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Abstract. I consider a satellite moving around a non-spherical body of
mass M and equatorial radius R, and calculate its orbital precessions
caused by the body’s octupolar mass moment J4. I consider only the
effects averaged over one orbital period T of the satellite. I give exact for-
mulas, not restricted to any special values of either the eccentricity e or
the inclination i of the satellite’s orbit. I do not assume any preferential
orientation for the body’s spin axis k̂ because in many cases of poten-
tial interest (exoplanets, neutron stars, black holes) it is poorly known or
unknown at all.
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1. Introduction

Since all astronomical bodies like planets (Null et al. 1975; Konopliv et al. 1999;
Lemoine et al. 1998; Tapley et al. 2004; Reigber et al. 2005; Jacobson et al. 2006;
Hirt et al. 2012; Smith et al. 2012), satellites (Anderson et al. 2001a, b; Iess et al.
2007, 2010; Yan et al. 2013), our Sun (Johnson et al. 1980; Ulrich & Hawkins 1981;
Lydon & Sofia 1996; Pijpers 1998; Godier & Rozelot 1999; Roxburgh 2001; Pireaux
& Rozelot 2003; Rozelot et al. 2004; Rozelot & Damiani 2011; Damiani et al. 2011;
Rozelot & Fazel 2013), other main sequence stars (Hirata 1995; van Belle et al. 2001;
Domiciano de Souza et al. 2003; McAlister et al. 2005; Meilland et al. 2009; Yoon
et al. 2010; Nemravová et al. 2010; Dufton et al. 2011; van Belle 2012; Granada et al.
2013), white dwarfs (Anand 1965; Hartle 1967; Arutyunyan et al. 1971b; Boshkayev
et al. 2012, 2013a, b), neutron stars (Hartle 1967; Arutyunyan et al. 1971a; Shibata
1998; Laarakkers & Poisson 1999; Stergioulas 2003; Boshkayev et al. 2012; Pappas
& Apostolatos 2012), black holes (Geroch 1970; Hansen 1974; Simon & Beig 1983;
Chruściel 1994; Heusler 1998; Vigeland 2010) rotate more or less rapidly, they are
not perfectly spherical because of the centrifugal forces flattening them at the poles.
Accordingly, the motion of a test object about them deviates from the standard
Keplerian picture at the Newtonian level. Since the departures from spherical sym-
metry usually cause small additional accelerations with respect to the inverse-square
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one, the resulting orbital effects can be treated as perturbations (Kaula 2000;
Capderou 2005) of the standard Keplerian elliptical motion in terms of the osculating
Keplerian orbital elements.

A class of particularly important effects consist in the satellite’s secular perturba-
tions due to the even zonal multipoles J�, � = 2, 4, 6, . . . of the aspherical gravity
field of the centrifugally distorted primary of mass M and equatorial radius R.
Indeed, they grow cumulatively over time, orbit after orbit. These shifts are quite
important in a lot of practical applications, ranging from global gravity field deter-
mination (O’Keefe et al. 1959; King-Hele 1961; King-Hele et al. 1963; Cook 1963;
Giacaglia 1964; Kozai 1966; Wagner 1973; King-Hele & Cook 1973; King-Hele
1983; Konopliv et al. 2006) to fundamental physics in space (Iorio 2001, 2002, 2003;
Lucchesi 2003; Iorio et al. 2004; Lucchesi 2005; Iorio 2005a, b, 2006a, b, 2007a;
Lucchesi 2007; Iorio 2007b, 2008a, b, 2009a, b, c, 2010b; Lucchesi & Peron 2010;
Iorio 2010a; Xu et al. 2011; Iorio 2011e; Iorio et al. 2011; Iorio 2011a, b, c; Lucchesi
2011; Iorio 2012a, b; Iorio et al. 2013; Singh & Umar 2013). Thus, it is important to
calculate them quite accurately.

Here, I offer a complete calculation of the orbit perturbations caused by the
octupolar mass moment J4 of an axisymmetric body whose spin axis is arbitrarily
oriented in space. In other words, contrary to what was made so far in the literature, I
do not align the unit vector k̂ of the body’s spin axis with the z axis of the coordinate
system adopted. Indeed, in several cases of potential interest, the orientation of k̂ in
space is not known. The orbital perturbations due to the quadrupolar mass moment J2

for an arbitrary k̂ were computed in Iorio (2011d), while those up to � = 20 for k̂ ‖ ẑ
can be found in Iorio (2003).

Finally, I wish to mention that the quadrupole J2 of an aspherical body disturbs the
motion of a satellite also at the post-Newtonian level (Soffel et al. 1988; Heimberger
et al. 1990; Brumberg 1991). These effects could be measured with the Juno mission
to Jupiter (Iorio 2013).

2. My calculation

In the following, a, e, i, �, ω are the standard Keplerian orbital elements parametriz-
ing the Keplerian ellipse in the two-body problem: the semimajor axis, the eccen-
tricity, the inclination, the longitude of the ascending node, and the argument of
pericenter.

I assume the following perturbing potential (Capderou 2005)

�U4 = −G M

r
J4

(
R

a

)4

P4(k̂ · r̂), (1)

where P4 is the Legendre polynomial of degree 4, G is the gravitational constant, k̂
is the unit vector of the spin axis of the body, and r̂ is the unit vector instantaneously
pointing from the body to the satellite. In my calculation, I do not align k̂ along with
the z axis.

Now, I compute the average 〈�U4〉T of eq. (1) over one orbital period T =
2π/n = 2π

√
a3/G M of the satellite. I do not show the cumbersome result since it

has not a direct, explicit connection with the observations.
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Then, I apply the standard Lagrange planetary equations to 〈�U4〉T and get the
rates of change of the orbital elements averaged over the particle’s orbital period T .
Below, I show the exact expressions for a, e, i, �.〈

da

dt

〉
T

= 0, (2)

〈
de

dt

〉
T

= − 15n J4e

512(1 − e2)3

(
R

a

)4

E(k̂, i, �, ω), (3)

〈
di

dt

〉
T

= 15n J4

2048(1 − e2)4

(
R

a

)4

I(k̂, i, �, ω), (4)

〈
d�

dt

〉
T

= − 15n J4 csc i

64(1 − e2)4

(
R

a

)4

N (k̂, i, �, ω). (5)

The quantities E,I,P in eqs (3)–(5) are complicated functions of the body’s spin
axis k̂ and of the orbital parameters i, �, ω. They are

E = {−8k̂z sin i cos 2ω(k̂x cos � + k̂y sin �)

+ 4 cos i cos 2ω[−2k̂x k̂y cos 2� + (k̂2
x − k̂2

y) sin 2�]
+ sin 2ω[(k̂2

x − k̂2
y)(3 + cos 2i) cos 2� + 2(k̂2

x + k̂2
y − 2k̂2

z ) sin2 i

− 4k̂z sin 2i(k̂y cos � − k̂x sin �) + 2k̂x k̂y(3 + cos 2i) sin 2�]}
· {−24 + 21k̂2

x + 21k̂2
y + 14k̂2

z + 7[(k̂2
x + k̂2

y − 2k̂2
z ) cos 2i

+ 2(k̂2
x − k̂2

y) sin2 i cos 2� + 4k̂z sin 2i(k̂y cos � − k̂x sin �)

+ 4k̂x k̂y sin2 i sin 2�]}, (6)

I = 112k̂z cos 4i sin 2ω(k̂y cos � − k̂x sin �)[−1 + 2k̂y sin 2�k̂x + 3k̂2
z

+ (k̂2
x − k̂2

y) cos 2�]e2 + 16k̂z cos 2i sin 2ω(k̂x sin � − k̂y cos �)

· [−35k̂2
z + 70k̂y sin 2�k̂x + 35(k̂2

x − k̂2
y) cos 2� + 25]e2

+ 2 sin 2i sin 2ω[−56k̂4
z − 24(3 − 7k̂2

z )k̂
2
z + 3(1 − k̂2

z )(5 − 21k̂2
z )

− 35(k̂4
x − 6k̂2

y k̂2
x + k̂4

y) cos 4� − 8k̂x k̂y(35k̂2
z − 5) sin 2�

− 4(k̂2
x − k̂2

y) cos 2�(70k̂y sin 2�k̂x + 35k̂2
z − 5)]e2

+ 7 sin 4i sin 2ω{8k̂4
z − 24(1 − k̂2

z )k̂
2
z + 3(1 − k̂2

z )
2

− 4(k̂2
x − k̂2

y)(1 − 7k̂2
z ) cos 2� + (k̂4

x − 6k̂2
y k̂2

x + k̂4
y) cos 4�

+ 4k̂x k̂y[(k̂2
x − k̂2

y) sin 4� − 2(1 − 7k̂2
z ) sin 2�]}e2
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+ 56(3e2 + 2)k̂z cos 3i(k̂x cos � + k̂y sin �)[2k̂2
z − 3(1 − k̂2

z )

+ 3(k̂2
x − k̂2

y) cos 2� + 6k̂x k̂y sin 2�]
+ 28(3e2 + 2) sin 3i[−1 + 2k̂y sin 2�k̂x + 7k̂2

z + (k̂2
x − k̂2

y) cos 2�]
· [(k̂2

x − k̂2
y) sin 2� − 2k̂x k̂y cos 2�]

+ 8k̂z cos i{−4 cos 2ω[3k̂x (3 − 7k̂2
z ) cos � + 7k̂x (k̂

2
x − 3k̂2

y) cos 3�

+ 3k̂y(3 − 7k̂2
z ) sin � − 7k̂y(k̂

2
y − 3k̂2

x ) sin 3�]e2

− (3e2 + 2)(k̂x cos � + k̂y sin �)[3 + 42k̂y sin 2�k̂x − 21k̂2
z

+ 21(k̂2
x − k̂2

y) cos 2�]} + 4 sin i{4e2 cos 2ω[4k̂x k̂y(1 − 7k̂2
z ) cos 2�

− 2(k̂2
x − k̂2

y)((1 − 7k̂2
z ) sin 2� − 14k̂x k̂y cos 4�)

− 7(k̂4
x − 6k̂2

y k̂2
x + k̂4

y) sin 4�] − (3e2 + 2)[3 + 42k̂y sin 2�k̂x − 21k̂2
z

+ 21(k̂2
x − k̂2

y) cos 2�][(k̂2
x − k̂2

y) sin 2� − 2k̂x k̂y cos 2�]}, (7)

N = [k̂z cos i + sin i(k̂x sin � − k̂y cos �)]
· {−14 cos3 i(2 cos 2ωe2 − 3e2 − 2)(k̂y cos � − k̂x sin �)3

+ 42 cos2 i[e2 sin 2ω(k̂x cos � + k̂y sin �)

− k̂z(2 cos 2ωe2 − 3e2 − 2) sin i](k̂y cos � − k̂x sin �)2

+ cos i[6(7 cos 2i k̂2
z − 7k̂2

z + 2) cos 2ωe2

+ (3e2 + 2)(14k̂y sin 2�k̂x + 14k̂2
z − 21k̂2

z cos 2i

+ 7(k̂2
x − k̂2

y) cos 2� − 1)](k̂y cos � − k̂x sin �)

+ e2 sin 2ω(k̂x cos � + k̂y sin �)[14k̂y sin 2�k̂x + 14k̂2
z

+ 7(k̂2
x − k̂2

y) cos 2� − 21k̂z(k̂z cos 2i +2 sin 2i(k̂x sin � − k̂y cos �)) − 5]
+ k̂z sin i[2(6 − 7k̂2

z ) cos 2ωe2 + 7k̂2
z cos 2i(2 cos 2ωe2 − 3e2 − 2)

+ (3e2 + 2)(14k̂y sin 2�k̂x + 7(k̂2
x − k̂2

y) cos 2� − 1)]}. (8)

There are no restrictions on the values which the orientation of k̂, the eccentricity e
and the inclination i can assume in eqs (6)–(8).

The exact expression of the precession of ω is too cumbersome to be explicitly
displayed here. Thus, I expand it in powers of e, and show only the leading term of
order zero. It is 〈

dω

dt

〉
T

= 15n J4

256

(
R

a

)4

P(k̂, i, �, ω) + O(e2), (9)
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with

P = − 35k̂4
z cos 4i + 4 cos 2i[−5 + (6 − 7k̂2

z ) cos 2ω]k̂2
z

− 28 cos 3� sin i[k̂x (k̂
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+ 2 cos 2ω(k̂y cos � − k̂x sin �)2 − 7(1 − k̂2
z )

+ 7(k̂2
x − k̂2

y) cos 2� + 14k̂x k̂y sin 2�]
+ 56 cos3 i(k̂y cos � − k̂x sin �){k̂z sin i[6k̂2
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+ 4 cos 2ω(k̂y cos � − k̂x sin �)2

− 13(1 − k̂2
z ) + 13(k̂2

x − k̂2
y) cos 2� + 26k̂x k̂y sin 2�]

− 2 sin 2ω(k̂y cos � − k̂x sin �)2(k̂x cos � + k̂y sin �)}
+ 2 cos i{sin 2ω[−42 cos 2i((k̂2
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y) sin 2� − 2k̂x k̂y cos 2�)k̂2
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− 14k̂2

z [k̂2
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2
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x
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x − 21k̂y k̂z sin i sin 2ω sin �k̂2

x

+ 63k̂y k̂z sin i sin 2ω sin 3�k̂2
x − 21k̂2

y k̂z cos � sin i sin 2ωk̂x
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− 7k̂2
y k̂z cot i sin �k̂x + 16k̂z cot i sin �k̂x + 280k̂y k̂2

z sin 2�k̂x

− 96k̂y sin 2�k̂x − 252k̂y k̂2
z cos 2i sin 2�k̂x + 21k̂2

y k̂z cot i sin 3�k̂x

+ 84k̂y(k̂
2
x − k̂2

y) sin 4�k̂x + 7k̂4
z − [49(1 − k̂2

z ) + 16]k̂2
z

− 6[7k̂2
z (cos 2i − 1) + 2] cos 2ω(k̂y cos � − k̂x sin �)2

− 3(1 − k̂2
z )[7(1 − k̂2

z ) − 16] − 2(k̂2
x − k̂2

y)(63 cos 2i k̂2
z − 70k̂2

z + 24) cos 2�

+ 21k̂4
y cos 4� + 7k̂3

y k̂z cos � cot i − 16k̂y k̂z cos � cot i

− 7k̂3
y k̂z cos 3� cot i − 21k̂3

y k̂z sin i sin 2ω sin � − 21k̂3
y k̂z sin i sin 2ω sin 3�}.

(10)

3. Conclusions

Thanks to their generality about the orientation of the central body’s spin axis, my results
can be applied to those systems in which it is poorly known, or even unknown at all.

I plan to extend my calculation to the even zonals of higher degree and to the odd
zonals as well.
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