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Abstract. Growth of a radially symmetrical ripple, superimposed on a Gaussian laser beam in
collisional unmagnetised plasma is investigated. From numerical computation, it is observed that
self-focusing of main beam as well as ripple determine the growth dynamics of ripple with the dis-
tance of propagation. The effect of growing ripple on excitation of ion acoustic wave (IAW) has also
been studied.
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1. Introduction

Inertially confined fusion plasmas involve interaction of high power laser beam with long
scale length under dense plasma. Aim is to excite some low frequency electrostatic waves
in the plasma which may subsequently dump their energies to particles via Landau damp-
ing and heat the plasma to thermonuclear temperature. Excitation of plasma waves through
different mechanisms has also been reported in a number of investigations [1–7]. The di-
rect and indirect experimental evidences reveal that the smooth looking laser beams have
strong intensity spike [8]. In experimental situations where laser or electromagnetic beam
travelling through self-focusing media results in multiple filament formation, there is one
to one correspondence between filaments and intensity spikes riding with the incident laser
beam. Thus plasma as a self-focusing nonlinear medium may lead to filamentary breakup
of the incident beam. Self-focusing and filamentation instability have been investigated
theoretically as well as experimentally in considerable details [9–20]. The whole beam
self-focusing of laser beam may arise on account of variety of nonlinearities resulting e.g.
from ponderomotive force, collisional non-uniform heating, relativistic etc. On the other
hand origin of filamentation instability may be attributed to small scale density fluctuation
(resulting from quasi-neutrality) or small scale intensity spikes associated with the main
beam. The physics of the perturbation growing at the cost of the main beam is relevant to
the inertially confined fusion plasmas. On account of this instability, the plasma is rendered
inhomogeneous and phase matching conditions for the excitation of absorptive instabili-
ties get localised. Furthermore, the filamentary structures also destroy the symmetry of the
energy deposition and may trigger the hydrodynamic instabilities of target.
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Theoretical investigations of self-focusing of laser beams were carried out by Akhmanov
et al [9] and Sodhaet al [12]. They used WKB and paraxial ray approximations. As dis-
cussed by Wagneret al [21], the trial function is substituted in the evolution equation,
where the nonlinear refractive index is Taylor expanded in the transverse direction. The
procedure was then generalised to include phase dynamics. Vlasovet al [22] developed
an alternative approach based on invariants of cubic nonlinear Schr¨odinger equation and
moments of electromagnetic field to arrive at an equation governing the evolution of laser
beam width with distance of propagation. The theory also determines the conditions for
self-focusing in terms of certain moments. Later on, it was further generalised to non-
relativistic case [23] and relativistic self-focusing [24]. However, in spite of its elegant for-
mulation, the inclusion of proper phase description through moment theory is still an open
question. Yet another method involving the invariants of nonlinear Schr¨odinger equation is
variational approach used by Andersonet al to describe self-focusing in plasmas [25] and
optical fibers [26]. Variational method which though approximately analytical but fairly
general in nature, has been used recently in a number of investigations [27–32]. Besides
that, it has been reported to give correct regularised phase description [27]. Nevertheless,
it is of limited scope in investigation of singularity formation and collapse associated with
self-focusing phenomenon [33]. Moreover, the trial functions have to be guessed which is
sometimes difficult in more complicated cases and also the finer intrinsic details of phase
profile are not predicted correctly.

Recently Subbaraoet al [34] have pointed that the most popular theories for whole beam
focusing of Akhmanovet al [9], Sodhaet al [12] and Max [35] are not applicable for higher
power laser beam. They further remarked that descrepancy lies with the assumption of us-
ing Taylor expansion in the transverse cylindrical co-ordinates. On using non-Taylor power
series expansion as a correction to paraxial ray approximation [34] with proper method-
ology, beam dynamics can put in well known ABCD matrix form [36]. Also corrected
version of paraxial ray approximation predicts the same conditions for self-trapping as
those obtained from variational approach and moment theory.

In laser plasma experiments, beam with non-uniform intensity distribution, having index
of refraction dependent on local field intensity can produce its own dielectric waveguide
in which it propagates undergoing self-focusing/defocusing. Small scale intensity fluctua-
tions on such a beam can grow by the same self-focusing mechanism. It has been reported
that intensity in individual spikes created by hot spots on incident laser beam, also ap-
proaches the threshold for self-focusing [37]. Such a situation is adequately modelled by
considering the growth of a radially symmetrical ripple superimposed on a Gaussian laser
beam [1,39]. By the way, it also incorporates the dynamics of small scale as well as large
scale self-focusing on the growth of the ripple. Further, the effect of growth of spike on the
excitation of plasma waves can also be investigated [7,2].

In the present investigation, since we are considering low power rippled laser beam, we
therefore choose the most popular theory of Akhmanovet al [9] and Sodhaet al [12].
In this problem authors have used ripple model [1] and the nonlinearity considered here
is of collisional type, which ensues from temperature dependent collision frequency. In
x2, the equations for the main beam and ripple have been set up and solved for using
WKB and paraxial ray approximations [9,12]. The differential equations for the beam
width parameters of the pump and ripple are simultaneously solved numerically using
Runge-Kutta method. Inx3, an expression for the density perturbation associated with the
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excited ion acoustic wave is derived. Last section deals with the brief discussion of the
important results.

2. Solution of wave equation

Consider the propagation of a laser beam of angular frequency! 0 in a collisional homoge-
neous plasma along thez direction. The rippled laser beam can be written as

E = E0 exp [�(!0t� k0z)] +E1 exp [�(!0t� k0z)]: (1)

We consider a Guassian ripple laser beam [1] with initial intensity distribution as

E0 �E�

0jz=0 = E2
00 exp(�r2=r20) (2)

and

E1 �E�

1jz=0 = E100
2(r=r10)

2n exp(�r2=r210); (3)

wheren is a positive number andr10 is the width of the ripple [1]. Asn increases, the
maximumrmax = r10

p
n of the ripple shifts away from the axis. The total electric vector

of the beamE satisfies the wave equation

r2
E�r(r � E) + !2

0

c2
�E = 0; (4)

where

� = �0 +�(E �E�):

Here �0 and�(E �E�) are the linear and nonlinear parts of the dielectric constant for
non-uniform heating type nonlinearity and are given by [12]

�0 = 1� !2
p

!2
0

;

�(E �E�) =
!2
p

!2
0

�
1� N0i

N0

�
;

N0i
�= N0e = N0

�
1 +

�

2
E �E�

�(s�2)=2
;

where!p and� are respectively the plasma frequency and nonlinearity constant with the
usual meanings for all parameters.s is a parameter characterising the nature of collisions;
s = �3 for collisions between electrons and ions,s = 2 for collisions between electrons
and di-atomic molecules ands = 0 corresponds to the case when collisions are velocity
independent. In WKB approximation, the second term in eq. (4) can be neglected and
electric vectors of the main beam (E0) and ripple (E1) satisfy the following equations:

r2
E0 +

!2
0

c2
�(E0 �E�

0)E0 = 0 (5)
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and

r2
E1 +

!2
0

c2
�(E � E�)E1

+
!2
0

c2
[�(E �E�)��(E0 �E�

0)]E0 = 0 (6)

respectively. Equations (5) and (6) are solved using the approach followed in Akhmanov
et al [9] and Sodhaet al [12]. The dimensionless beam width parameterf 0 of main beam
is governed by the equation:

d2f0

dz2
=

1

k20r
4
0f

3
0

� (1� s=2)
!2
p

2�0r
2
0f

3
0!

2
0

�E2
00

�
1 +

1

2
�E0 � E�

0

�(s�4)=2
:

(7)

The initial conditions for a plane wave front are thatf0 = 1 anddf0=dz = 0 at z = 0. To
solve eq. (6), one can express

E1 = A1(r; z) exp(��k0z); (8)

whereA1(r; z) is a complex function of its argument. Substituting eq. (8) in eq. (6) and
following Sodhaet al [1], we can write the solution of eq. (6) as

E2
1 = A2

10 =
E2
100

f21

�
r

r10f1

�2n

exp

�
� r2

r210f
2
1

�

� exp

�
�2

Z z

0

ki(z)dz

�
;

S1 =
r2

2
�1 +�1(z); �1 =

1

f1

df1

dz
;

ki(z) '
1

2

!2
0

c2
1

k0

!2
p

!2
0

(s� 2)=2

�
1 +

�

2
E0 �E�

0

�(s�2)=2
sin (2�p): (9)

For an initially plane wave front,df1=dz = 0 andf1 = 1 at z = 0, the beam width
parameter of ripplef1 satisfies the following equation

d2f1

dz2
=

1

k20r
4
10f

3
1
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f1!

2
p
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2
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4
0!

2
0

�E2
00�

T1
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�
exp

�
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2
1n

r20f
2
0

�
+ T3

�
1 + 2(s=2� 2)

�E2
00

f20

exp
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�r210f

2
1n

r20f
2
0

�
T�1
1

��
� cos2�p exp

�
�r210f

2
1n

r20f
2
0

�
T
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00T
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2
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2
1n
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2
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�
+ T3

���
; (10)
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where

T1 = 1 +
�

2
E0 � E�

0jr2=r2
10
f2
1
n;

T2 = 1 +
�

2
E �E�jr2=r2

10
f2
1
n;

T3 = cos�pn
n=2 f0E100

f1E00

exp

�
�
Z z

0

ki(z)dz

�
exp

�
�n

2
� r210f

2
1n

2r20f
2
0

�
:

It is apparent from the eq. (9) forA2
10 that the ripple grows/decays inside the plasma and

the growth/decay rate iski. The growth rate depends on the intensity of the main beam,
the phase angle�p and other plasma parameters of pump wave and plasma.

3. Excitation of ion acoustic wave

A weak ion acoustic wave is nonlinearly coupled to rippled laser beam via modified back-
ground density. Thus, self-focusing of main beam and dynamics of the growth of ripple
affect the excitation of IAW substantially. The background density of ions is modified due
to nonuniform heating. The equation characterising IAW can be derived using

@N�

@t
+r � (N�V�) = 0

.... Continuity Equation,

m�N�

�
@

@t
+V� � r

�
V� = N�e�

�
Et +

V� �B
c

�

�
�KBT�rN� � 2��N�V�m� (11)

.... Momentum Balance Equation,

Maxwell’s equations and perturbation analysis [2]. We take

N� = N0� + n�;V� = V0� + v�;Et = E+E0 and B = B0 +B
0;

(12)

where

n� � N0�; jv�j � jV0�j; jE0j � jEj and jB0j � jB0j:
V0� is the drift velocity in the pump field, andE is the total field of the rippled laser beam.
In eq. (12),n� is the density perturbation in the excited ion acoustic wave,v� is the drift
velocity of the carriers in the electrostatic fieldE 0 of the ion acoustic wave. Following
procedure of Singh and Singh [2], the equation for the excitation of the ion acoustic wave
can be written as

d2ni

dt2
� 2�i

@ni

@t
� 
ikBTi

mi
r2ni + !2

pi

N0i

N0

kS
2�d

2

1 + kS
2�d

2
ni = 0; (13)
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where�d is Debye length. In the absence of laser beam, eq. (13) gives the usual dispersion
relation for IAW. The presence ofN0i in the last term of eq. (13) gives the coupling of
density perturbation associated with IAW to laser beam via modified background density.
Equation (13) is solved using standard procedure of Akhmanovet al [9] and Sodhaet al
[12] and the equation for the dimensionless beam width parameterf i of IAW is

d2fi

dz2
=

1

k2Sa
4
0f

3
i

+ (s=2� 1)
kS

2�d
2

1 + kS
2�d

2

!2
pi


ik
2
Sv

2
th

fi

f40

�E2
00

2r20�
1 +

�

2
E � E�

�(s�4)=2
exp

�
�r210f

2
1n

r20f
2
0

��
1 +

f0E100

f1E00

cos (�p)n
n=2 exp

�
�
Z z

0

kidz

�
exp

�
�n

2
� r210f

2
1n

r20f
2
0

��
: (14)

For an initially plane wave front,dfi=dz = 0 andfi = 1 at z = 0.

4. Discussion

It is apparent from the present analysis that, on account of coupling between the main beam
and the ripple [eqs (7) and (10)], the ripple can grow/decay in the plasma. Following set
of parameters has been chosen for the numerical solution to the eqs (7), (10) and (14) and
results are plotted in the form of graphs.

�r0!p
c

�2
= 16:0;

!p

!0
= 0:2; !0 = 1:778� 1014

rad

s
; n = 2:0; 2�p =

3�

2
;

2�p =
�

2
;

r210
r20

= 0:85;
r10

a0
= 0:3; �E2

00 = 0:2; s = �3

Excitation of ion acoustic wave, used in laser heating experiments is governed by the eq.
(13), where the last term represents the coupling of ion acoustic wave to the modified back-
ground density. Figure 1 depicts the variation of the plasma density perturbation associated
with IAW with the normalised distance of propagation�(= zc=!0r

2
0) for different values

of intensity. As apparent from the expression fork i (eq. (9)), it is inherently negative
and for2�p = �

2
, the growing ripple affects the perturbation associated with IAW. This

situation corresponds to increase in nonlinear term viz. second term on right hand side of
second order nonlinear differential equation (14) representing the focusing/defocusing of
the ion acoustic wave. When2�p = �=2, the curve 1 is for�E2

00 = 0:2 while the curve 2
which is oscillatory growing, corresponds to�E 2

00 = 0:3. If we choose2�p = 3�
2

, we get
the curves 3 and 4 respectively for�E 2

00 = 0:2 and�E2
00 = 0:3. The density perturbation

decays and does not exhibit oscillatory character. The effect of decaying ripple strongly
affects the focusing of IAW. The nonlinear term in eq. (14) in this case becomes drastically
weaker with the distance of propagation. Both these results contrast well with our earlier
investigations [1].

Figure 2 displays the normalised density perturbation associated with IAW for fixed in-
tensity�E2

00 = 0:2 and for three different values of parametern. The curves 1, 2 and
3 are respectively for various values of ‘n’ as 2.0, 2.5 and 1.5. As mentioned earlier,
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Figure 1. Ion acoustic density perturbation[n20=n
2

00] against the normalised distance of

propagation�(= zc=!0r
2

0) for the following set of parameters:
�
r0!p

c

�2
= 16:0;

!p

!0
=

0:2; !0 = 1:778 � 1014 rad=s, n = 2:0;
r
2

10

r
2

0

= 0:85; r10

a0
= 0:3; s = �3. The curve

1 is for�E2

00 = 0:2 and curve 2 is for�E2

00 = 0:3 with 2�p = �

2
and curves 3 and 4

are for�E2

00 = 0:2 and0:3 respectively when2�p = 3�

2
.

Figure 2. Ion acoustic density perturbation vs the normalised distance of propagation
� for different values ofn and2�p = �

2
and other parameters are same as mentioned in

figure caption 1. The curve 1 is forn = 2:0, curve 2 is forn = 2:5 and curve 3 is for
n = 1:5.
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larger the value ofn, farther away is the ripple from the main beam axis. Thus nonlinear
excitation process for IAW is more effective for the smallern and almost ineffective for
largern. It is thus concluded that the dynamics of growth of laser ripple plays crucial role
in self-focusing propagation problem.
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