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Abstract. Neutrinooscillationsin mattercanexhibit a specificresonanceenhancement— para-
metricresonance,whichis differentfrom theMSW resonance.Oscillationsof atmosphericandsolar
neutrinosinsidetheearthcanundergo parametricenhancementwhenneutrinotrajectoriescrossthe
coreof theearth.In thispaperwereview theparametricresonanceof neutrinooscillationsin matter.
In particular, physicalinterpretationof theeffectandtheprospectsof its experimentalobservationin
oscillationsof solarandatmosphericneutrinosin theeartharediscussed.
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1. Intr oduction

It is well known that neutrinooscillationsin mattercan differ significantly from oscil-
lations in vacuum,the beststudiedexamplebeing the Mikheyev–Smirnov–Wolfenstein
(MSW) effect [1,2]. It is, however, muchlessknown that theMSW effect is not thesole
mechanismby which mattercanenhancetransitionsbetweenneutrinosof differentflavor.
The MSW effect enhancesthe probabilitiesof neutrinoflavor transitionsby amplifying
neutrinomixing: the mixing anglein matter � canbecomeequalto ����� even if the vac-
uum mixing angle �
	 is very small. It waspointedout about12 yearsago[3,4] that the
probabilitiesof neutrinoflavor transitionscanalsobestronglyenhancedif theoscillation
phase undergoescertainmodificationin matter. This canhappenif the variationof the
matterdensityalongtheneutrinopathis correlatedin acertainwaywith thechangeof the
oscillationphase.Thisamplificationof theneutrinooscillationprobabilityin matterdueto
specificphaserelationshipshasaninterestingpropertythatit canaccumulateif thematter
densityprofile alongtheneutrinopathrepeatsitself, i.e. is periodic. Thephenomenonis
analogousto theresonancein dynamicalsystemswhoseparametersperiodicallyvarywith
time– parametricresonance.It wasthereforedubbedparametricresonanceof neutrinoos-
cillations[3,4]. While periodicityof theparametersof thesystemis useful,it is not really
necessary:parametricresonancecanoccureven in stochasticmedia(see,e.g.,[5]). The
stochasticparametricresonancein neutrinooscillationswasbriefly discussedin [6].
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Figure 1. Solid curve: transitionprobability � for ��
�������� � oscillationsin theearth
as a function of the distance� (measuredin units of the earth’s radius � ) along the
neutrinotrajectory. ������� �"!$#�%'&)(�* +-,.("/�02143 eV, 57698:�2;$<$=>&?/@* /@( , A�BC&)(�(�* D�E .
Dashedcurve: thesamefor a hypotheticalcaseof neutrinopropagationover full two
periodsof densitymodulation( �GFIHGJ�&K;�LM�ONQPQ�SR )).

Theparametricresonancecanleadto largeprobabilitiesof neutrinoflavor transitionin
mattereven if the mixing anglesboth in vacuumand in matteraresmall. This happens
becauseeachhalf-wave oscillation of the transitionprobability is placedon the top of
the previous one, i.e. the transitionprobability builds up (figure 1). If mixing anglein
matterisverysmall(matterdensityis farfromtheMSW resonancedensity),theparametric
resonanceenhancementof neutrinooscillationscanmanifestitself only if the neutrinos
passthrougha large numberof periodsof densitymodulation,i.e. travel a sufficiently
longdistance.However, if matterdensityis not very far from theMSW resonanceone,an
interestinginterplaybetweenthe MSW andparametriceffectscanoccur. In particular, a
strongparametricenhancementof neutrinooscillationscantakeplaceevenif theneutrinos
passonly through1–2periodsof densitymodulation[6].

For theparametricresonanceto occur, theexactshapeof thedensityprofile is not very
important;what is importantis that the changein the densitybe synchronizedwith the
changeof the oscillationphase.In particular, in [3,4] the caseof the sinusoidaldensity
profile wasconsideredin which the neutrinoevolution equationreducesto the Mathieu
equation.In [4] theparametricresonancewasalsoconsideredfor neutrinooscillationsin
a matterwith a periodicstepfunction (‘castlewall’) densityprofile, which allows a very
simpleexactanalyticsolution.We will discussthis solutionin T$T 2 and4.

Although the parametricresonancein neutrinooscillationsis certainly an interesting
physicalphenomenon,it requiresthatvery specialconditionsbesatisfied.Unfortunately,
theseconditionscannotbecreatedin the laboratorybecausethis would requireeithertoo
long a baselineor neutrinopropagationin a matterof too high a density(see T 5 below).
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Until recentlyit wasalsounclearwhethera naturalobjectexists wheretheseconditions
can be satisfiedfor any known sourceof neutrinos. This situationhaschangedwith a
very importantobservation by Liu andSmirnov [7] (seealso[8]), who have shown that
theparametricresonanceconditionscanbeapproximatelysatisfiedfor theoscillationsof
atmosphericU@V into sterileneutrinosU@W insidetheearth.

It is known that the earthconsistsof two main structures– the mantleand the core.
Within themantleandwithin thecorethematterdensitychangesratherslowly (theden-
sity variationscaleis largecomparedto thetypical oscillationlengthsof atmosphericand
solarneutrinos),but at their borderit jumpssharplyby abouta factorof two. Thereforeto
a goodapproximationonecanconsiderthe mantleandthecoreasstructuresof constant
densitiesequalto thecorrespondingaveragedensities(two-layermodel).Neutrinoscom-
ing to thedetectorfrom the lower hemisphereat zenithanglesX in the rangedefinedbyY[Z�\ X^]`_badc�egfh_iakjml n�oqp@e traversetheearth’smantle,coreandthenagainmantle.There-
fore suchneutrinosexperiencea periodic‘castlewall’ potential,andtheir oscillationscan
beparametricallyenhanced.Eventhoughtheneutrinospassonly through‘1.5 periods’of
densitymodulations(thiswouldbeexactlyoneperiodandahalf if thedistancesneutrinos
travel in themantleandin thecorewereequal),theparametriceffectson neutrinooscil-
lationsin the earthcanbe quite strong. Subsequently, it hasbeenpointedout in [9] that
the parametricresonanceconditionscanalsobe satisfied(andto even a betteraccuracy)
for the U�rtsuU@v oscillationsin theearthin thecaseof the U@v –U V�wyx�z mixing [10]. This, in
particular, mayhave importantimplicationsfor thesolarneutrinoproblem.Theparamet-
ric resonancein theoscillationsof solarandatmosphericneutrinosin theearthwasfurther
exploredin a numberof papers[11–14].

In thepresentpaperwe review theparametricresonancein neutrinooscillationsandits
possibleimplicationsfor oscillationsof solarandatmosphericneutrinosin theearth.In T 2
we discussneutrinooscillationsandtheir parametricenhancementin matterwith ‘castle
wall’ densityprofile. In T 3 we discussthe physicalinterpretationof the parametricreso-
nancein neutrinooscillations.In T 4 theparametricresonancein oscillationsof solarand
atmosphericneutrinosin theearthis discussed.In T 5 theparametricresonanceconditions
for neutrinooscillationsin theearthareconsidered.In thelastsectiontheprospectsof ex-
perimentalobservationof the parametricresonancein neutrinooscillationsarediscussed
andtheconclusionsaregiven.

2. Neutrino oscillationsin matter with ‘castle wall’ densityprofile

Consideroscillationsin a 2-flavor neutrinosystemin a matterwith periodicstepfunction
densityprofile [4,11]. We will beassumingthatoneperiodof densitymodulationconsists
of two partsof the lengths {}| and {~r , with the correspondingeffective matterdensities� | and

� r (‘castlewall’ densityprofile, figures3, 5, 7). For the U@vds�U V�wyx�z oscillations
the effective matterdensitycoincideswith the electronnumberdensity, whereasfor theU@v�� V � x s�U W oscillationsin an isotopicallysymmetricmatterit is a factorof two smaller.
The parametricresonancein sucha systemoccurswhenthe oscillationsphases��� | and��� r acquiredover the intervals { | and { r areodd integer multiplesof � [4,7,8]. Let us
denote
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Here � ,
�t� r and �
	 aretheneutrinoenergy, masssquareddifferenceandvacuummixing

angle,respectively. Thedifferenceof theneutrinoeigenenergiesin a matterof density
� �

is � �
�
, sothattheoscillationsphasesacquiredover theintervals { | and { r are

��� | ])� � | { | � ��� r ]h� � r { r l (2)

The evolution of a systemof oscillatingneutrinosis convenientlydescribedby the evo-
lution matrix � , which in the caseof the 2-flavor systemis a �¡ ¢� unitary matrix. For
any interval of time over which thematterdensityis constanttheevolution matrix canbe
trivially found;theevolutionmatrix in a matterwith astep-functiondensityprofile is then
just theproductof thecorrespondingconstant-densityevolutionmatrices.In particular, for
oneperiodof densitymodulation{']){ | � { r theevolutionmatrix is [11]

�¤£Q]¥�¤£
¦��§£�¨�]h©ªa«�7¬®­¯]'°[±:²}³ya®�´_µ¬·¶­.e�¸S¹�l (3)

Here ¬ arethePauli matricesin theflavor space,

©`])º�|[º[r®a»_4¼¤½�¼�¾�e�¿
|$¿�r � (4)

­¯])¿ | º r ¼ | � ¿ r º | ¼ r a¢¿ | ¿ r _µ¼ |  ¡¼ r e � (5)

¸?])À@Á Y$Y$Z�\ ©�]'À�Á Y�\b����Â �
Ã­¯] ­Â � (6)

andwehaveusedthenotation

¿ � ] \��y� � � � º � ] Y$Z�\ � � � � � ] �
� { � � (7)

¼ � ]�_ \���� ��� � � j � a Y[Z�\ ���
� e _M�¤]ªc � ��e[l (8)

Here � � is the mixing anglein matterat the density
� �

. Notice that © r � ­ r ]Äc asa
consequenceof unitarityof �§£ .

Theevolution matrix for Å periods( Å¢]Æc � � � l$l�l ) canbeobtainedby raising �¤£ to theÅ th power:

�¤Ç £QÈ �É_MÊ§])ÅI{ � j�e§]»°[±:²}³ya®�"_4¬K¶­¡e7ÅË¸S¹�l (9)

Equations(3)–(9)give theexactsolutionof theevolution equationfor any instantof time
that is an integermultiple of the period { . In orderto obtainthe solutionfor ÅI{ÍÌ�Ê-Ì_MÅ � c�ei{ onehasto evolve thesolutionat Ê¤])ÅI{ by applyingtheevolutionmatrix

�S|
_4Ê � ÅI{Îe§]»°[±:²}³ya®�7ÏÐ|OÑ�_MÊÒaÓÅI{ÔeG¹ (10)

for ÅI{hÌ�ÊOÌ�ÅI{ � {}| or

� r _4Ê � ÅI{ � { | e�� | ]»°$±q²Ë³9a®�7Ï r Ñ�_4ÊËaÓÅI{»a«{ | e7¹�°$±q²Ë³9a®�7Ï | { | ¹ (11)

for ÅI{ � { |ÖÕ Ê.ÌÄ_MÅ � c�ei{ , with Ï |"� r beingthe effective Hamiltoniansof neutrino
systemat thedensities

� | and × r , respectively.
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2.1 Parametric resonance

Assumethat the initial neutrinostateat ÊØ]Ùj is a flavor eigenstateU@Ú . The probabil-
ity of finding anotherflavor eigenstateU@Û at a time ÊÉÜÝj (transitionprobability) is thenÞ _µU�Útß�U@Û � Êbe®]Íà �¤r"|�_4Êbe$à r where �É_4Êbe is theevolution matrix. For neutrinooscillations
in matterwith the‘castlewall’ densityprofilethisprobabilitycanreachits maximumvalue
whenthe parametricresonanceconditionsaresatisfied.Theseconditionscanbe written
as[3,4,6–11,15]

� | ] � � �?á � � � r ] � � �?á:â � � á � á:â ])j � c � � � l�lyl (12)

At the resonance,the transitionprobability for the evolution over Å periodsof density
modulationtakesasimpleform

Þ _µU Ú ßãU Û � Ê¤])ÅI{Ôe¤] \��y� r ³ Å§_µ�@� r a·��� | eG¹�l (13)

Let usfirst assumethatthedensities
� | , � r areeitherbothbelow theMSW resonanceden-

sity
�Cä®å[æ

which is determinedfrom
� � �Cä®å[æØç � �è] Y$Z�\ �@� 	 � or they arebothabove

it. This meansthat themixing angles��|"� r satisfy �@|"� rtÌ)� ç � or ��|"� rCÜh� ç � , respectively.
It is easyto seethatin this casethedifference��� r a·��� | is alwaysfartheraway from � ç �
thaneither ��� | or �@� r . Thismeansin this casethetransitionprobabilityfor evolutionover
oneperiodcannotexceedthemaximaltransitionprobabilitiesin matterof constantdensity
equalto either

� | or
� r , namely, \b��� r �@� | or \b��� r �@� r . However, theparametricresonance

doesleadto an importantgain. In a mediumof constantdensity
� �

the transitionproba-
bility canneverexceed\���� r ��� � , no matterhow long thedistancethatneutrinostravel. On
the contrary, in the matterwith ‘castlewall’ densityprofile, if the parametricresonance
conditions(12) aresatisfied,the transitionprobabilitycanbecomelargeprovidedneutri-
nostravel large enoughdistance.It canbe seenfrom (13) that the transitionprobability
canbecomequite sizeableeven for small \b��� r �@��| and \��y� r ����r provided that neutrinos
have traveledsufficiently largedistance.This is illustratedin figures2 and3 for thecase� | �

� r Ì � ä®å"æ (the transitionprobability in the case
� | �

� r Ü � ä®å[æ hasa similar
behavior). Thenumberof periodsneutrinoshaveto passin orderto experienceacomplete
(or almostcomplete)conversionis

ÅØé �
�2_4�@|OaÓ��r�e l (14)

Considernow thecase
� |tÌ �tä®å"æ Ì � r ( ��|êÌ^� ç �ÖÌ^��r ). Thetransitionprobability

over Å periodsat the parametricresonanceis againgiven by eq. (13). However in this
case,for � r Ü'� ç � � � | ç � (which is alwayssatisfiedfor smallmixing in matter),onehas\��y� r _µ�@� r a»�@� | eÐÜ \b��� r �@� | � \b��� r �@� r . This meansthat even for the time interval equal
to one period of matter density modulation the transition probability exceeds the maximal
probabilities of oscillations in matter of constant densities

� | and
� r . This parametric

enhancementis furthermagnifiedin thecaseof neutrinostraveling over ‘one anda half’
periodsof densitymodulation,which hasimportantimplicationsfor neutrinostraversing
theearth.Thecase

� | Ì � ä®å"æ Ì � r is illustratedin figures1, 4, 5 and6, 7.
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Figure 2. Coordinatedependenceof the neutrinoflavor transitionprobability � in a
matterwith thecastlewall densityprofile. 576ë8 � ;�<[=S&K/@* /�( , ��&»(´/ 021µ� eV, ì 1 &�(´/ 0í143
eV, ì � &ïî�* ð�ð-,¡("/@0í143 eV, ñ 1 &?D@* #-,¡("/@0m� , ñ � &?/@*9(";�ò�î , all distancesarein units
of �K&·ð�* ;�ðd,.(´/ 143 eV 0í1 .
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Figure3. Coordinatedependenceof thematter-inducedneutrinopotential[ L4ó®ô�!�õ ;m,
(densityprofile)] for thecaseshown in figure2.
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Figure4. Sameasfigure2 but for ��&ï;~,�(´/�0í143 eV, ì � &K#g,�(´/�0í143 eV, ñ 1 &·/�* #
+@(´# ,ñ � &·/�* ;$#�/�+ .
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Figure 5. Coordinatedependenceof thematter-inducedneutrinopotentialfor thecase
shown in figure4.

Pramana– J. Phys.,Vol. 54,No. 1, January 2000 53



E Kh Akhmedov

0.0 0.2 0.4 0.6 0.8
0.0

0.2

0.4

0.6

0.8

1.0

Figure 6. Sameasfigure2 but for ��&)("/�021µ� eV, ì � &)(´/�0í171 eV, ñ 1 &�D@* #C,.("/@0m� ,ñ � &KD@* #d,.(´/ 0:3 .

0.0 0.2 0.4 0.6 0.8
0.00e+00

2.00e−11

Figure 7. Coordinatedependenceof thematter-inducedneutrinopotentialfor thecase
shown in figure6.
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3. Physical interpretation of the parametric resonancein neutrino oscillations

As we have seen, the parametricresonancecan strongly enhancethe probability of
flavor transitionseven if the lepton mixing anglesboth in matter and in vacuum is
small.This factcanbegivena verysimplephysicalinterpretation[16].

Neutrinooscillationsin matterof constantdensityproceedexactly astheoscillationsin
vacuum,the only differencebeingthat the oscillationamplitudeandlengtharedifferent
from thosein vacuum. If the vacuummixing angle � 	 is small and in addition matter
densityis not closeto the MSW resonanceone,the amplitudeof neutrinooscillationsin
matter, \��y� r ��� , andthereforethetransitionprobability, is small.

Thesituationcanbedrasticallydifferentin thecaseof the ‘castlewall’ densityprofile.
Considerfirst neutrinoevolution during the first partof the periodof densitymodulation
(i.e. over thetime interval { | ). Thematterdensityduringthis interval of time is constant:� _4Êbet] � | . If the first of the conditions(12) is satisfied,at the endof this interval the
transitionprobability reaches\b��� r �@� | which is themaximalvaluepossiblein a matterof
constantdensity

� | . If thedensitystayedconstant,the transitionprobabilitywould have
starteddecreasingandwould have returnedto zeroat the time ��{ | . However, at Ê�]ö{ |
thematterdensityjumpsto a value

� r . If now thesecondof theconditionsin (12) is also
satisfied,andif in addition� | Ì � ä®å"æ Ì � r _M� | Ì�� ç �ÉÌ?� r e � (15)

thetransitionprobabilitywill continueincreasinginsteadof decreasing(figures1, 4, 6). In
fact,thesecondhalf-wave of neutrinooscillationsis similar to thefirst one.This happens
becauseof theviolation of theadiabaticityof neutrinooscillationsby a suddenchangeof
thematterdensityandbecausethis changeis correlatedwith thechangeof theoscillation
phase.Thetransitionprobabilityoveroneperiodof densitymodulationisÞ _µU Ú ßãU Û � {Îe§] \��y� r _µ�@� r a¢�@� | e � (16)

which, aswasdiscussedin theprevioussection,exceedsboth \b��� r �@��| and \��y� r ����| if the
condition (15) is satisfied. If the matterdensityprofile is periodic, the increaseof the
transitionprobabilityaccumulates:Theparametricresonanceputseachhalf-waveincrease
of the oscillation curve on the top of the previous one, leadingto a fast growth of the
transitionprobability(figures1, 4, 6).

If theparametricresonanceconditions(12)aresatisfiedbut thecondition(15) is not,the
transitionprobabilitystartsdecreasingafter thefirst half-wave increase.However it does
not reachzero,andthedecreaseis followedby anotherincrease.As aresult,thetransition
probability builds up andcanreachunity (figure 2). In this case,however, the increase
of the transitionprobability is lessfastthanwhenthe condition(15) is satisfied.Similar
situationtakesplaceif (15) is obeyed, but the parametricresonanceconditions(12) are
only approximatelysatisfied,i.e. thereis a smalldetuning.

We shall now illustrateonceagainthe importanceof a correlatedchangeof the oscil-
lation phaseand matterdensityprofile along the neutrinopath. In figures6 and 7 the
coordinatedependenceof the transitionprobability andmatterdensityprofile areshown
for a specificcasein which conditions(12) and (15) are fulfilled. It can be seenfrom
thesefiguresthat the probability increaseduring the time intervals { r , which correspond
to theeffectivematterdensity

� r , is verysmall,and,in addition,in thiscase{ r�÷ { | . One
couldthereforeconcludethattheevolutionduringtheseintervalsis unimportant.However,
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Figure8. Sameasfigure6 but for ì � &Kì 1 ( ìdLø�iùg&Kì 1 &¢ú´û�8�5Gü ).

thisconclusionis wrong: if oneremovesthe‘spikes’ in thematterdensityprofileof figure
7, i.e. replacesit by the profile

� _4Êbed] � | ] const.,the resultingtransitionprobability
will beverysmallatall times(figure8).

4. Parametric resonancein neutrino oscillationsin the earth

4.1 Evolution of oscillating neutrinos in the earth

As waspointedoutin theIntroduction,theearthconsistsof two mainstructures,themantle
andthecore,which for thepurposesof neutrinooscillationscanto a very goodapproxi-
mationbeconsideredaslayersof constantdensity. We shallconsiderneutrinooscillations
in the earthin this two-layerapproximation.Neutrinoscomingto the detectorfrom the
lower hemisphereof theearthat zenithanglesX in therangeY$Z�\ Xö]¯_iadc
eËfª_bakjml n�o�p�e
(nadirangle X Ç È c�n�j��ka�X Õ o�oml�c
p@� ) traversethe earth’s mantle,coreandthenagain
mantle,i.e. threelayersof constantdensitywith thethird layerbeingidenticalto thefirst
one.Thereforesuchneutrinosexperienceaperiodic‘castlewall’ potential,andtheiroscil-
lationscanbeparametricallyenhanced.Althoughtheneutrinospropagatein thiscaseonly
throughthreelayers(‘1.5 periods’of densitymodulation),theparametricenhancementof
thetransitionprobabilitycanbeverystrong.

Theevolutionmatrix in this caseis �ª]¥�¤£@¨$�§£�¦��¤£@¨ . It canbeparametrizedas

�¥]^ý�aÓ�7¬�þ � ý r � þ r ]`c§l (17)
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The matrix � describesthe evolution of an arbitrary initial stateand thereforecontains
all theinformationrelevantfor neutrinooscillations.In particular, theprobabilitiesof the
neutrinoflavor oscillations

Þ
andof U r sãU v oscillations

Þ r´v aregivenby [11]

Þ ]¥ÿ r| � ÿ rr �
Þ r´v ] \b��� r �
	 � ÿ | _ ÿ | Y[Z�\ ���
	 � ÿ � \��y� �@�
	�e~l (18)

Wehavenow to identify theeffectivedensities
� | and

� r with theaveragematterdensities���
and

���
in theearth’smantleandcore,respectively; similarly, we changethenotation� |´� r ß ��� � � , � |´� r ßã� � � � and � |"� r ßÙ� � � � .

In thetwo-layerapproximation,theparametersý , þ haveaverysimpleform [11]:

ý']h� Y[Z�\ � � ©ªa Y$Z�\ � � � (19)

þ ] � � \b��� � � \��y� �@� � © � \���� � � \��y� �@� � � j �
a·_µ� \b��� � � Y[Z�\ ��� � © � \��y� � � Y[Z�\ ��� � e	�tl (20)

Herethe vector þ waswritten in components,andthe parameter© wasdefinedin (4).
At theparametricresonance,i.e. whentheconditions(12)aresatisfied,theneutrinoflavor
transitionprobabilitytakesthevalue[7,8],

Þ ] \b��� r _µ��� � a«��� � e � (21)

whereastheprobabilityof the U r sãU v transitionsis [9]

Þ r´v ] \��y� r _µ�@� � aÓ��� � � �
	�e~l (22)

Theseprobabilitiescanbecloseto unity (theargumentsof thesinescloseto � ç � ) evenif
the amplitudesof neutrinooscillationsin themantle, \��y� r ��� � , andin the core, \��y� r ��� � ,
arerathersmall. This canhappenif theneutrinoenergy lies in therange� � Ìh�¯Ì^� �

,
where � �

and � �
are the valuesof the energy that correspondto the MSW resonance

in the mantleandin the coreof the earth. This conditionis equivalentto the onein eq.
(15). The probability

Þ r´v is relevant for the descriptionof the oscillationsof solarneu-
trinos in the earth[19,20]. In the caseof small mixing angleMSW solutionof the solar
neutrinoproblem,\��y� r ��� 	 Ìhc�j�
 r [21], and

Þ r�v practicallycoincideswith
Þ

unlessboth
probabilitiesareverysmall.

The trajectoriesof neutrinostraversingthe earthare determinedby their nadir angleX Ç ]ªc�n�j � a«X . Thedistances� �
and � �

thatneutrinostravel in themantle(eachlayer)
andin thecorearegivenby

� � ]
��� Y$Z�\ XÎÇta�� � r ç � r a \��y� r XÎÇ�� �
� � ])����� � r ç � r a \��y� r X Ç l (23)

Here �¯]���oqpqc km is the earth’s radiusand �¡]Ýo���n�� km is the radiusof the core. The
matterdensityin themantleof theearthrangesfrom 2.7 � ç Y�� �

atthesurfaceto 5.5 � ç Y�� �
at the bottom,andthat in the corerangesfrom 9.9 to 12.5 � ç Y�� �

(see,e.g.,[22]). The
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electronnumberfraction ©~v is closeto 1/2 both in themantleandin thecore. Takingthe
averagematterdensitiesin themantleandcoreto be4.5and11.5g/cmr respectively, one
finds for the U v s U�V � x oscillationsinvolving only active neutrinosthe following values
of
���

and
���

:
��� ] nml �@nÐ Kc�j	
 | � eV,

�!� ]��mlyc#"  ·c�j	
 | � eV. For transitionsinvolving
sterileneutrinosU v sãU@W and U@V � xCsãU@W , theseparametersarea factorof two smaller.

4.2 Parametric resonance conditions for neutrino oscillations in the earth

If theparametricresonanceconditions(12)aresatisfied,strongparametricenhancementof
theoscillationsof corecrossingneutrinosin theearthcanoccur[7–13], seefigure1 [23].
We shall now discusstheseconditions. The phases� � and � � dependon the neutrino
parameters

�t� r , �
	 and � andalsoon thedistances� �
and � �

that theneutrinostravel
in themantleandin thecore.Thepathlengths� �

and � �
varywith thenadirangle;how-

ever, ascanbeseenfrom (23), their changesarecorrelatedandthey cannottake arbitrary
values.Thereforeif for somevaluesof theneutrinoparametersa valueof thenadirangleX Ç existsfor which,for example,thefirst conditionin eq.(12) is satisfied,it is notobvious
if at thesamevalueof XÎÇ thesecondconditionwill besatisfiedaswell. In otherwords,it
is not clearif theparametricresonanceconditionscanbefulfilled for neutrinooscillations
in the earthfor at leastonesetof the neutrinoparameters

�t� r , � 	 and � . However, as
wasshown in [9,11],notonly theparametricresonanceconditionsaresatisfied(or approx-
imatelysatisfied)for a ratherwiderangeof thenadiranglescoveringtheearth’score,they
are fulfilled for the rangesof neutrinoparameterswhich areof interestfor the neutrino
oscillationssolutionsof the solarandatmosphericneutrinoproblems. In particular, the
conditionsfor the principal resonance( á ] á â ]Ýj ) aresatisfiedto a goodaccuracy for\��y� r ���
	%$& jml�c , � éÍ_ic�lyc®f¥c�l "�e® ·c�j 
 | � eVr , which includestherangesrelevant for the
smallmixing angleMSW solutionof thesolarneutrinoproblemandfor thesubdominantU�V sãU v and U v s U�x oscillationsof atmosphericneutrinos[24].

The fact that the parametricresonanceconditionscanbe satisfiedso well for neutrino
oscillationsin theearthis rathersurprising.It is aconsequenceof anumberof remarkable
numericalcoincidences.It hasbeenknown for sometime [7,26,27]thatthepotentials

� �
and

� �
correspondingto thematterdensitiesin themantleandcore,the inverseradiusof

the earth ��
 | , andtypical valuesof
� È �t� r ç ��� of interestfor solarandatmospheric

neutrinos,areall of the sameorderof magnitude– ( o. ïc�j	
 | � –o. Kc�j�
 | � ) eV. It is this
surprisingcoincidencethatmakesappreciableeartheffectson theoscillationsof solarand
atmosphericneutrinospossible. However, for the parametricresonanceto take place,a
coincidenceby an order of magnitudeis not sufficient: the conditions(12) have to be
satisfiedat leastwithin a 50%accuracy [11]. This is exactlywhattakesplace.In addition,
in a wide rangeof thenadiranglesXÎÇ , with changingXÎÇ thevalueof theparameter

�
at

which the resonanceconditions(12) aresatisfiedslightly changes,but the fulfillment of
theseconditionsis not destroyed.

In this row of mysteriouscoincidences,at leastthe lastone– the stability of thepara-
metric resonanceconditionswith respectto variationsof the nadir angle– hasa simple
explanation.It is relatedto the fact that,dueto thesphericalgeometryof theearth,with
increasingnadirangle� �

increasesand � �
decreasessothatin alargeintervalof thenadir

anglescoveringtheearth’s corethat thesum c ç � � � c ç � �
is almostconstant.For more

details,seeref. [14].
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The parametricenhancementof neutrinooscillationsin the earthcanalsooccurwhen
either á or á â in eq. (12) or both aredifferent from zero(higher-orderparametricreso-
nances).However, the correspondingresonanceconditionscanonly be satisfiedfor the
valuesof neutrinomasssquareddifferencesandmixing angleswhich areof no practical
interestfor any known sourceof neutrinos,possibleexceptionbeingthe '!(*) componentof
thesolarneutrinoflux [14].

5. Can the parametric resonancein neutrino oscillationsbe observed?

Besidesbeingan interestingphysicalphenomenon,the parametricresonancein neutrino
oscillationscanprovide uswith an importantadditionalinformationaboutneutrinoprop-
erties.Thereforeexperimentalobservationof thiseffectwouldbeof considerableinterest.
We shall now discussthe prospectsfor experimentalobservationof the parametricreso-
nancein neutrinooscillationsin theearth,having in mind mainly theprincipalresonance.
Therearetwo mainsourcesof neutrinosfor which theparametricresonancecanbeimpor-
tant– atmosphericneutrinosandsolarneutrinos.Both sourceshave their advantagesand
disadvantagesfrom the point of view of the possibility of observation of the parametric
resonance.We shallnow briefly discussthem.

Westartwith atmosphericneutrinos.Theparametricresonancecanoccurin the U V sãU W
[7,8] andalsoin thesubdominantU�vCs�U V�wyx�z channelsof oscillations[12]. It canaffect
thedistributionsof + -like eventsandalso(in thecaseof the U v s U V�w�x�z oscillations)lead
to interestingpeculiaritiesin thezenithangledistributionsof themulti-GeV e-likeevents.

Theobservationof theparametriceffectsis hamperedby theloosecorrelationbetween
thedirectionsof themomentaof atmosphericneutrinosandof thechargedleptonswhich
they produceandwhich areactuallydetected.Becauseof this thetrajectoriesof neutrinos
comingto the detectorarenot known very precisely. In addition,the dataarepresented
for certainsamplesof events(sub-GeV, multi-GeV, upward through-going,upwardstop-
ping) which includescollectingdataover ratherwide energy intervals. Thecontributions
of theparametricpeaksmaythereforebe integratedover togetherwith otherpossibleen-
hancementpeaks– due to the MSW resonancesin the mantleand in the core, making
thedistinctionbetweentheseeffectsdifficult. Also, strongresonanceenhancementeffects
(both parametricandMSW) canonly occureitherfor neutrinosor for antineutrinos,de-
pendingon thesign of

�t� r [28]. Thepresentatmosphericneutrinoexperimentsdo not
distinguishbetweenneutrinosandantineutrinos,thereforepossiblemattereffectsare‘di-
luted’ in the sum of the U - and ,U -inducedevents. At certainvaluesof the ratio of the
muonandelectronneutrinofluxes �q_µ� � X Ç e dependingon thevalueof mixing angle � r �
theparametriceffectson e-likeeventsaresuppressed[12].

Atmosphericneutrinoshave someadvantagesfor observation of the parametricreso-
nancein neutrinooscillationsin the earth. Neutrinoscometo the detectorsfrom all di-
rections,which meansthatpracticallythewholesolid anglecoveringtheearth’s corewill
contributeto theeffect. Thereareno additionalsuppressionfactorsdueto a specificcom-
positionof the incomingneutrinoflux which mayquenchtheearth’s mattereffect on the
oscillationsof solar neutrinos(seebelow). Parametriceffects may provide a sensitive
probeof theneutrinomixing angle � | � with sensitivity possiblygoingbeyondthatof the
long-baselineacceleratorand reactorexperiments[12,29]. Possibleways of improving
theprospectsof theexperimentalobservationof theparametriceffectsin theatmospheric
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neutrinooscillationsincludeusingvariousenergy cuts,finer zenithanglebinningandde-
tectorscapableof detectingtherecoil nucleon,which would enableoneto reconstructthe
directionof anincomingneutrino[12,29]. It wouldalsobehighly desirableto havedetec-
tors thatcandeterminethechargeof theobservedelectronsandmuons,i.e. discriminate
betweenneutrinosandantineutrinos.

Solarneutrinoscanexperiencea strongparametricenhancementof their oscillationsin
theearthif thesmallmixing angleMSW effect is thecorrectexplanationof thethesolar
neutrinodeficit [9,11]. Theparametricenhancementcanoccurin awiderangeof valuesof\��y� r ��� 	 andfor thenadiranglesXÎÇ almostcompletelycoveringthecoreof theearth.The
trajectoryof eachdetectedneutrinois exactly known. For boronneutrinosthe resonance
occursat thevaluesof

�C� r which correspondto thecentralpart of theallowed interval
for thesmallmixing angleMSW solutionof thesolarneutrinoproblem.

However, therearesomedisadvantages,too. Unfortunately, dueto their geographical
location,theexistingsolarneutrinodetectorshavearelatively low timeduringwhichsolar
neutrinospassthroughthecoreof theearthto reachthedetectorevery calendaryear. The
super-Kamiokandedetectorhasa largestfractional corecoveragetime equalto p�- . In
[26] it was suggestedto build a new detectorcloseto the equatorin order to increase
the sensitivity to the earthregenerationeffect; this would alsomaximizethe parametric
resonanceeffectsin oscillationsof solarneutrinosin the earth. In the caseof the MSW
solutionsof the solarneutrinoproblemthe probability

ÞÒå�.
of finding a solar U@v after it

traversestheearthdependssensitively on theaverageU@v survival probabilityin thesun ,ÞÒå
[19,20]:

ÞËå�. ] ,ÞËå � c®a¢� ,Þ0/
Y[Z�\ ��� 	 _

Þ r�v>a \b��� r � 	 e~l (24)

The probability
Þ r´v canexperiencea strongparametricenhancement,but in the caseof

small mixing angleMSW solutionof the solarneutrinoproblemthe probability ,Þ å for
the super-Kamiokandeand SNO experimentsturns out to be rathercloseto 1/2. This
meansthat the effectsof passagethroughthe earthon solarneutrinosshouldbe strongly
suppressed.The currentbestfit of the solarneutrinodatais not far from the line in the
parameterspacewhere ,Þ å is exactly equalto 1/2 and

Þ å�. ] ,Þ å (i.e. the earthmatter
effectsareabsent).Whetheror not it will bepossibleto observe theparametricresonance
in theoscillationsof solarneutrinosin theearthdependson how closeto this line thetrue
valuesof \��y� r ��� 	 and

�C� r are. By now the super-Kamiokandeexperimenthasnot ob-
served,within its experimentalaccuracy, any enhancementof neutrinosignalfor earthcore
crossingneutrinos[30]. This canbebecausetheparametricenhancementof theneutrino
oscillationsin theearthdoesnot occur(e.g. if thetruesolutionof thesolarneutrinoprob-
lem is vacuumoscillationsor large mixing angleMSW effect), or becausethe valuesof�t� r and \��y� r ���
	 aretoo closeto thoseatwhich ,Þ å ]`c ç � . Hopefully, with accumulated
statisticsof the super-Kamiokandeand forthcomingdatafrom the SNO experimentthe
situationwill soonbeclarified.

It is interestingto notethat thesuper-Kamiokandedataon thezenithangledependence
of thesolarneutrinoeventsseemsto indicatesomedeficiency of theeventsdueto thecore-
crossingneutrinosratherthan an excess[30], althoughit is not statisticallysignificant.
Should this deficiency be confirmedby future datawith betterstatistics,it could have
a naturalexplanationin termsof the parametricresonanceof neutrinooscillations. As
followsfrom (24), theparametricenhancementof

Þ r´v for corecrossingneutrinoscanlead
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to a deficiency of theeventsif theneutrinoparametersarein thesmall-\���� r ��� 	 partof the
allowedregion which correspondsto

ÞÒå ÜÍc ç � (see,e.g.,figure10 in ref. [31]). In this
caseoneshouldalsohavean‘oppositesign’ overall day–nighteffect (fewereventsduring
thenight thanduring theday). In any case,giventhecurrentexperimentalconstraintson
theneutrinoparameters,if thesmallmixing angleMSW effect is the truesolutionof the
solarneutrinoproblem,theonly hopeto observe earthmatter(day–night)effectson solar
neutrinosseemsto be throughthe parametricresonanceof oscillationsof corecrossing
neutrinos.

As we have seen,observingtheparametricresonancein oscillationsof solarandatmo-
sphericneutrinosin the earthis not an easytask. Can one createthe necessarymatter
densityprofile andobservetheparametricresonancein neutrinooscillationsin thelabora-
tory (i.e. short-baseline)experiments?Unfortunately, theanswerto this questionseemsto
benegative. Theparametricresonancecanoccurwhenthemeanoscillationlengthin mat-
ter approximatelycoincideswith the matterdensitymodulationlength[3,4,6]: 1 � é32 .
In a matterof density

� �
theoscillationlengthis givenby 1 � ] � ç � � where �

�
wasde-

fined in (1). Let us require 1 � $& c km. Assumefirst that
� ��4& � , i.e. �

�
aredominated

by matterdensityterms. Thanfor 1 � $& c km onewould needa matterof massdensity5 �76 o�l oÒ �c�j � g/cm
�
, clearlynotafeasiblevalue.Conversely, for 5 � Õ c�j g/cm

�
, onefinds1 � 4& o�o�j�j km, a distancecomparablewith theearth’s radius.Considernow theopposite

case,
��8 �2�

. Thentheoscillationlengthin matteressentiallycoincideswith thevacuum
oscillationslengthwhich in principlecanberathershortprovidedthatthevacuummixing
angle � 	 is small (otherwisethis would contradictreactorandacceleratordata).However,
in this casethereis anotherproblem. Requiring 1 � $& c km onefinds

� 4& �ml �. �c�j	
 | 	
eV. For 5 � $& c�j g/cm

�
onethereforehas

� � ç � $& c�j�
 �
. This meansthatthemixing angles

in matterarevery closeto thevacuumone, � � é �
	q_ic � � � ç � e , andsotheir differenceis
verysmall:

� �t]»� r aÖ� | é`_ � �Oç � e:��	 $& c�j�
 � �
	 . Whenthedifferenceof mixing angles
in matteris small, theparametriceffectscanmanifestthemselvesonly if neutrinostravel
overalargenumberof periods,Å é)� ç � � � [see(14)]. Thereforein thiscasethenecessary
baselineis 9»� r ç _4���
	 � � e 4& oê Qc�j � km, againtoo large.Onecanconcludethatthesole
presentlyknown objectwherethe parametricresonancein neutrinooscillationscantake
placeis theearth,aswasfirst pointedout in [7,8].
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