SLZH WK when the perturbation W is time-
independent. Note that the o-function term ~ Oyt n0ux in (32) corresponds
to the unperturbed part of Ky (2,1; N, K), which would be non-zero only for
N + a = N; that is a« = 0, and for p = K.

On the other hand, the factor Wyia, n;ux in the expression for A%la’N;HK,
which is the matrix element of the perturbation W (z,y), is also defined for a = 0.
This pertains to the elastic part of the transition amplitude. Separating it from the
inelastic part we have

Ky(2,;N,K) = ¢n(22)9n (21) exp [iK (y2 — y1)]
X eXp[—i(EN =+ EK)(tQ — tl)/h]

x{l —in6(E) {WNN;KK + (¢n (m2)pn (1)) 7"

time integration in the expression for A
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X Z ¢N+a(-'172)(15N(xl)WN+a,N;uKei(H_K)y2:| }, (33)
a#0

where we have denoted for brevity £ = (Exn+Ex —Enia —E,,). If the perturbation

potential W (x,y) in the expression for )\E)N i 18 centred around y = yo, then the
matrix element Wy, n..x is

WinNuk = /dwdye_i”%m(fﬂ)w(%y —y0)e oy (x)
== eii(uiK)yO I;VmN;,uK~ (34)

Now define K‘(})(Q, 1; N, K) as the kernel describing the transition (N, K = N +
a, p) for all integers a. The matrix element Wi iq n;uk, of the perturbation W
would be non-zero for the set of values (a, 1) which are consistent with the energy
conservation given by (30) to the lowest order.

If « < N, as assumed, we may write Py, = ¢pn + ad¢n/IN, then the pertur-
bation transition kernel is given by (from (33))

K‘(})(Q’ LNK) = —imexp [—i(En + Ex)(t2 — t1)/h]
x¢N(X2)¢N(X1)6(E)61K(92*y1)

~ 8ln¢N(X2)
X {WNN;KK + za: O

XWN+Q7N;#Ke*iOCQ(y2*yo)/U N }’ (35)

where eq. (33) has been used and (4 — K) has been substituted for from (31)
identifying w with w.

Expression (35) has a rather interesting structure which needs to be taken note
of. It has under the summation over «, an exponential exp [—ia€2(y2 — yo)/v]
which derives from the term exp [—i(p — K)(y2 — yo)] and which represents a (one-
dimensional) plane wave with a difference wave number (u — K) = —af)/v origi-
nating at y = yo. Since « takes values 1,2,3,..., the sum is over all the harmonic
waves with the wave number (1 — K) = —af)/v originating at the centre yg of the
potential, while the original (large) de Broglie wave number K appears only in the
overall common factor exp[iK (y2 — y1)] representing a direct propagation from the
initial point y; to the final point yo.

The consequence of such a structure is that if there are more than one scattering

centres denoted by (yél), yéz), ...), then K‘(/l) would have the form

(1) . ~ oK y2—y1) J 17 dIn ¢)($2)
Ky (2,1;NK) ~ eiK2—n {WMK + za:aiaN
% VT/z(vl,Le*m”WHé”)/ vy Wj(vz,Le’m"(yfyé”)/ T ] } (36)

If we then calculate the modulus squared |K ‘(/1 )(2, 1; NK)|? to obtain the transition

probability, one would get interference terms involving the terms ~ e~i0(y2—y")/ v,
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and e2(2-5") while the overall factor eiK®2—v1) (involving the original wave
number K) is annihilated. The initial de Broglie wave number is thus not involved
in the interference pattern. These terms represent a set of plane waves along the
y-direction with the wavelength A\, = 27v/af). These waves, which are associated
with the transition amplitude, may be called ‘transition amplitude waves’, with «
being the harmonic number. From the nature of their derivation, it is clear that
these are matter waves, but are interestingly independent of the Planck quantum
h to the lowest order in the present case.

Of course, these are not the basic de Broglie waves, but are derived, and have as-
tonishingly long wavelengths. Assuming for example, the frequency of the harmonic
oscillator to be  ~ 10° rad s~! and a velocity v ~ 10° cm s™!, yields a value for
A1 = 270 /Q ~ 27 cm. This is a rather large value for a matter wavelength, which we
have indeed observed in our experiments [1] in the form of one-dimensional matter
wave interference effects in a system of charged particles (electrons) moving along a
magnetic field. Here the bound x-motion correspond to the Landau bound states in
the normal direction (with the frequency 2 being the gyrofrequency Q = eB/mc)
and the free motion along y, the magnetic field direction.

6. Summary and concluding remarks

As mentioned in the Introduction, the concept of transition amplitude wave was
developed by the author in relation to the problem of charged particle dynamics in
a magnetic field. This problem which involves effectively a harmonic oscillator in
the normal direction to the magnetic field (of frequency Q = eB/me, the particle
gyrofrequency), and a free motion along the magnetic field, is completely analogous
to the problem discussed in this paper. The magnetic field value which would cor-
respond to an electron gyrofrequency Q = 10° rad s, used in the above estimate
is B =100 G.

The derivation given in this paper culminating in the expression (36) for the
transition kernel thus provides a formal justification for the transition amplitude
concept introduced in a qualitative manner in the Appendix of ref. [2], with the
object e~*?W=v0)/v in (34) being the wave function describing the macro-matter
wave being the same as obtained in ref. [2]. Though the derivation given here is
for a simple case (a harmonic oscillator in one of the dimensions and free motion
in the other) the concept is applicable to more general cases. The author has, for
example, applied this concept to atoms and molecules [7] where the centre of mass
motion takes up the role of free motion. Interestingly, the corresponding expression
for the macro-matter wavelength has the same form as obtained above, namely
Ay = 2mv/w, where v is now the velocity of the centre of mass and w is the orbital
frequency of the internal motion of the atom or molecule in the correspondence
limit.

What is interesting and remarkable about the expression (36) is that it consists
of a sum of the transition amplitude waves e’io‘Q(yZ*yt()l))/”, e102w2=15")/v g,
with their points of origin yél), y((f), ... specified therein. This indicates that they
arise only as a consequence of and subsequent to the scattering process. An image
profile of the interference of these waves would thus carry information about the
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relative location of the scattering centres, such as in a crystal or atoms in a long
molecule, for example.

In an extension of the experiment already reported in [1], we have demonstrated
in a simple manner, the possibility of extracting such an information from the
interference patterns. The experiment of ref. [1] was repeated with varying grid
positions between the electron gun and the collector plate. As was emphasized,
the grid had served as a scatterer of electrons moving along the magnetic field,
and hence as the generator of the transition amplitude wave at its position. As
the position of the grid is varied, the interference current profile at the collector
plate (and the grid) would vary accordingly. This is indeed found to be the case
in the performed experiment [5]. Inverting the argument, one can say that by
analysing the interference pattern one can deduce information about the relative
position of the grid vis a vis, the plate. Moreover, the frequency of the internal
motion, the gyrofrequency in this case (corresponding to the Landau levels), is also
deducible from the experimental data, as also the Landau level structure through
the harmonics observed.

Finally, we wish to emphasize the importance of the ‘transition amplitude state’
which results from the process of inelastic scattering of electrons (or any other
particle) off a bound system. This is distinct from both the initial state and what
we have been calling as the ‘final state’ in the scattering process. It is a kind of
a projection of the final state on to the initial state, indicating the ‘extent’ by
which the initial state has changed in the process of scattering. The interesting
point is that this ‘extent’ of change is directly observable through the interference
phenomena in the cases discussed above. We give this state a distinct identity
calling it a ‘transition amplitude state’ or for short a ‘transition state’ with the
understanding that this name will convey the required meaning. This may also be
called an ‘overlap state’ if one so prefers.

Besides the experimental results of ref. [1], a more dramatic consequence of such
a state has already been reported [8,9]. This is the observation on the detection of
a curl-free vector potential on the macro-scale and in one dimension through the
dynamics of the transition amplitude generated as a consequence of scattering of
electrons moving in a magnetic field. This is the Aharanov—Bohm-like effect, but
occurs on the macro-scale and in one dimension. This effect was predicted by the
author in ref. [1], and was subsequently observed [8].
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