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Bohmian picture of Rydberg atoms
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Abstract. Unlike the previous theoretical results based on standard quantum mechanics that estab-
lished the nearly elliptical shapes for the centre-of-mass motion in Rydberg atoms using numerical
simulations, we show analytically that the Bohmian trajectories in Rydberg atoms are nearly ellipti-
cal.
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1. Introduction

Ever since the advent of quantum mechanics one of the fundamental problems in
physics has been to elucidate the transition from quantum to classical mechanics. After
Schrödinger introduced coherent states in quantum mechanics [1], it became clear that they
are optimal quantum mechanical states to describe the classical limit. Recently, there has
been a renewed interest in this problem due to the experimental study of Rydberg atoms in
external fields which provide a tool to study the quantum-classical transition regime [2,3].
These experiments [4] have shown that the high quantum number states show classical
behaviour. Also, highern values lead to an ever-shrinking energy gapE n ∝ �1=2n2, and
the energy spectrum approaches the continuum. Moreover, it is evident [5] that the high-
est angular momentum statel = n�1= l n in an atom has the special property of being a
minimum uncertainty state.

In this paper, we study the problem from the point of view of the de Broglie–Bohm the-
ory [6] to see the relationship between Bohmian trajectories and Kepler orbits in Rydberg
atoms.

2. Standard quantum mechanical analysis

It has been shown that wave-packet solutions of the Schr¨odinger equation for the Coulomb
problem travel along classical elliptic orbits of fixed mean eccentricity and angular momen-
tum [5]. These wave-packets are coherent states that have minimal quantum fluctuations
in the non-commuting components of the Runge–Lenz vector in the plane of the orbit [7].
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The study of the Runge–Lenz vector in quantum mechanics was first undertaken by Pauli
[8] who used it to solve the hydrogen atom problem.

In the asymptotic regime of large quantum numbersn� l 0, the WKB approximation of
the radial wave function of the hydrogen atom in 3-dimensions is given by [5]
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where the classical action in radial coordinates is given by
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In classical mechanics the quantitiesφ0(r) andt0(r) are related to the actionS0 by

φ0(r) =�
∂S0

∂ l0
andt0(r) =

∂S0

∂En0

: (4)

The rate of spreading of the wave-packet is given by the complex width
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where f0(r) = ∂ 2S=∂E2
n. It follows from eq. (1) that the quantum mechanical phase is
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3. Bohmian mechanical analysis

Let us now examine the problem of coherent states from the perspective of the de Broglie–
Bohm theory which is quite close to the classical Hamilton–Jacobi theory. In this theory the
quantum mechanical actionSgiven by (6) satisfies the modified Hamilton–Jacobi equation
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and the wave function, written in the polar formψ = ReiS=~ satisfies the Scr¨odinger equa-
tion
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In Bohmian mechanics one introduces the position as an additional variable (the so-
called ‘hidden variable’) through the guidance conditions [9]
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Using these conditions, we can readily obtain the Bohmian trajectories of electrons in a
Rydberg atom with highl wave-packets provided we also use the result that the radius
of thenth Bohr orbit in a hydrogen atom is given byr n � n2. This is the expectation of
the radius or its space averaged value. The time averaged value is the same. Using the
expression forSgiven by (6), we finally obtain
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The corresponding expressions in classical mechanics are

∂S
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= p0;

∂S
∂φ

= δ l0; (14)

and these are known to lead to the equation of an ellipse [10]. Equations (13) and (13)
show that the Bohmian trajectories of Rydberg atoms withl 0� 50–100 are ellipses for all
practical purposes.
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4. Concluding remarks

The advantage of the Bohmian analysis we have carried out is that one can see clearly and
analytically that the Bohmian trajectories in Rydberg atoms are nearly elliptical. Previous
theoretical results using standard quantum mechanics have only been able to establish the
nearly elliptical shapes for the centre-of-mass motion using numerical simulations [11].
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