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Abstract. Neutrinooscillationsin mattercanexhibit a specificresonance&nhancement— para-
metricresonanceyhichis differentfrom the MSW resonanceOscillationsof atmospheri@andsolar
neutrinosinsidethe earthcanundego parametricenhancemenvhenneutrinotrajectoriescrossthe
coreof theearth.In this paperwe review the parametricesonancef neutrinooscillationsin matter
In particular physicalinterpretatiorof the effectandthe prospect®f its experimentabbserationin

oscillationsof solarandatmospherimeutrinosin the eartharediscussed.
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1. Intr oduction

It is well known that neutrinooscillationsin mattercan differ significantly from oscil-
lationsin vacuum,the beststudiedexample being the Mikheyev—Smirno/—\Wolfenstein
(MSW) effect[1,2]. It is, however, muchlessknown thatthe MSW effectis not the sole
mechanisnby which mattercanenhancdransitionsbetweemeutrinosof differentflavor.
The MSW effect enhanceshe probabilitiesof neutrinoflavor transitionsby amplifying
neutrinomixing: the mixing anglein matterd canbecomeequalto 45° evenif the vac-
uum mixing angled, is very small. It was pointedout about12 yearsago|[3,4] thatthe
probabilitiesof neutrinoflavor transitionscanalsobe stronglyenhancedf the oscillation
phase undegoescertainmodificationin matter This canhappenif the variation of the
matterdensityalongthe neutrinopathis correlatedn a certainway with the changeof the
oscillationphase This amplificationof the neutrinooscillationprobabilityin matterdueto
specificphaserelationshipshasaninterestingpropertythatit canaccumulatef the matter
densityprofile alongthe neutrinopathrepeatstself, i.e. is periodic. The phenomenoiis
analogougo theresonancé dynamicalsystemsvhoseparameterperiodicallyvary with
time— parametriadesonancelt wasthereforedubbedparametriacesonancef neutrinoos-
cillations[3,4]. While periodicity of the parametersf the systemis useful,it is notreally
necessaryparametriccesonanc&anoccurevenin stochastianedia(see,e.g.,[5]). The
stochastiparametricesonancén neutrinooscillationswasbriefly discussedn [6].
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Figure 1. Solid curwe: transitionprobability P for v. <+ v, oscillationsin the earth
as a function of the distancet (measuredn units of the earths radius R) alongthe
neutrinotrajectory § = Am?/4E = 1.8 x 10~ '3 eV, sin? 26y = 0.01, ©,, = 11.5°.
Dashedcune: the samefor a hypotheticalcaseof neutrinopropagatiorover full two
periodsof densitymodulation(tmsx = 2(R., + Re)).

The parametriacesonanceanleadto large probabilitiesof neutrinoflavor transitionin
matterevenif the mixing anglesboth in vacuumand in matterare small. This happens
becausesachhalf-wave oscillation of the transition probability is placedon the top of
the previous one, i.e. the transitionprobability builds up (figure 1). If mixing anglein
matteris very small(matterdensityis farfrom the MSW resonanceensity) the parametric
resonance&nhancementf neutrinooscillationscan manifestitself only if the neutrinos
passthrougha large numberof periodsof densitymodulation,i.e. travel a sufiiciently
long distance However, if matterdensityis notvery far from the MSW resonancene,an
interestinginterplay betweernthe MSW and parametriceffectscanoccur In particular a
strongparametrienhancemertf neutrinooscillationscantake placeevenif theneutrinos
passonly throughl-2 periodsof densitymodulation[6].

For the parametricesonancéo occur, the exactshapeof the densityprofile is not very
important; what is importantis that the changein the densitybe synchronizedwith the
changeof the oscillation phase. In particular in [3,4] the caseof the sinusoidaldensity
profile was consideredn which the neutrinoevolution equationreducego the Mathieu
equation.In [4] the parametricesonancevasalsoconsideredor neutrinooscillationsin
a matterwith a periodicstepfunction (‘castlewall’) densityprofile, which allows a very
simpleexactanalyticsolution.We will discusghis solutionin §§2 and4.

Although the parametricresonancen neutrinooscillationsis certainly an interesting
physicalphenomenonit requiresthat very specialconditionsbe satisfied.Unfortunately
theseconditionscannotbe createdn thelaboratorybecausehis would requireeithertoo
long a baselineor neutrinopropagatiorin a matterof too high a density(see§5 below).
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Until recentlyit wasalsounclearwhethera naturalobjectexists wheretheseconditions
can be satisfiedfor arny known sourceof neutrinos. This situationhaschangedwith a
very importantobsenation by Liu and Smirnov [7] (seealso[8]), who have shovn that
the parametriacesonanceonditionscanbe approximatelysatisfiedfor the oscillationsof
atmospherie,, into sterileneutrinosy, insidetheearth.

It is known that the earthconsistsof two main structures- the mantleand the core.
Within the mantleandwithin the corethe matterdensitychangesatherslowly (the den-
sity variationscaleis large comparedo thetypical oscillationlengthsof atmospheriand
solarneutrinos) put at their borderit jumpssharplyby abouta factorof two. Thereforeto
a goodapproximationone canconsiderthe mantleandthe core asstructuresof constant
densitiesequalto the correspondingveragedensitieqtwo-layermodel). Neutrinoscom-
ing to the detectorfrom the lower hemispheret zenithangles® in the rangedefinedby
cos © = (—1) + (—0.837) traversethe earths mantle,coreandthenagainmantle. There-
fore suchneutrinosexperiencea periodic‘castlewall’ potential,andtheir oscillationscan
be parametricallyenhancedEventhoughthe neutrinospassonly through'1.5 periods’of
densitymodulationgthis would be exactly oneperiodandahalf if the distancesieutrinos
travel in the mantleandin the corewereequal),the parametriceffectson neutrinooscil-
lationsin the earthcanbe quite strong. Subsequentlyit hasbeenpointedoutin [9] that
the parametriccesonanceonditionscanalsobe satisfied(andto even a betteraccurag)
for thev, « v, oscillationsin the earthin the caseof the v.—v,,(;) mixing [10]. This, in
particular may have importantimplicationsfor the solarneutrinoproblem. The paramet-
ric resonancén theoscillationsof solarandatmospherimeutrinosn the earthwasfurther
exploredin anumberof paperqd11-14].

In the presenpaperwe review the parametriacesonancén neutrinooscillationsandits
possibleimplicationsfor oscillationsof solarandatmosphericeutrinosin theearth.In §2
we discussneutrinooscillationsandtheir parametricenhancemenin matterwith ‘castle
wall’ densityprofile. In §3 we discussthe physicalinterpretationof the parametriaeso-
nancein neutrinooscillations. In §4 the parametricesonancén oscillationsof solarand
atmospherimeutrinosin the earthis discussedin §5 the parametricesonanceonditions
for neutrinooscillationsin the earthareconsideredIn thelastsectionthe prospect®f ex-
perimentalobsenation of the parametriccesonancén neutrinooscillationsare discussed
andthe conclusionsaregiven.

2. Neutrino oscillationsin matter with ‘castle wall’ density profile

Consideroscillationsin a 2-flavor neutrinosystemin a matterwith periodicstepfunction
densityprofile [4,11]. We will beassuminghatoneperiodof densitymodulationconsists
of two partsof the lengthsT; andT;, with the correspondingeffective matterdensities
N; and N, (‘castlewall” densityprofile, figures3, 5, 7). For thev, < v, oscillations
the effective matterdensitycoincideswith the electronnumberdensity whereador the
Ve,u,r ¢+ V, OScillationsin anisotopicallysymmetricmatterit is a factorof two smaller
The parametriccesonancén sucha systemoccurswhenthe oscillationsphase®¢, and
2¢- acquiredover the internvals T; andT» are odd integer multiplesof « [4,7,8]. Let us
denote
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Am?
0= 4F
Vi = & N; w; = \/(COS 2006 — ‘/;)2 + (sin 200 (5)2 (7, =1, 2) . (1)

V2

Here E, Am? andé, aretheneutrinoenegy, masssquaredlifferenceandvacuummixing
angle respectiely. Thedifferenceof the neutrinoeigeneneggiesin a matterof densityV;
is 2w;, sothatthe oscillationsphasescquiredovertheinternvalsT; andT; are

2¢1 = 2(,«)1T1 , 2¢)2 = 2w2T2 - (2)

The evolution of a systemof oscillating neutrinosis corveniently describedby the evo-
lution matrix U, which in the caseof the 2-flavor systemis a2 x 2 unitary matrix. For
ary interval of time over which the matterdensityis constanthe evolution matrix canbe
trivially found;the evolution matrix in a matterwith a step-functiordensityprofile is then
justtheproductof thecorrespondingonstant-densitgvolution matrices.In particulay for
oneperiodof densitymodulationT' = Ty + T theevolution matrixis [11]

Ur = UnUr, =Y —ioX = exp[—i(cX)®]. (3)

Hereo arethePauli matricesin theflavor space,

Y =cica — (n1nz)s;s2, 4)

X = s1cany + s2¢1 Ny — 5182 (N1 X ng), (5)

® = arccosY = arcsin X, X = % , (6)
andwe have usedthe notation

si=sing;, c¢;=cos¢;, ¢;=wT;, (7

n; = (sin26;, 0, — cos26;) (i=1, 2). (8)

Hered; is the mixing anglein matterat the density N;. NoticethatY? + X2 = 1 asa
consequencef unitarity of Ur.

The evolution matrix for n periods(n = 1,2,...) canbe obtainedby raisingUr to the
nth power:

Unr = U(t = nT, 0) = exp[—i(cX)n®]. (9)

Equationq3)—(9) give the exact solutionof the evolution equationfor ary instantof time
thatis aninteger multiple of the periodT'. In orderto obtainthe solutionfor nT < t <
(n + 1)T onehasto evolve thesolutionat¢ = nT by applyingthe evolution matrix

Ui(t, nT) = exp[—iH; - (t — nT)] (10)
fornT <t<nT+T;or
U2 (t, nT =+ T1)U1 = eXp[—’ng - (t —nT — Tl)] exp[—iHlTl] (11)

fornT +T1 <t < (n+ 1)T, with Hy 5 beingthe effective Hamiltoniansof neutrino
systematthe densitiesV; and My, respectiely.
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2.1 Parametric resonance

Assumethat the initial neutrinostateat¢ = 0 is a flavor eigenstate/,. The probabil-
ity of finding anotherflavor eigenstates, atatimet > 0 (transitionprobability) is then
P(v, = v, t) = |U21(t)|*> whereU(t) is the evolution matrix. For neutrinooscillations
in matterwith the‘castlewall’ densityprofile this probabilitycanreachits maximumvalue
whenthe parametricresonanceonditionsare satisfied. Theseconditionscanbe written
as[3,4,6-11,15]

¢1:g+k7r, ¢2:g+k'7r, k k' =0,1,2, ... (12)
At the resonancethe transition probability for the evolution over n periodsof density
modulationtakesa simpleform

P(v, = vy, t =nT) = sin*[n(20y — 26,)]. (13)

LetusfirstassumehatthedensitiesV;, N, areeitherbothbelony theMSW resonancéden-
sity Nysw which is determinedrom GFNMSW/\/i = cos 26, § or they arebothabove
it. This meanshatthe mixing anglesd, » satisfy6, > < 7/4 or 61 » > /4, respectiely.
It is easyto seethatin this casethedifference26, — 26, is alwaysfartheraway from 7/2
thaneither26, or 26,. This meansn this casethetransitionprobabilityfor evolution over
oneperiodcannotexceedthe maximaltransitionprobabilitiesin matterof constantensity
equalto either Ny or Ny, namely sin® 26, orsin® 26,. However, the parametricesonance
doesleadto animportantgain. In a mediumof constandensity N; the transitionproba-
bility cannever exceedsin® 26;, no matterhow long the distancethatneutrinostravel. On
the contrary in the matterwith ‘castlewall’ densityprofile, if the parametricresonance
conditions(12) are satisfied the transitionprobability canbecomelarge provided neutri-
nostravel large enoughdistance.It canbe seenfrom (13) that the transitionprobability
can becomequite sizeableeven for small sin? 26; andsin? 26, provided that neutrinos
have traveledsufficiently large distance.This is illustratedin figures2 and 3 for the case
N1, N2 < Nysw (thetransitionprobability in the caseN;, No > Nysw hasa similar
behavior). Thenumberof periodsneutrinoshave to passin orderto experienceacomplete
(or almostcomplete)cornversionis

™
n oy (14)

(61 —6s)
Considemow thecaseN; < Nysw < Na (01 < /4 < 63). Thetransitionprobability
over n periodsat the parametricresonancés againgivenby eq. (13). Howeverin this
casefor 6, > w/4 + 61 /2 (whichis alwayssatisfiedfor smallmixing in matter),onehas
sin?(26, — 26,) > sin®26,, sin® 26,. This meansthat even for the time interval equal
to one period of matter density modulation the transition probability exceeds the maximal
probabilities of oscillations in matter of constant densities N; and N». This parametric
enhancemeris further magnifiedin the caseof neutrinostraveling over ‘one anda half’
periodsof densitymodulation,which hasimportantimplicationsfor neutrinostraversing
theearth.ThecaseN; < Nusw < N, isillustratedin figuresl, 4,5 and6, 7.
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Figure 2. Coordinatedependencef the neutrinoflavor transitionprobability P in a
matterwith thecastlewall densityprofile.sin? 26p = 0.01,6 = 1072 eV, V; =107
eV, Ve =6.33 x 1073 eV, 71 = 5.4 x 1072, T, = 0.1296, all distancesarein units
of R =3.23 x 103 eV~
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Figure 3. Coordinatedependencef the matterinducedneutrinopotential[ (G /v/2 x
(densityprofile)] for the caseshawn in figure 2.
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Figure4. Sameasfigure2butfor§ = 2x 1073 eV, V5 = 4x10™ 3 eV, Ty = 0.4814,
T> = 0.2408.

1.00e-12

0.00e+00 : : : : : : :
0.0 1.0 2.0 3.0 4.0

Figure 5. Coordinatedependencef the matterinducedneutrinopotentialfor the case
shavn in figure4.
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Figure 6. Sameasfigure2 butfor § = 1072 eV, Vo = 10" eV, T} = 5.4 x 10" 2,
T =54 x 1073,
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Figure 7. Coordinatedependencef the matterinducedneutrinopotentialfor the case
shavn in figure6.

54 Pramana-J. Phys.,Vol. 54, No. 1, January 2000



Parametric resonance in neutrino oscillations

3. Physicalinter pretation of the parametric resonancen neutrino oscillations

As we have seen,the parametricresonancecan strongly enhancethe probability of
flavor transitionseven if the lepton mixing anglesboth in matter and in vacuumis
small. This factcanbe givena very simplephysicalinterpretatior{16].

Neutrinooscillationsin matterof constantensityproceedexactly asthe oscillationsin
vacuum,the only differencebeingthatthe oscillationamplitudeand lengthare different
from thosein vacuum. If the vacuummixing anglef, is small andin addition matter
densityis not closeto the MSW resonanc®ne, the amplitudeof neutrinooscillationsin
matter sin? 26, andthereforethe transitionprobability, is smalll.

The situationcanbe drasticallydifferentin the caseof the ‘castlewall’ densityprofile.
Considefrfirst neutrinoevolution during the first part of the period of densitymodulation
(i.e. overthetimeinterval 7). The matterdensityduringthis interval of time is constant:
N(t) = Np. If thefirst of the conditions(12) is satisfied,at the endof this interval the
transitionprobability reachesin® 26; which is the maximalvaluepossiblein a matterof
constantensityN; . If the densitystayedconstantthe transitionprobability would have
starteddecreasin@ndwould have returnedto zeroat the time 27,. However, att = T3
the matterdensityjumpsto avalue N,. If now the seconcbf the conditionsin (12)is also
satisfied andif in addition

N; < Nusw < Na (01 <7m/4<6s), (15)

thetransitionprobabilitywill continueincreasingnsteadof decreasingfiguresl, 4, 6). In
fact,the seconchalf-wave of neutrinooscillationsis similar to thefirst one. This happens
becausef the violation of the adiabaticityof neutrinooscillationsby a suddenchangeof
the matterdensityandbecausehis changes correlatedwith the changeof the oscillation
phase Thetransitionprobability over oneperiodof densitymodulationis

P(vy = vy, T) = sin®(26, — 26;), (16)

which, aswasdiscussedn the previous section,exceedsoth sin? 20, andsin? 26, if the
condition (15) is satisfied. If the matterdensity profile is periodic, the increaseof the
transitionprobabilityaccumulatesTheparametricesonanc@utseachhalf-waveincrease
of the oscillation curve on the top of the previous one, leadingto a fastgrowth of the
transitionprobability (figures1, 4, 6).

If theparametricesonanceonditions(12) aresatisfiedout the condition(15)is not, the
transitionprobability startsdecreasin@fter the first half-wave increase . Howeverit does
notreachzero,andthe decreasés followedby anotherincrease As aresult,thetransition
probability builds up and canreachunity (figure 2). In this case,however, the increase
of the transitionprobability is lessfastthanwhenthe condition (15) is satisfied. Similar
situationtakes placeif (15) is obeyed, but the parametricresonanceonditions(12) are
only approximatelysatisfiedj.e. thereis a smalldetuning.

We shall now illustrate onceagainthe importanceof a correlatedchangeof the oscil-
lation phaseand matter density profile along the neutrinopath. In figures6 and 7 the
coordinatedependencef the transitionprobability and matterdensityprofile are shavn
for a specificcasein which conditions(12) and (15) are fulfilled. It canbe seenfrom
thesefiguresthatthe probability increaseduring the time intervals Ts, which correspond
to theeffective matterdensityNs, is verysmall,and,in addition,in thiscasels <« T7. One
couldthereforeconcludethatthe evolution duringtheseintervalsis unimportant However,
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Figure 8. Sameasfigure6 butfor V2 = Vi (V(t) = V1 = const).

this conclusionis wrong: if oneremovesthe‘spikes’in the matterdensityprofile of figure
7,i.e. replacest by the profile N(t) = N; = const. the resultingtransitionprobability
will bevery smallatall times(figure 8).

4. Parametric resonancean neutrino oscillationsin the earth
4.1 Evolution of oscillating neutrinos in the earth

Aswaspointedoutin thelntroduction theearthconsistof two mainstructuresthemantle
andthe core,which for the purpose®f neutrinooscillationscanto a very good approxi-
mationbe consideredslayersof constantensity We shallconsidemeutrinooscillations
in the earthin this two-layerapproximation. Neutrinoscomingto the detectorfrom the
lower hemispheref the earthat zenithangles® in therangecos ® = (—1) + (—0.837)

(nadirangle®,, = 180° — 0 < 33.17°) traversethe earths mantle,coreandthenagain
mantle,i.e. threelayersof constantdensitywith the third layer beingidenticalto the first
one. Thereforesuchneutrinosexperiencea periodic‘castlewall’ potential,andtheir oscil-
lationscanbe parametricalllenhancedAlthoughthe neutrinogpropagatén this caseonly
throughthreelayers(‘1.5 periods’of densitymodulation) the parametrienhancementf

thetransitionprobability canbevery strong.

Theevolution matrixin thiscaseis U = Ur, Uz, U, . It canbe parametrizecs

U=Z—ioW, Z>+W?2=1. (17)
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The matrix U describeghe evolution of an arbitraryinitial stateand thereforecontains
all theinformationrelevantfor neutrinooscillations.In particular the probabilitiesof the
neutrinoflavor oscillationsP andof v» < v, oscillationsP;, aregivenby [11]

P=W2+W}, P =sin?6+ W;i(W;cos26p + Wasin26p). (18)

We have now to identify theeffective densitiesV; and NV, with theaveragematterdensities
N,, and N, in theearths mantleandcore,respectiely; similarly, we changethe notation
Vi = Viner 1,2 = @m,c @andby o — Oy c.

In thetwo-layerapproximationthe parameters’, W have avery simpleform [11]:

7 =2¢c0s ¢y, Y — cos ., (19)

W = (2 SN ¢ Si0 20, Y + sin ¢ sin 26, , 0,
— (2sin ¢y, cos 26, Y + sin ¢, cos 26,.) ) . (20)

Herethe vector W waswritten in componentsandthe parametey” wasdefinedin (4).
At the parametriadesonance,e. whentheconditions(12) aresatisfied the neutrinoflavor
transitionprobability takesthevalue[7,8],

P =sin?(20, — 46,,), (21)
whereaghe probability of thev, + v, transitionss [9]
Py, = sin? (206 — 46, + 00) . (22)

Theseprobabilitiescanbe closeto unity (the agumentsof the sinescloseto 7 /2) evenif
the amplitudesof neutrinooscillationsin the mantle,sin? 26,,, andin the core,sin? 26.,
arerathersmall. This canhapperif the neutrinoenepy liesin therangeE. < FE < E,,,
where E,,, and E.. arethe valuesof the enepgy that correspondo the MSW resonance
in the mantleandin the core of the earth. This conditionis equialentto the onein eq.
(15). The probability P, is relevantfor the descriptionof the oscillationsof solarneu-
trinosin the earth[19,20]. In the caseof small mixing angleMSW solutionof the solar
neutrinoproblem,sin? 26, < 10~2 [21], and P, practicallycoincideswith P unlessboth
probabilitiesarevery small.

The trajectoriesof neutrinostraversingthe earthare determinedby their nadir angle
0, = 180° — ©. ThedistancesR,,, and R, thatneutrinogravel in themantle(eachlayer)
andin the corearegivenby

R,=R (cos@n —4/r2/R2% — sin? ®n) ,
R.=2R\/r2/R? —sin’ O, (23)

Here R = 6371km is the earths radiusandr = 3486 km is the radiusof the core. The
matterdensityin themantleof theearthrangesrom 2.7g/cm? atthesurfaceto 5.5g /cm?®
at the bottom, andthatin the corerangesfrom 9.9to 12.5g/cm? (see,e.g.,[22]). The
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electronnumberfractionY, is closeto 1/2 bothin the mantleandin the core. Takingthe
averagematterdensitiesn the mantleandcoreto be4.5and11.5g/cn? respectiely, one
findsfor the v, < v, , oscillationsinvolving only active neutrinosthe following values
of V,, andV,: V,,, = 8.58 x 10~ eV, V., = 2.19 x 10~ eV. For transitionsinvolving
sterileneutrinosy. ¢ v, andy, . ¢ v,, theseparameterarea factorof two smaller

4.2 Parametric resonance conditions for neutrino oscillationsin the earth

If theparametridesonanceonditions(12) aresatisfied strongparametrienhancemertf
the oscillationsof corecrossingneutrinosin the earthcanoccur[7-13], seefigure 1 [23].
We shall now discusstheseconditions. The phasesp,, and ¢. dependon the neutrino
parameterd\m?, §, and E andalsoon the distancesk,,, and R, thatthe neutrinostravel
in themantleandin thecore. The pathlengthsR,,, and R, vary with thenadirangle;how-
ever, ascanbe seenfrom (23), their changesrecorrelatedandthey cannottake arbitrary
values.Thereforeif for somevaluesof the neutrinoparameters valueof the nadirangle
0,, existsfor which, for example thefirst conditionin eq. (12)is satisfiedjt is notobvious
if atthesamevalueof ©,, thesecondcconditionwill besatisfiedaswell. In otherwords,it
is notclearif the parametricesonanceonditionscanbefulfilled for neutrinooscillations
in the earthfor at leastonesetof the neutrinoparameters\m?, 6, and E. However, as
wasshavnin [9,11], notonly theparametricesonanceonditionsaresatisfiedor approx-
imatelysatisfied¥or aratherwide rangeof the nadiranglescoveringthe earths core,they
arefulfilled for the rangesof neutrinoparametersvhich are of interestfor the neutrino
oscillationssolutionsof the solarand atmospherimeutrinoproblems. In particular the
conditionsfor the principalresonancék = k' = 0) aresatisfiedto a goodaccuray for
sin? 26y < 0.1, ~ (1.1 = 1.9) x 1073 eV?, which includesthe rangesrelevantfor the
smallmixing angleMSW solutionof the solarneutrinoproblemandfor the subdominant
v, < v, andv, < v, oscillationsof atmospherimeutrinog24].

The factthatthe parametriccesonanceonditionscan be satisfiedso well for neutrino
oscillationsin the earthis rathersurprising.lt is aconsequencef anumberof remarkable
numericalcoincidenceslt hasbeenknown for sometime [7,26,27]thatthe potentialsV/,,,
andV, correspondindo the matterdensitiesn the mantleandcore,the inverseradiusof
theearthR—!, andtypical valuesof § = Am?/4E of interestfor solarandatmospheric
neutrinos,areall of the sameorderof magnitude- (3 x 10~14-3 x 10713) eV. It is this
surprisingcoincidencehatmakesappreciableartheffectson the oscillationsof solarand
atmospherimeutrinospossible. However, for the parametricresonanceo take place,a
coincidenceby an order of magnitudeis not sufficient: the conditions(12) have to be
satisfiedatleastwithin a50%accurag [11]. Thisis exactly whattakesplace.ln addition,
in awide rangeof the nadirangleso,,, with changing®,, the valueof the parameteb at
which the resonanceonditions(12) are satisfiedslightly changesput the fulfillment of
theseconditionsis notdestryed.

In this row of mysteriouscoincidencesat leastthe last one— the stability of the para-
metric resonanceonditionswith respectto variationsof the nadir angle— hasa simple
explanation. It is relatedto the factthat, dueto the sphericalgeometryof the earth,with
increasinghadirangleR,, increasesndR, decreasesothatin alargeinterval of thenadir
anglescoveringthe earth’s corethatthesum1/R. + 1/R,, is almostconstant.For more
details,seeref. [14].
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The parametricenhancementf neutrinooscillationsin the earthcanalsooccurwhen
eitherk or k' in eq. (12) or both are differentfrom zero (higherorderparametricreso-
nances).However, the correspondingesonanceonditionscan only be satisfiedfor the
valuesof neutrinomasssquaredifferencesand mixing angleswhich are of no practical
interestfor any known sourceof neutrinospossibleexceptionbeingthe hep componenbf
thesolarneutrinoflux [14].

5. Can the parametric resonanceén neutrino oscillationsbe obsewved?

Besidesbeingan interestingphysicalphenomenonthe parametriacesonancén neutrino
oscillationscanprovide uswith animportantadditionalinformationaboutneutrinoprop-
erties. Thereforeexperimentabbsenationof this effectwould be of considerablénterest.
We shall now discussthe prospectdor experimentalobsenation of the parametricreso-
nancein neutrinooscillationsin the earth,having in mind mainly the principalresonance.
Therearetwo mainsourcef neutrinogor which theparametriacesonanceanbeimpor-
tant— atmospherimeutrinosandsolarneutrinos.Both sourceshave their advantagesand
disadantagedrom the point of view of the possibility of obsenation of the parametric
resonanceWe shallnow briefly discusghem.

We startwith atmospheriteutrinos Theparametrizesonanceanoccurin thev,, < v;
[7,8] andalsoin the subdominant, < v, ;) channelsof oscillations[12]. It canaffect
thedistributionsof u-like eventsandalso(in the caseof thev, < v,,(, oscillations)lead
to interestingpeculiaritiesn the zenithangledistributionsof the multi-GeV e-like events.

The obsenation of the parametriceffectsis hamperedy theloosecorrelationbetween
the directionsof the momentaof atmospherigieutrinosandof the chaigedleptonswhich
they produceandwhich areactuallydetected Becausef this thetrajectoriesof neutrinos
comingto the detectorare not known very precisely In addition,the dataare presented
for certainsamplesof events(sub-GeVY multi-GeV, upward through-goingupward stop-
ping) which includescollectingdataover ratherwide enegy intervals. The contributions
of the parametrigpeaksmaythereforebe integratedover togethemwith otherpossibleen-
hancemenpeaks— due to the MSW resonancef the mantleandin the core, making
thedistinctionbetweertheseeffectsdifficult. Also, strongresonancenhancemergffects
(both parametricand MSW) canonly occureitherfor neutrinosor for antineutrinosde-
pendingon the sign of Am? [28]. The presentatmospherimeutrinoexperimentsdo not
distinguishbetweemeutrinosandantineutrinosthereforepossiblemattereffectsare ‘di-
luted’ in the sumof the v- and 7-inducedevents. At certainvaluesof the ratio of the
muonandelectronneutrinofluxesr(E, ©,,) dependingon the valueof mixing anglef.s
the parametriceffectson e-like eventsaresuppressefl 2].

Atmosphericneutrinoshave someadwantagedor obsenation of the parametricreso-
nancein neutrinooscillationsin the earth. Neutrinoscometo the detectorsrom all di-
rections,which meanghat practicallythe whole solid anglecoveringthe earths corewill
contributeto the effect. Thereareno additionalsuppressiofiactorsdueto a specificcom-
positionof the incomingneutrinoflux which may quenchthe earths mattereffect on the
oscillationsof solar neutrinos(seebelow). Parametriceffects may provide a sensitve
probeof the neutrinomixing angle#,s with sensitvity possiblygoing beyond thatof the
long-baselineacceleratoand reactorexperiments[12,29]. Possibleways of improving
the prospect®of the experimentalobsenation of the parametriceffectsin the atmospheric
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neutrinooscillationsinclude usingvariousenegy cuts,finer zenithanglebinningandde-
tectorscapableof detectingtherecoil nucleon,which would enableoneto reconstructhe
directionof anincomingneutrino[12,29]. It would alsobe highly desirableto have detec-
torsthatcandeterminethe chage of the obsened electronsandmuons,i.e. discriminate
betweemeutrinosandantineutrinos.

Solarneutrinoscanexperiencea strongparametricenhancemerntf their oscillationsin
the earthif the small mixing angleMSW effect is the correctexplanationof the the solar
neutrinodeficit[9,11]. Theparametrienhancementanoccurin awide rangeof valuesof
sin? 26, andfor thenadirangleso,, almostcompletelycoveringthecoreof theearth. The
trajectoryof eachdetectecdheutrinois exactly known. For boronneutrinosthe resonance
occursat the valuesof Am? which correspondo the centralpart of the allowedinterval
for thesmallmixing angleMSW solutionof the solarneutrinoproblem.

However, thereare somedisadwantagestoo. Unfortunately dueto their geographical
location,theexisting solarneutrinodetectordave arelatively low time duringwhich solar
neutrinogpassthroughthe coreof the earthto reachthe detectorevery calendaryear The
superKamiokandedetectorhasa largestfractional core coveragetime equalto 7%. In
[26] it was suggestedo build a new detectorcloseto the equatorin orderto increase
the sensitvity to the earthregeneratioreffect; this would also maximizethe parametric
resonanceffectsin oscillationsof solarneutrinosin the earth. In the caseof the MSW
solutionsof the solar neutrinoproblemthe probability Psg of finding a solarv, afterit
traverseghe earthdependsensitvely onthe averagev, survival probabilityin the sunPs
[19,20]:

1— 2P

Psg = P
SE 5+ cos 20

(PZe — sin2 00) - (24)
The probability P, canexperiencea strongparametricenhancementyut in the caseof
small mixing angleMSW solution of the solar neutrino problemthe probability Ps for
the superKamiokandeand SNO experimentsturns out to be rathercloseto 1/2. This
meanghat the effectsof passagehroughthe earthon solarneutrinosshouldbe strongly
suppressedThe currentbestfit of the solarneutrinodatais not far from theline in the
parameteispacewhere Ps is exactly equalto 1/2 and Psg = Ps (i.e. the earthmatter
effectsareabsent) Whetheror notit will be possibleto obsene the parametricesonance
in the oscillationsof solarneutrinosin the earthdepend®n how closeto thisline thetrue
valuesof sin? 26, and Am? are. By now the superKamiokandeexperimenthasnot ob-
sened,within its experimentabccurag, ary enhancemerdf neutrinosignalfor earthcore
crossingneutrinos[30]. This canbe becausehe parametricenhancemeraf the neutrino
oscillationsin the earthdoesnot occur(e.g.if thetrue solutionof the solarneutrinoprob-
lem is vacuumoscillationsor large mixing angleMSW effect), or becausehe valuesof
Am? andsin? 26, aretoo closeto thoseatwhich Ps = 1 /2. Hopefully, with accumulated
statisticsof the superKamiokandeand forthcomingdatafrom the SNO experimentthe
situationwill soonbeclarified.

It is interestingto notethatthe superKamiokandedataon the zenithangledependence
of thesolarneutrinoeventsseemso indicatesomedeficieng of theeventsdueto thecore-
crossingneutrinosratherthan an excess[30], althoughit is not statistically significant.
Shouldthis deficieny be confirmedby future datawith better statistics,it could have
a naturalexplanationin termsof the parametricresonancef neutrinooscillations. As
followsfrom (24), theparametrienhancemertf P, for corecrossingneutrinoscanlead
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to adeficieny of theeventsif the neutrinoparametersirein thesmallsin? 26, partof the
allowed region which correspondso Ps > 1/2 (see,e.g.,figure10in ref. [31]). In this
caseoneshouldalsohave an‘oppositesign’ overall day—nighteffect (fewer eventsduring
the nightthanduringthe day). In arny case giventhe currentexperimentalconstraintson
the neutrinoparametersif the small mixing angleMSW effectis the true solutionof the
solarneutrinoproblem,the only hopeto obsene earthmatter(day—night)effectson solar
neutrinosseemso be throughthe parametricresonancef oscillationsof core crossing
neutrinos.

As we have seenpbservingthe parametricesonancén oscillationsof solarandatmo-
sphericneutrinosin the earthis not an easytask. Can one createthe necessarymatter
densityprofile andobsene the parametricesonancén neutrinooscillationsin thelabora-
tory (i.e. short-baselinegxperimentsJnfortunately theanswerto this questionseemgo
beneggative. The parametricesonanceanoccurwhenthemeanoscillationlengthin mat-
ter approximatelycoincideswith the matterdensitymodulationlength[3,4,6]: {,,, ~ L.
In a matterof density N; the oscillationlengthis givenby ,, = 7 /w; wherew; wasde-
finedin (1). Let usrequirel,, < 1 km. AssumefirstthatV; 2 4, i.e. w; aredominated
by matterdensityterms. Thanfor I, S 1 km onewould needa matterof massdensity
pi > 3.3x10* g/lc?, clearlynotafeasiblevalue.Converselyfor p; < 10 g/cn?, onefinds
I 2 3300 km, a distancecomparablevith the earths radius. Considemow the opposite
caseg > V;. Thentheoscillationlengthin matteressentiallycoincideswith the vacuum
oscillationslengthwhichin principle canberathershortprovidedthatthe vacuummixing
anglef, is small (otherwisethis would contradictreactorandacceleratodata). However,
in this casethereis anotherproblem. Requiringl,,, < 1 km onefindsd 2 2.5 x 10710
eV. For p; < 10 g/cn?® onethereforehasV; /6 < 10~3. This meanghatthe mixing angles
in matterarevery closeto thevacuumone,6; ~ 6,(1 + V;/6), andsotheir differenceis
verysmall: A§ = 6, — 6; ~ (AV/6) 6y < 10~36,. Whenthedifferenceof mixing angles
in matteris small, the parametriceffectscanmanifestthemselesonly if neutrinostravel
overalargenumberof periodsyn ~ 7 /4Af [see(14)]. Thereforen thiscasethenecessary
baselinds ~ 2 /(46,AV) 2 3 x 10% km, againtoo large. Onecanconcludethatthe sole
presentlyknown objectwherethe parametriccesonancén neutrinooscillationscantake
placeis theearth,aswasfirst pointedoutin [7,8].
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