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Abstract. In this work, the inhomogeneous equation of heat conduction was exactly
solved by applying inhomogeneous boundary conditions for laser crystals of aspect ra-
tio=1 (aspect ratio=radius of the laser rod/length of the laser rod). We have shown that
the paraxial ray approximation leads the solution to be a function of r2, that is, the ap-
proximation is equivalent to a situation in which a homogeneous pump source is used.
The solution was then used to derive expressions for the overall phase shift, focal length
of the thermal lens and the end effect induced curvature of the end face. The expressions
were then applied to Nd:YAG laser medium. The result shows a meaningful correction of
the order of 0.001 cm to the focal length of Nd:YAG rod for 3 W source power and beam
waist of 100 µm.
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1. Introduction

End-pumped solid state lasers have gained considerable attention because of their
many applications including laser spectroscopy of atoms and molecules [1–4]. In
this respect, a very good beam characteristics is needed for the collection of precise
spectroscopy data. Beam quality in turn, can be guaranteed when in-design and
construction of such lasers, a deep knowledge of thermally induced effects of the
laser material is available. Consideration of thermal effects of such lasers, is done
by solving the equation of heat conduction for the laser medium when pumped by
homogeneous and inhomogeneous Gaussian profile pump.

Farrukh et al [5] presented a generalized analytical solution to the heat conduc-
tion equation in cylindrical end-pumped laser rods for both continuous wave and
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pulsed pumping. Convective and conductive boundary conditions are described in
the literature and work of Farrukh is based on the former. In the case of longitudi-
nal pumping, the inhomogeneous pump distribution inside the crystal needs more
investigation than the homogeneous one. Tidwell et al [6] got the temperature
distribution in pure logarithmic form when z-term derivative in the heat conduc-
tion equation was neglected. MacDonald et al [7] derived an equation for thermal
induced focal length caused by the thermal effects in the lasing medium.

In this work an inhomogeneous pump source with inhomogeneous Gaussian
boundary condition was employed and it is shown that in paraxial ray approxi-
mation regime, the behavior of equations are the same for both homogeneous and
inhomogeneous pump sources.

2. Thermal consideration

A low power end-pumped solid state laser where the periphery of the laser crystal
is fixed at temperature, Tc, is arranged. Consider the temperature distribution
T (r, z) as the solution of the following equation of heat conduction [7]:

∂2T

∂r2
+

1
r

∂T

∂r
+

∂2T

∂z2
= −S(r)

K
, (1)

where the laser rod is a cylinder of radius b (0 ≤ r ≤ b) and length L. K and
S(r) are the thermal conductivity of the lasing medium and heat power density,
respectively. The heat source is assumed to have a Gaussian form of

S(r) =
2Ptot(1− η

λp
λl

)

πW 2
0 L

e−(2r2/W 2
0 ), (2)

where W0 is the beam waist and Ptot, η, λp(λl) are the total power of the source,
quantum efficiency, and pump wavelength (laser wavelength), respectively. Since
we are working with small crystal length the heat is considered to be generated
uniformly inside the crystal along the z-axis, and so one can neglect the exponential
decay term in eq. (2) and it is also assumed that the heat source equation is valid
for those pump spot sizes for which the Rayleigh range is much greater than the
crystal length. Substituting eq. (2) into eq. (1), we have
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where
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. (4)

The solution to eq. (3) when using the method of separation of variables will then
be given as
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where J0(αn

b r) is a first kind Bessel function of order zero with αns as its roots. Ei’s
are exponential integrals defined as: Ei(x) =

∫∞
x

e−t

t dt. Tb shows the temperature
at the surface of the rod. In obtaining the solution T (r, z) in eq. (5), we retained
the z-derivative term because the radius of the crystal is comparable to its length,
that is aspect ratio of 1 was assumed. It is easily seen that as r approaches zero
the right-hand side of eq. (5) remains finite.

A stable condition is defined when the heat generated within the rod is totally
removed by the coolant of temperature, Tc, that is,

∫
2πS(r)rdrdz = 2πbLH(Tb − Tc), (6)

where H denotes the heat transfer coefficient of the surface. From this condition,
one can have

Tb =
Ptot(1− e−(2b2/W 2

0 ))(1− η
λp
λl

)

2πbLH
+ Tc. (7)

Moreover,

T (r, z = 0) = T0e−(2r2/W 2
0 ), (8)

where T0 is the temperature at r = 0.
Upon using these boundary conditions, An’s can be calculated as
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Table 1. An values for Nd :YAG laser rod.

αn 2.4048 5.5201 8.6537 11.7915 14.9309 18.07 21.2116

An 1.8048 −1.2137 −0.2736 −0.3212 −0.1124 −0.1054 −0.0186

Fn =
∫ b

0

J0

(αn

b
r
)

rdr. (14)

Table 1 shows the values of An’s for a Nd : YAG laser rod for the following quantities:
Ptot = 3 W, b = 0.5 cm, L = 0.5 cm, H = 1W/cm2 ·K, KNd : YAG = 0.13W/cm ·K,
and W0 = 100 µm. As we are working in the regime of the Rayleigh range being
much greater than the crystal length, with the above parameters of Nd :YAG laser
rod, the Rayleigh range would be calculated as about 39 mm, whereas the crystal
length is taken to be 5 mm.

3. Refractive index change

By substituting eq. (5) in [8]:

∆n(r, z) = [T (r, z)− T (0, z)]
dn

dT
(15)

one can obtain the change of the refractive index of the laser rod as
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where γ is the Euler–Mascheroni constant.
The overall phase shift caused by the changes of the refractive index can be

calculated from ∆φT(r) = k
∫ L

0
∆(r, z)dz, where k is the pump wave number [5].

Using eq. (16), we have
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3.1 Paraxial ray approximation (PRA) of the overall phase shift

Expansions of J0(αn/b) about r, and Ei(2r2/ω2
0) about r2 are [9]:
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Substituting eqs (18) and (19) into (17) gives

∆φT(r) ' −k
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4

]
r2 dn
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Equation (20) is the approximate value of the overall phase shift in the PRA regime
with r2 as its important term.

3.2 Lens effect, (dn/dT ) effect (GRadient-INdex, GRIN) effect

One important effect, the thermal lensing, results from temperature-induced
changes in the refractive index of gain medium. Having derived eq. (20), one
can equalize it with [7]

∆φT(r) = −kr2

2f
, (21)

where f is the focal length of the thermal lens:

1
f

= D '
[
βL

2
+
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]
dn
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(22)

and D is dioptric of the lens. Equation (22) have three distinct terms, the first term
is usually present when the z-derivative term in the equation of heat conduction is
neglected, and this case will occur for a rod of low aspect ratio. Based on retaining
the z-derivative term, one can obviously see that the last two terms of eq. (22) is
just a correction to focal length of the rod with aspect ratio=1.

3.3 Lens effect, end effect

Elongation of the laser rod will also be taken place. This can simply be found from
[6]

l(r) = αT

∫ l0

0

[T (r, z)− T (0, z)] dz, (23)

where l0 is the length of the rod over which elongation occurs and αT is the thermal
expansion coefficient of the rod material. This will lead to
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Figure 1. Contribution to the thermal lens from the end effect in longitudi-
nally pumped Nd :YAG rod for light reflecting at the end of the rod (Freflective)
and light refracting at the end of the rod (Frefractive).
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Having found l(r), the radius of curvature of the surface given by R−1 = −(d2l/dr2)
will be

1
R

= αT

[∑
An(1− e−(αnl0/b))

αn

2b
+

l0β

2

]
. (25)

The curvature will be accompanied by a focusing power depending on whether the
end face of the rod is coated to serve as a resonator mirror or an external mirror is
used. In the latter case, the light is transmitted through the curved end face such
that the radius of curvature, R, gives a lens of focal length of [7]

frefractive =
R

2(n− 1)
. (26)

The reflective focal length can also be found from [7]

freflective =
R

2n
. (27)

It is then possible to derive an analytical expression for the fraction F = DE
DE+DT

[7] where DE = 1
frefractive(reflective)

and DT = 1
f .
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Figure 1 shows the fraction, F , against l0 for Nd : YAG crystal pumped by 3 W
Gaussian diode laser. This figure clearly shows that the deeper the heat penetration
into the rod, the more pronounced is the end effect seen in the rod.

4. Discussion and conclusion

The analytical solution to inhomogeneous equation of heat conduction in an end-
pumped solid-state laser is presented. In this regard, a Gaussian pump profile
together with its Gaussian boundary condition was used. Using paraxial ray ap-
proximation, we found that the functional form of the overall phase shift in the
inhomogeneous pumping case is the same as the homogeneous one. According to
eq. (22), it can be shown that the focal length of a Nd : YAG laser rod pumping by
a Gaussian source of Ptot = 3 W with W0 = 100 µm, will be 5.5917 cm. The cor-
rection to this focal length arising from the last two terms of eq. (22) is 2.9× 10−3

cm. The other quantities used in obtaining such a result are K = 0.13W/cm ·K,
L = 0.5 cm, H = 1.0W/cm2 ·K, KNd : YAG = 0.13W/cm ·K. Although this correc-
tion seems to be negligible for 3 W pump power and 100 µm spot size, one should
notice that it will take a considerable amount when one employs a high power pump
source and an optimized spot size as far as the Rayleigh range remains much greater
than the crystal length.
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