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Phase conjugation of gap solitons: A numerical study
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Abstract. We study the effect of a nearby phase-conjugate mirror (PCM) on the gap soliton of a
Kerr non-linear periodic structure. We show that gdaonjugation of the gap soliton (in the sense of
replication of the amplitude profile in the regerdirection) is possiblunder the endition of PCM
reflectivity approaching unity. This is in contrast with the results for linear structures, where the
wave profiles can be conjugated for arbitrary values of the PCM reflectivity. The sensitivity of the
conjugation of the gap solitons to PCM reflectivity is ascribed to the fine balance of non-linearity
with dispersion, necessary for their existence.
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1. Introduction

In the past two decades, there has been cenalie interest in non-linear periodic struc-
tures [1-10]. It is well-known that linear periodic structures possess pass and stop gaps,
which can be manipulated by addition of nondarity. This led to a diversity of applica-

tions of non-linear periodic structures like agal limiting, all optical switching etc [1,2].

One of the major discoveries in this context was that of gap solitons (also referred to as
Bragg solitons) in Kerr non-linear periodic structures [3-5], which were first reported by
Chenet al [3]. They are characterized by a sech field distribution corresponding to the
total transmission states of the non-linear structure. The frequency of the wave is close to
one of the edges inside the gap (of the linear structure). Thus non-linearity induced de-
formation and the shift renders the otherwise opaque system transparent. The typical gap
soliton emerges when the system is totalgnigparent. Though there have been several
indirect experimental evidences of gap solitons in periodic structures [6], the first direct
observation was reported by Eggletetral [7]. Since then there have been experimental
studies reporting gap soliton-induced all-optical switching with large contrast [8]. All opti-

cal logic operations using cowga gap solitons have also been reported [9]. Very recently,

a new class of Raman gap solitons [10] has been proposed, where the pump pulse is far
detuned from the Bragg resonance. These Raman gap solitons are shown to be robust,
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surviving even after the passage of the pump pulse. All these studies clearly demonstrate
the potential of gap solitons for all-optical information processing and other critical non-
linear optical applications.

Another interesting area which has attractedsiderable attention in the past decade is
linear or non-linear layered media near a phase-conjugate mirror (PCM) [11-13]. It was
shown that the presence of the PCM can leagldaificant backscattering [11,12], which is
due to the conjugation of the modes of the layered structure. Other interesting aspects like
optical bistability and multistability were demonstrated [12]. Theoretical issues like the
validity of the distortion correction theorem [14] for linear as well as non-linear structures
were also discussed. Later a rigorous numerical scheme for layered media near a PCM was
presented by Lainet al [13].

Keeping in view the aforesaid, an intsting problem can be posed in the context of
a non-linear periodic medium near a PCM. Since the periodic structure can lead to the
formation of gap solitons, pertinent questis that can be addressed, are as follows: Can
the gap soliton be phase-conjugated? If yegjer which conditions? Strictly speaking,
phase conjugation of an arbitrary wave with wave ve&tanplies complex conjugation
of spatial profile leading to a reversal of signkinThus in order to check whether a given
complex wave profile is phase-conjugated or not, one needs to examine both the amplitude
as well as the phase of the wave. Retention of the amplitude profile (possibly with scaling)
with a sign reversal in the phase will give the phase-conjugated wave. One should also note
that for general finite non-linear structures it is extremely difficult to obtain the analytical
solutions for the wave envelope and one needs to resort to numerical methods. In this
paper we carry out an extensive numerical study of the wave profiles in both the forward
and the reverse directions (along the layers). Note that forward (backward) directions are
determined by the surface component of the wave vector for oblique incidence of the input
plane wave. Our studies encompass both linear and non-linear structures and a comparison
of the relevant features. Keeping in view the limitations of the numerical study to verify the
rigorous identity of the phase and amplitude functions, we resort to a qualitative compari-
son of the amplitude profiles in the forward and reverse directions. We shall assert a wave
to be phase-conjugated if both the forward #mel reverse (phase-conjugated) waves have
‘similar’ intensity profiles. We will show tht only under stringentonditions, i.e. only
for the phase-conjugate reflectivity approechthe value unity, such phase conjugation
of the gap soliton is possible. By means of angarison with the linear counterpart, we
will show that phase conjugation of spatial profiles of the linear structures is possible for
arbitrary values of the phase-conjugate reflectivity. We then present an explanation for the
fact: why the condition for phase-conjugatiof gap solitons is so stringent for the non-
linear structure? We ascribe it to the ‘fine’ balance of non-linearity with dispersion of the
layered media, where the PCM reflectivityags a crucial role in determining the power
level of the reflected waves. The results of our investigation can be used in soliton-based
non-linear switching and other planar optical information processing devices.

The organization of the paper is as follows: §d we present the physical system and
the mathematical model. It is a generalization of the earlier model proposed bgtJose
al [12]. In §3, we present the numerical results pertaining to the specular and phase-
conjugated reflectivities. We also present the field distribution in the layers. Findity in
we summarize the major findings.
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2. Mathematical formulation

Here, we generalize the calculations of Jesal [12] to an arbitrary non-linear layered
medium in the near vicinity of a PCM. Considthe layered structure near a PCM with
reflectivity u shown in figure 1. It comprises ®fl layers, where anyth layer with width

d; and dielectric functiorgj can, in principle, be linear or non-linear. Let the structure be
illuminated by as-polarized plane monochromatic wave incident at arfjleNe further
assume that the non-linearity in the layers are given by the induction vector

DaL = eX(A(E-E*)E +B(E-E)E"), 1)

whereA andB are Kerr and electrostrictiocoefficient, respectivelyy is a constant of
non-linear interactiore the linear dielectric constant afitthe local electric field. Due to
the presence of PCM one would have the waves propagating inthotimd—y directions
accompanied by multiple reflections at the interfaces. Hereafter, we will refey {e-y)
direction as forward (phase-conjugated or backward). Assuming that a givdayer
(zj—1 <z<zj)is non-linear the solution for the eletfield in the same can be written as

Ej = Eldy 4 EPe oy, (2)
with
El = (A]}_i_e_iksz(z_Zi*l) +Afj_eik;Jf(z_ZJ*1)) &, (3)
EF _ (A?JreiktZ’H(zfzj,l) +A?7efiktz’j7(zfzj,1)) &, 4)

whereAf-i(AﬁJ ', ) are amplitudes of the forward (phase-conjugated) waes,is the dis-
tance o#jth layer from PCM. Note that eqs (3) and (4) hold under slowly varying envelope
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Figure 1. Schematic view of the layered medium near a PCM.
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approximation (SVEA). These complex amplitudes in turn definetbemponent of the
wave vector as follows:

1/2
Ky = Kopj (1 p§(|Ai|2+z|Af,¢|2)> : (5)

J

1/2

ke = kop,( p§(|A |2+2|A5?$2)> , (6)

J

where

pi = (5 — (ky/k0)?) 2, Y
= X(A+B)gj, (8)
ky = kov/Z sin, koz%’. 9)

pj is the normalized-component of the wave vectd, the surface component of the wave
vector determined by the angle of incidence. In writing egs (3) and (4) we have used the
approximation of lossless mediufim(¢j) = 0) and weak non-linearity (i.ea < 1). The
corresponding magnetic field in th&h layer can be derived from eq. (2) and the Maxwell
equations. Results for a linear layer can be easily recovered from eqgs (2)—(7) by setting
a =0 leading tok;, =k}, = k;j = kop;.-

For incidence oﬁrpolarlzed plane wave the electric field in the medium of incidence can
be written as

—

E - [(Aie_ikj (-20) 4. pfgs (z—zM)) dhy o (All}eikzi (z—zw) e—ikyy] &. (10

HereA;, Al and AP, are the complex amplitudes of tivecident, reflected and backscat-
tered (phase-conjugated) amplitudes, respectively. The quantities of interest are specular
or forward and phase-conjugated reflectivitiBgsandRy, respectively, defined as follows:

12
Rf:%

b2
sz‘A—f_ (12)

The unknown amplitudes, A? andA'., A, are to be determined from the boundary
conditions of the continuity of the tangentlal component of the electric and magnetic fields
at the interfaces. We also need the boundary conditions at the PCM interface=i®),

which can be written as

A1+ = M(Af1+)*, AL = (A" (12)

It is clear from eqs (2)—(4) and (12) that tkds no direct coupling between the forward

and phase-conjugated waves in any of the non-linear layers, except at the PCM interface.
Since some of the layers are non-linear andltistability is expected, we proceed in a
reverse order and treA{? as the parameter, propagate this wave down the structure to the
PCM. Thus we evaluate the complex amplitudes for the phase conjugated waves in all the
layers. Use of eq. (12) leads to the forward wave amplitudes at the PCM interface. Back
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propagating this wave up the structure into the incident medium leads to complex ampli-
tudes for the forward wave in all the layers. The remaining part of this section illustrates
the steps involved, which can be reduced to matrix equations involving the relevant transfer
matrices. _

Henceforth, we introduce dimensionless fieldé\as- (/a/pj) A;. The dimensionless

amplitudes in anyjth layer can be expressed in termsoéfas follows:

AD
(2{ ) = <M5’>1PF-1<ME’_1>1---<M&_1>1P&<M&)1< ; )/KP. (13)

Introducing dimensionless intensitieg, asUP. = |A_?i|2, eq. (13) reduces to

ub _ _ _ 1

(w) =\<M?> PR (MY (M) IR (M) l( pi) U,
-
(14)
whereM andP are 2x 2 matrices. For example, for anjth layer we have
ipb. di —ipb_d;

b_ eri+-] B e Fi-T B

0= grans gyt ) as)
1 1

PP = < b b ) : (16)
: Pi+ —Pj-

In eq. (14),]|? implies the square of the modulus of the elements of the column matrix
in the right-hand side and the dimensionless thickmgssnd the wave numbep:’j”i are
respectively, given by

dj =ko(z —2j-1), Pl =pj(L+UP+20p)Y2 (17)

Note that if any layer happens to be nlimear then eq. (14) for the intensititelgbi rep-
resent a set of two coupled non-linear transcendental equations, since the Myatnx
the right-hand side contains the intensity-dependent wave vectors involving the unknowns
themselves. On the other hand, if the layer is linear then the propagation through it is given
by the standard characteristic matrix [15] which can be obtained from eq. (15) by replacing

b
Py. by pj.

A knowledge of the phasesojugated intensities in layer ‘1’ and use of the boundary

conditions (eq. (12)) immediately leads to the forward wave intensities

uf, ) e O ( up, )
- : (18)
( U 0 |u2 )\ ub
Analogous to eq. (14), the matrix equations for the forward wave intensities iktany

f :
layer,U, . can be written as
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2

f N
(0 ) = sy 2o ) miee it (3 )] o

Here the matriceM andP' are given by egs (15) and (16) with the following modifica-
tions:

ME = Mjb(ptj)i - pfji:d_j - _d_j); (20)
ij = ij(plj)i - p]}i)a (21)

with
Pl = P (1+UJ. +2Ujp) 2. (22)

The incident and reflected intensities in the medium of incidence are then given by

(5)-Jmrws ()

The knowledge of givenJrb and eq. (23) straight away leads to the phase conjugate and
specular reflectivitie®, andRy, respectively.

3. Numerical results

We apply the procedure developed in the jpvag section to a non-linear superlattice near

a PCM. The structure consists of 26 periods of alternating linear and non-linear layers with
dielectric constants, (with width dp) and &5 (with width dy), respectively. The-type

layers (except for the layer adjacent to t@M) are assumed to be non-linear with third-
order non-linearity given by eq. (1). The layered structure is loaded on top by a linear
medium with dielectric constast. Analogous structure [16] without the PCM was earlier
considered to show the existence of gap solitons by means of plotting the sum intensity
Uj =Uj +Uj_ against the layer numbgr17]. As discussed earlier, gap solitons in this
system emerge as the total transmission states of the non-linear structure. In this paper,
we present a somewhat better description by looking at the actual intensity profiles of the
waves. Moreover, we study the effect of the PCM on such excitations. For all our numerical
calculations, we have chosen the following system parametees:12.25, g; = 12.25,

& = 10.24,d, = 0.54A, dy = 0.2A (A — wavelength). Calcuteons have been carried out

for two values of the PCM reflectivities, namely= 0.01 andu = 0.99. Choosing one of

the values ofu close to unity is for checking the consequences of the distortion correction
theorem [14], i.e., the well-known ability of such PCMs to correct for distortions in the
absence of losses and evanescent waves. We start by looking at the linear properties of
the structure which are shown in figure 2. The top (bottom) row in figure 2 displays the
results for the specular (phase-conjugated) reflectRityR,). The left (right) panel gives

the results fou = 0.99 (u = 0.01). Itis clear from figure 2 that there are sharp resonance
dips in the reflectivity for smaller values of the PCM reflectivity. For future reference we
label the resonance dips in figure 2 (top row) from right to left. Thus the first resonance
occurs atf = 80.575%, the second ab = 80.556°, etc. In the absence of the PCM,
these dips would have corresponded to sharp transmission resonances [16], which is due to
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tunneling through the lower inddxtype layers. Note that for the chosen range of angles

(6 > O6rgr = 66.1°) waves are evanescent mtype layers. The presence of the PCM
leads to phase-conjugate reflectivity, which mimics the transmission resonances though
with scaled down features due to Ign= 0.01 (note the vertical scale in the right bottom
curve). As the PCM reflectivity is increasedgio= 0.99 the central resonance features in

Rr are suppressed, leading to almost close to unity resonance peaks lim fact, for u
approaching unity one ends up witlRa~ 0 andR, ~ 1 band between 78 < 6 < 80.58

(not shown). This unusual result can be understood in the light of the distortion correction
theorem. Note that the distortion correction theoremotsapplicable in a rigorous sense,
since the waves are evanesceri-type layers. However, due to small thickness oflthe

type layers and almost complete tunneling to the subsequent layers, the role of evanescent
waves is minimized and one can still apply the distortion correction theorem. The wave
that is incident on the structure will be phase-conjugated leadif®) to 0 andR;, ~ 1.

This curious interference effect is obviously due to the exotic properties of the PCM. One
has an ‘almost perfect’ band out of a finiterjpelic structure. Recall that perfect bands
result only in infinite periodic structure.
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Figure 2. Linear response of the periodic structure near a PCM. Top (bottom)
curve shows the forward (phase-conjugated) reflectityR,) as functions of the
angle of incidenced for two values of the PCM reflectivityt, namely u = 0.99

(left curves) andu = 0.01 (right curves). Other system parameters are as follows:
§ =12.25, g5 =12.25, &, =10.24, d3 =0.55A, dp, = 0.2A.
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Figure 3. Forward (top row) and phase-conjugated (bottom row) reflectiiRjesnd
Ry, respectively, for the non-linear periodic structure near a PC at80.58° for
u = 0.99 (left curves) angt = 0.01 (right curves). Other parameters are as in figure 2.

We now present the results for the non-linear structures. As mentioned earlier we treat
UP (= |AP}?) as the parameter and look at the input—output characteristics. The@isgle
chosen in the ‘rejection’ bandR{ ~ 1) of the corresponding linear structure. An increase
in the input intensity leads to a relative shift of the ‘allowed’ baRd < 0) to the right.

The results for the non-linear reflection dipsin(top row) and corresponding transmission
peaks inR, (bottom row) are shown in figure 3. Again the left (right) panel gives the results
for y =0.99 (u = 0.01). These resonance dips in figure 3 are also labeled sequentially by
P1, P>, ... . One thus has the usual multistability for non-linear layered media. Note also
that for larger value ofi (e.g. 4 = 0.99) one has the formation of loops R, which is
reminiscent of the isolas reported earlier [18].

At this stage it would be proper to point out the differences between the present structure
and the one studied earlier by Jasal [12]. Joseet al studied the effect of the PCM on the
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modes of a non-linear waveguide. Since the fields were evanescent in the layer adjacent to
PCM, the thickness of that layer played & kele in controlling the coupling of the guided
wave with the PCM. In contrast, we now have propagating waves in the layer bounding the
PCM. Thus the thickness of this layer plays an insignificant role of adding a phase without
affecting the amplitudes.
Since the primary goal is to probe the feasibility of phase conjugation of the wave pro-
files, one needs to look at the field distribution corresponding to the forward and backward
waves for various linear and non-linear resonant states. The intensity distribution when the
first linear resonant state is excitedéat 80.5755, is shown in figure 4. We have shown
the normalized forward and backward intensiteandV,, respectively, as a function af
(in units of A) in figure 4. For exampléy is defined as

] e 1 I
=l =l
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= I J\" =l i
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Figure 4. Normalized intensity distributions corresponding to the first linear reso-
nance at = 80.5755 of the forward and the phase-conjugated wa¥ggtop row)
andV, (bottom row), respectively, fou = 0.99 (left) andu = 0.01 (right). Other
parameters are as in figure 2.
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Figure 5. Normalized intensity distributions for the forward (top row) and
phase-conjugated (bottom row) waves corresponding to the first non-linear reso-
nance (points P of figure 3) for 6 = 80.58°. The left (right) curves are for

p = 0.99 (u = 0.01) and the corresponding parameters ati = 4.7431x 10,

U; = 5.60157x 10 6 (UP = 2.1037x 1014, U; = 4.9651x 10~ 7). Other parameters

are as in figure 2.

a
Vi= SIEP/L: (24)

The top (bottom) row in figure 4 corresponds to forward (phase conjugate) wave of the
structure and the left (right) panel corresponds to the PCM reflectiity0.99 (i = 0.01).

It is clear from a comparison of the top and bottom rows in figure 4, that for the linear
structure the field profiles of the forward wes/can be replicated in the backward direction
for all values ofyu.

The scenario is quite different for the non-linear system. In figure 5, we show the pro-
files, when the first non-linear resonant state is excited. The left panel shows the intensity
distribution foru = 0.99 corresponding to point;Pf the top left panel of figure 3. Other
parameters ar@ = 80.58°,UP = 4.7431x 107, which corresponds to an input intensity
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Figure 6. Same as in figure 4, except for the second linear resonartte-&0.556°.

Ui = 5.60157x 1076, The right panel gives the same for= 0.01,U° = 2.1037x 10-14,

with an input intensityJ; = 4.9651x 10" It is clear from figure 5 that the forward wave
profile can be replicated in the reverse directiongct 0.99 while foryu = 0.01 one ends

up with a completely different intensity distribution in the backward direction. Thus gap
solitons can be phase-conjugated only foepproaching the value unity, i.e. when the
conditions for the distortion correction theorem are met. Here again we are referring to the
distortion correction theorem with the allowance for evanescent waves ib-tyime lay-

ers with almost complete tunneling. This réss not difficult to understand if one recalls

that the existence of gap solitons in the non-linear periodic structure hinges on a delicate
balance of dispersion and non-linearity. The phase-conjugated wave should have sufficient
power level to maintain this delicate balance in order to be the replica of the forward gap
soliton. This is possible only under the condition tit- 1. Deviating from this value
would result in disturbing this fine balance, leading to a completely different wave profile
in the backward direction (see bottom right curve in figure 5).

The above results for the single hump distribution (for linear) and gap solitons (for the
non-linear structure) can be generalized to multiple humpMysliton solutions. The
results for the double hump distribution for the linear structure and their phase conjugation
is shown in figure 6. These intensity distributions correspond to the second linear resonance
at6 = 80.55€ in figure 2. From figure 6 one can easily see that the phase conjugation of
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Figure 7. Same as in figure 5, except for the second non-linear resonance
at 6 = 80.58 (points B in figure 3). The left (right) curves correspond to
p=0.99,UP =9.6814x 1076, U; = 1.7829x 10~ (u = 0.0L,UP = 4.129x 10713,

U; = 9.749x 107°).

the profiles is independent of the value of PCM reflectiyity The results for the non-
linear counterpart are shown in figure 7. Samoaalusion as in the case of the gap soliton
with one peak can be drawn. The two-peak solitons can be phase conjugated 99,
while the distinct two peaks are washed in the backward direction £610.01.

4, Conclusion

In conclusion, we have carried out a detailed numerical study of a Kerr non-linear peri-
odic medium near a phase conjugate mirror. We have investigated the feasibility of phase
conjugation of the wave profiles by the PCM for both linear and non-linear structures. We
have shown that irrespective of the value of the PCM reflectivity, in a linear structure it
is possible to have phase conjugation of thede profiles. In contrast, the gap solitons
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of the non-linear structure can be phase-conjugated only for PCM reflectivity approaching
the value unity. This has been explained by the role of the PCM reflectivity to control the
fine balance of non-linearity with dispersion which is necessary for the existence of the gap
solitons. This striking result, namely, distortion correction even in presence of evanescent
waves holds under the conditioné resonant tunneling. However, for thick layers with
evanescent waves, the tunneling is incomplete, leading to distorted phase-conjugated pro-
file. It remains to be seen how the widths of the layers (where the waves are evanescent)
affect the phase-conjugation process. Research in this direction is underway and will be
reported elsewhere.
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