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irregular layers lying over a pre-stressed half-space
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The present paper deals with the propagation of Love-type wave in an initially stressed irregular vertically
heterogeneous layer lying over an initially stressed isotropic layer and an initially stressed isotropic half-
space. Two different types of irregularities, viz., rectangular and parabolic, are considered at the interface
of uppermost initially stressed heterogeneous layer and intermediate initially stressed isotropic layer.
Dispersion equations are obtained in closed form for both cases of irregularities, distinctly. The effect
of size and shape of irregularity, horizontal compressive initial stress, horizontal tensile initial stress,
heterogeneity of the uppermost layer and width ratio of the layers on phase velocity of Love-type wave
are the major highlights of the study. Comparative study has been made to identify the effects of different
shapes of irregularity, presence of heterogeneity and initial stresses. Numerical computations have been

carried out and depicted by means of graphs for the present study.

1. Introduction

Regulation of seismic wave propagation due to
structural deformations of the boundary of elastic
medium, in which it is propagating, is an undeni-
able reality. Consequently, seismologists and geo-
physicists found it significant to study the propa-
gation of seismic waves in an elastic medium with
divergent irregularities in order to understand and
predict the seismic behaviour at different moun-
tain basins of the earth, continental margins, etc.
Chattopadhyay et al. (2011a, b) proposed the idea
of finding the dispersion equation of magneto-
elastic shear waves in an irregular monoclinic layer.
Chattopadhyay et al. (1983) studied the propaga-
tion of an SH-guided wave in an internal stratum
with a parabolic irregularity in the lower interface.
Chattopadhyay and De (1983) studied the propa-
gation of Love waves in a porous layer underlain
by isotropic elastic medium with a rectangular

irregularity at the interface. Chattopadhyay and
Pal (1983) established the dispersion relation of
SH-waves caused by irregularity in the pre-stressed
internal stratum. Acharya and Roy (2009) inves-
tigated the plane SH waves through a magneto-
elastic crustal layer based over an elastic, solid
semi-space under the influence of surface stress on
the free surface of the crustal layer and irregularity
of the interface. Singh (2011) discussed the prop-
agation of Love wave in a layer medium bounded
by irregular boundary surfaces as a function of
the amplitudes of the corrugation, frequency and
position parameters of the corrugated boundary
surfaces. Ben-Hador and Buchen (1999) have estab-
lished the dispersion of Love and Rayleigh waves in
multi-layered models with smooth and weakly non-
parallel boundaries using the first-order perturba-
tion theory of Whitham’s equation. Propagation of
a Love wave in an initially stressed fluid-saturated
anisotropic porous layer with an irregular boundary

Keywords. Initial stress; irregularity; non-homogeneous; Love-type wave; isotropic; double layer.

J. Earth Syst. Sci. 124, No. 7, October 2015, pp. 1457-1474

© Indian Academy of Sciences

1457



1458

sandwiched between two isotropic half-spaces was
studied by Chattaraj et al. (2012). Chattopadhyay
et al. (2011a, b) studied the propagation of horizon-
tally polarized shear waves in an internal magneto-
elastic monoclinic stratum with irregularity in lower
interface. Chattopadhyay and Singh (2012) studied
the effect of irregularity on the propagation of
horizontally polarized shear waves in an irregu-
lar magneto-elastic self-reinforced stratum sand-
wiched between two semi-infinite magneto-elastic
self-reinforced media considering two shapes of
irregularities namely rectangular and parabolic on
the interface of layer and lower semi-infinite media.

The factors such as overburdened layer, variation
in temperature, slow process of creep and gravi-
tational field, etc., have pronounced influence on
the propagation of waves as they are responsible
for the evolution of a large proportion of initial
stress in a medium. Comprehensive information
can be earned from the disquisition of Biot (1965).
A medium which can remold the attitude of the
medium due to some physical or mechanical obliga-
tions is designated as pre-stressed medium whose
occupancy may increase or decrease the overall
rigidity of an elastic structure. A state of initial
stress (pre-stress) in a deformable medium induces
mechanical properties which depend mainly on
the magnitude of the stress and are quite dis-
tinct from those associated with the rigidity of
the material itself. Our earth is a highly initially
stressed medium. Dey and Addy (1978) have shown
the effect of initial stresses on the propagation
of Love waves by considering the layer and the
half-space to be isotropic elastic in one case and
visco-elastic in another case. Acharya et al. (2009)
employed elasto-dynamical equations for trans-
versely isotropic solids to investigate the general
theory of transversely isotropic magneto-elastic
interface waves in conducting media under initial
hydrostatic tension or compression. Recently, the
dynamical response of normal moving load on an
irregular fiber-reinforced half-space is discussed by
Kaur et al. (2014). Khurana and Vashisth (2001)
derived the frequency of Love waves propagating in
a pre-stressed elastic layer overlying a poro-elastic
solid half-space having a loosely bounded common
interface.

Natural media (atmosphere, ocean, ground and
biological medium) exhibit widespread and often
time varying non-homogeneities due to the spa-
tial dependence in their material properties. These
non-homogeneities may be further accompanied by
layering anisotropy and the presence of inclusions.
Accordingly, it became an attractive proposition
to represent a particular medium as a homoge-
neous matrix over which certain properties such
as density, bulk modulus, etc., exhibit a random
variation. The sort of non-homogeneity existing in
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the earth affects the propagation of seismic waves
in such media. Therefore, the critique of propaga-
tion of seismic waves in heterogeneous medium has
gained much gravity within the province of applied
mathematics and engineering. Some valuable infor-
mation about the propagation of seismic waves
is available in Ewing and Press (1957). Numer-
ous leading researchers gave thoughtful upshots
on the theory of Love-type wave propagation in
a medium where the velocity, rigidity and density
are functions of depth. Dutta (1963) discussed a
problem relating to the propagation of Love-type
waves in a heterogeneous internal stratum lying be-
tween two semi-infinite homogeneous elastic media.
Bhattacharya (1969) discussed the possibility of
the propagation of Love waves in an intermedi-
ate heterogeneous layer where the heterogeneity
in rigidity was assumed as exponentially varying
function of depth in one case and linearly vary-
ing function of depth in another case. Sato (1952)
studied the propagation of SH waves in a double
superficial layer over heterogeneous medium by
taking variation in rigidity. Till date no attempt
has been made to study the propagation of Love-
type wave in double layers of finite width contain-
ing an irregularity at the common interface and
lying over a half-space. Inclusion of initial stress in
each medium, heterogeneity and different types of
irregularity make the present study more relevant
towards its practical implications.

Since our earth is a layered structure, and hetero-
geneity and initial stress are its trivial characteris-
tics, the real scenario beneath the surface of earth
itself is a good model for considering double pre-
stressed layer with an irregular interface lying over
a pre-stressed half-space. Further, initial stresses
occur in structural elements during their manu-
facture and assembly, in the earth’s crust under
the action of geostatic and geodynamic forces, in
composites when they are created, in rock, etc.
Moreover, the evidence for the fact that ‘elastic
constants of a layer may be functions of depth’ is
also available. Apart from these, presence of irreg-
ular boundary surfaces of the constituent layers of
earth due to the presence of salt and ore deposits
deep beneath the earth, mountains, basins, moun-
tain roots, etc., is unavoidable. All these factors
greatly affect the propagation of seismic wave
through earth.

The present study concerns the propagation of
Love-type wave in an initially stressed irregular
vertically heterogeneous layer overlying an initially
stressed isotropic layer and an initially stressed
isotropic half-space. Heterogeneity in the upper-
most layer is caused due to initial stress, rigidity
and density which are exponentially varying func-
tions of depth. Dispersion relations are found in
closed form for the case of rectangular irregularity
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and parabolic irregularity separately. The effect of
irregularity parameter, horizontal compressive ini-
tial stress, horizontal tensile initial stress, hetero-
geneity parameters, width ratio of the layers on
the phase velocity are the major outcomes of the
study and these are depicted graphically. Compar-
ative study has also been made to trace out some
of the important peculiarities of the study.

2. Formulation of the problem

We consider the propagation of Love-type wave
in an initially stressed heterogeneous irregular
isotropic layer (M) lying over an initially stressed
isotropic layer (M,) and an initially stressed
isotropic half-space (Mj3). Cartesian co-ordinate
system has been chosen in such a way that z-axis
is pointing positively downwards and z-axis is in
the direction of wave propagation, lying along the
common interface of medium M, and M;. Two dif-
ferent types of irregularities have been assumed,
viz., rectangular and parabolic as shown in figures 1
and 2 respectively, with span 2s and depth H’, at
the interface of uppermost initially stressed het-
erogeneous layer and intermediate initially stressed
isotropic layer. H; is the thickness of the intermedi-
ate layer whereas (H, — H;) is the thickness of the
uppermost layer. O is the origin of the rectangular
co-ordinate system. The source of disturbance S, is
placed on the positive z-axis at a distance d (>H")
from the origin. The equation of the interface may
be defined as:

z =ch(x) — Hy, (1)

S.: Isotropic heterogeneous
i medium (M7) &)

medium (M )

Isotropic half -
space under
initial stress (M3)

A

Figure 1. Geometry of the
irregularity.

problem with

rectangular

where

for the case of rectangular irregularity as shown in
figure 1 and

= (125 s

0, |z| > s
for the case of parabolic irregularity as shown in
figure 2.
Here, ¢ = (H'/2s)<1, known as perturbation

parameter, is a small positive number under the
assumption that span of the irregularity is very
large compared to the depth of the irregularity.

For the propagation of Love-type wave, we
consider:

1=1,2,3.
L (4)

The heterogeneity in the uppermost layer is
taken as:

w; =0, w; =0, v =uvx,z1),

vz vz 1 0) vz
H1 = Mcl]e ,  P1= p[1)€ ) Sfl) = 351)6 )

where v is the heterogeneity parameter. In the

absence of body force, the equation of motion
for the uppermost heterogeneous layer with initial

stress Sﬁ) is obtained as:

62’01 821]1 32}1 1 82?}1

1+e)240 gn _ -
I+ T2 70, ~mae ®

+

where

0
_ SIY
/31 - 0 - .
P1

' S Isotropic heterogeneous
i medium (M;)

medium (A

Isotropic half-
g space under
= initial stress (M3)

Figure 2. Geometry of the

irregularity.

problem with parabolic
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In the absence of body force, the equation of
motion for the intermediate isotropic layer with

initial stress Sﬁ) is obtained as:

Ug 82’112 1 82'[)2
e g T2 ~mae O
where )
o= /2 g = 20
P2 2112

The equation of motion, in the absence of body
force, for the lowermost isotropic half-space is
calculated as:

8 U3 821)3 1 827)3

(1 + 53) + 822 = Fg 8t2 ) (7)
where @)
Br= /1 and g =0
P3 2u3

The boundary conditions are as follows:

(i) Upper surface of the uppermost heterogeneous
layer is stress free:

(ii) Displacements are continuous at the interface:
at z = eh(x) — H;.

(iii) Stresses are continuous at the interface:

8U (91} 8’0 8'[}
0 1 / 1 vz 2 7 2
o 7—5h7 e = 7—5117
1<EZ E$> (EZ EZ[)

at z = eh(x) —

V1 = Vg

H,, where

, dh
Cda’
(iv) Displacements are continuous at the interface:

vy =v3 at z=0.

(v) Stresses are continuous at the interface:

8’02 87)3

— = u3—— at z=0.
Mzaz Msaz at z

3. Solution of the problem

Let us take the solution of equations (5), (6) and
(7) as:
Ve(z,2)e™, ((=1,2,3) (8)

where w is the circular frequency.

ve(z,2,t) =
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Now, defining the Fourier transform V;(z,7) of
Ve(z,z) as:

Vi(er) = / Ve(zz)edz, (9)

and the inverse Fourier transform as:

oo

1 I/ —inx
Vitesa) = 5 [ Vieme

— 00

(10)

and taking the Fourier transform of equations (5),
(6) and (7), we get:

2V,  dv,
dZ; + v d—l +p?V; =0, (11)
d2V,
ot =0, (12)
d?Vy
Hg —ngs =0, (13)
where
w2
S C——)
1
w2
p§=< 5 ?72(1—52)>,
165

B =(ra-)-

%)
B/

The appropriate solutions of equations (11), (12)

and (13) are
Vi=e2"(AcosTz + BsinTz), (14)
Vi = C cospsz + Dsinpsz, (15)
V; = Be (16)

where

T:;\/—v2+4<n2(1+§)—;12>.

Therefore, the displacements in the three media
are:

o0

/(Acost—i—BsmTz)e 2% dp,

(17)
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17 |
Va(z,2) = o / (Ccospez + Dsinpyz)e " dn,
s
(18)
1 T . 2 N\
V:;(Z,l’) = — Fe p52+ —eP3FePs e macdn’
2 D3
(19)

where the second term in the integrand of V3 is
introduced due to the source in the lowermost
medium.

Since the interface of the uppermost and
intermediate layer is not uniform, the terms
A, B, Cand D are also functions of the pertur-
bation parameter, €. Expanding these terms in
ascending powers of € and retaining the terms up
to the first order of €, as € is a small parameter;
the following approximations can be used:

A%Ao—i-AlE, BgBo—i—BlE,
CgCO‘i‘ClE, DgDo‘f'DlE,
et =1+ veh, cosveh =1,

sinveh = veh,

where v is any quantity.
Using the boundary condition (i), we get:

<A0T sinTHy 4+ ByT cosTH, — %AO cosTH,

+gBo sin THQ) te (AlTsmTH2 + BT cos TH,

—%Al cos TH, + gBl sin TH2> =0. (20
Using the boundary condition (ii), we have:
/ [(Ao cosTH, — BysinTH,)e2™
- —(C() COSngl — DO Sinngl)]
+& [(A1 cosTH, — B sin THl)e%H1
—(Cy cospaHy — Dy sinpo Hy)] e " dn
—c / [<7TA0 sinTH, + ng cos TH,
—ByT cosTH, + %Bo sinTH1> ezt
+(p2Co sin py Hy + pa Dy COSP2H1)}
xh(z)e " dn. (21)

Now we define the Fourier transform of h(x) as:

o0

R\ = / h(z)e™dz,

— 00

(22)

and the inverse transform as:

oo

1 _ )
W) = — [ W(\)e Pd. 2
@) =5 [ BVe (23)
Therefore,
i
W(z) = —— [ Ah(\)edA. 24
@) === [ AB(e o4

— 00

Using equations (22), (23) and (24) in equation
(21), we have:

/ [(Agcos TH, — Bysin TH; )ez ™"

— 00

— (CycospyHy — Dy sinpy Hy )|
+e [(Al cosTH, — BysinTH,)e2™
—(CycospyHy — DysinpyHy)| e dn

o0 (oo}

/ [(—TAO sinTH,; + %AO cosTH,

— 00 — 00

—B,TcosTH, + %BO sin TH1> s

€
o

+(p2Co sinpa Hy + p2 Dy cos p2H1)}

xh(N)e N7 an & d. (25)

Putting 7 + A = k for the inner integral in the
right-hand side of equation (25), so that A may be
treated as a constant such that dn = dk, replacing
n by k in the left-hand side of equation (25), and
finally after taking the Fourier transform as defined
above, we have:

[(AgcosTH; — BysinTH;)ez™
—(Cy cos po Hy — Dy sinp, Hy )]
+e [(Al cosTH, — By sinTH,)ez™
—(CycospoHy — DysinpyHy)| = eRy (k),

2%

where (26)
1 T . v

Ri(k) = 5 / [<7TAO sinTH, + 5 Ay cos THy

—B,TcosTH, + gBO sin THl) Ll

+(p2Co sin py Hy+p2 Do COSpQHl)] R(A)dA.
(27)
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Using boundary condition (iii), we obtain:

oo

/ {[(szzCo sin po Hy + f1op2Dg cos po Hy)

— 00

—ple 2 ( Ao—cosTHl—FBo—smTHl
T Ay sin TH, + T By cos THl)}
+e |:<,u2p201 sin po Hy + pops Dy cos po Hy)
0 77H1 _A E B 1
— € 15 cosTH, + B; 5 sinTH,

YT A, sinTH, + TB, cos THI)}} e~y

- s/{(C’Opg,uzcosszl—Dopg,ugsianHl)

e 3H ( A2 STsinTH, — Bochos TH,
—T?AycosTH, +T*B,sin TH,

2 2

—UZAO cosTH, + UZBO sinTH,

+gTA0 sin TH; + %TBO cos THl) } h(z)
+{(—=inp2Co cos ps Hy + inps Do sin po Hy)
+ple 2 Min(Ag cos TH, — BysinTH,)}

xh'(x)e” " dn. (28)

Substitution of equations (22), (23) and (24) in
eguation (28) and proceeding as in equation (26),
gives:
|:(/,62p200 sin po Hy + popa Do cos pa Hy)

— e H ( AO— cosTH, + BO§ sinTH,

+TAysinTH, + T By cos TH1> }

+e [(ungCl sinpoHy +pepe Dy cos poHy)

— lh@ oH ( Al— cosTH, + Bl—smTHl

+TA,sinTH,+TB, cos THl)} = Ry(k),
(29)

where

1 o0
Ro(k) = o / {[(Mzcopg cos py I,

—p2Dop3 Sinp2H1) + pge 3

X (—AOgTsin TH, — BOchos TH,
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—T?AgcosTH, + T?Bycos TH,
2

V2 v .
— ZAO COS THl + ZBO Sll’lTHl

+ YT Ay sinTH, + 2T B, cos THl)}
2 2
+iX [(—tkuaCo cos po Hy + ikpus Dy sin po Hy)
+ e 2™k (Ag cos TH,
~ Bysin THl)]} R(A)dA. (30)

From boundary conditions (iv) and (v), we get:

2
(Co + Cie) — <E + e_p3d> =0 (31)
p3
and
(t2p2Do + paps E — 2p3e ") + epopa Dy = 0, (32)

respectively. Equating the absolute terms (i.e., the
terms not containing ¢) and the coefficient of ¢ from
equations (20), (26), (29), (31) and (32), we get:

AT sinTHy + ByT cosTH, — ng cosTH,

+%BO sin TH, = 0, (33)
ATsin THy + ByT cos THy — %Al cos TH,
+gBl sin TH, = 0, (34)
(AgcosTH, — BysinTH,)ez™
— (Co cospsHy — Dysinp, Hy) = 0, (35)
(AycosTH, — BysinTH,)ez™
— (Cl COSngl — Dl Sinngl) = Rl, (36)
(12p2Co sin po Hy + piaps Do cos poHy ) — pfe™ 2™
X (—Aog cosTH, + Bo% sinTH,
+ TAgsinTH, + TB, cos TH1> —0, (37

v,

(p2p2Ch sinpo Hy + popaDy cos poHy) — ple 2
X (—AI% cosTH, + Bl% sinTH,

+TA,sinTH, + TB; cos TH1> = R,, (38)
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2
Co—E— —E "=,

39

D3 (39)

Cl - 0, D1 = 0, (40)
paptaDo + papsE — 2pze % = 0. (41)

Solving the above equations, expressions for the
arbitrary constants can be easily deduced. The values
of arbitrary constants are provided in Appendix I.

The displacement in the uppermost layer is given
by:

oo

V, = 1 / 2popapize P(2T tan T Hy — v)
' oor U (k)
Ripd(—vcosTH, + 2T sin TH, )e 31
i +2Rycos THye2™
X< 14

ApopopuspT (2T tan THy — v)

(2T +vtanTH,)
(2T'tanTH, — v)

x e’ U (k) [— cos Tz + sin Tz}

X e 2Fe My, (42)

where U(k) = @ + QatanTH,. @; and @, are
provided in Appendix I.

3.1 Case I

When the interface of uppermost layer and inter-
mediate layer contains the irregularity of rectangu-
lar shape of depth H’ and span 2s:

Taking the Fourier transform of equation (2), we
get:

A = 2 Gin(rs).

: (43)

Using equations (27) and (30), we get:

1 .
5}@2(—@ cosTH, + 2T sin TH,)e 2

+ Rycos THyez™
2% [ 1
= [k — X)) + ¢k + )\)}X sin(As)dA,
44
where (44)
Pk =) = [Ay + Ay + AT E )
with
AQ = Qg —+ Q4 tan THQ, (46)
As = Qs + Qs tan T H,, (47)
A4 = Q? + Qg tan TH27 (48)

where Qs3,Q4,Qs5,Qs, Q7 and Qg are provided in
Appendix.

Here the argument of ¥)(k — \) is because of 1+
A=k

Using asymptotic formula of Willis (1948) and
neglecting the terms containing 2/s and higher
power of 2/s for large s, we have (Tranter 1966)

oo

[ =3+ w1 sin S
= Z2y(k)
= (k). (49)

Using equation (49) in equation (44), we obtain
1 v
5 1 (~vcos TH,+2T sin TH,)+ Ry cos THye2 ™

= 20(k) = (k).

Therefore, the displacement in the uppermost
layer is:

(50)

1 2popapze P(2T tan T Hy — v)

(2T +vtanTH,)
(2T tanTH, — v)

cosTz+sinTz| e 2%e ""dn.

~2n ) UR)[1 — (H'Y(k)ers@U (k) /2p10po T 15 (2T tan T Hy — v)(paops cos py Hy + paps sinpo Hy )|

(51)
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The value of above integral depends entirely on the
contribution of the poles of the integrand. The
poles are located at the roots of equation

H'y(k)er U (k)
2popo Tl s (2T tan T Hy — v)
X (H2p2 cos py Hy + pzps sin py Hy )

Uk)|1—

(52)
Now, on simplification equation (52) leads to

Sl tan2 TH2 + Sg tan TH2 + 83 == O, (53)

where Sy, S,,S3 are provided in Appendix 1.

If ¢ is the common wave velocity of the wave
propagating along the surface, then one can define
(where w = ck and k is the wave number),

T
_ P and t= —

P, = 7 Py = " = (54)
where
c? c?
P2 67 P3: 1_5/_727
B 3
1
- MM(HS_ “) e

In view of equations (54) and (55), equation (53)
gives

Sytan®tKHy + SstantK Hy + S =0,  (56)

where S, S5 and Sg are given in Appendix.

Equation (56) is the dispersion equation for
the propagation of Love-type wave in an initially
stressed vertically heterogeneous irregular isotropic
layer with rectangular irregularity lying over an ini-
tially stressed isotropic layer and initially stressed
isotropic half-space.

Vi = —
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3.2 Case I

When the interface of uppermost layer and inter-
mediate layer contains the irregularity of parabolic
shape of maximum depth H’ and span 2s:

Taking the Fourier transform of equation (3), we
get:

_ 4H'ssin(As) — As cos(As)
€ (\s)3

h(\) (57)
Using equations (27) and (30), we get:
Rl,u?(—g cos TH+T'sin TH1> e 2y Rycos TH e M

°H's [ ™ J3/2(As)
2 [t n o+ ) 5 20 o

0

(58)

where J3,5(As) is a Bessel function of the first kind
of order 3/2.

Using asymptotic formula of Willis (1948) and
neglecting the terms containing 2/s and higher
power of 2/s for large s, we have (Tranter 1966):

o0

J =240+ 00 5 220 v 2,

(59)

Using equation (59) in equation (58), we obtain:

1 .
st 1 (~vcos TH,+2T sin TH, )+ Ry cos THyez ™

4H'
3me

=2 2y =

e 3s

(k).

Therefore, the displacement in the uppermost layer
is:

(60)

1 2popapize P(2T tan T Hy — v)

2 ) U(k)[1 — (H"(k)ersdU (k) /2uapoTul s (2T tan T Hy — v) (oo cos po Hy + psps sin po Hy))J

— 00

(2T +vtanTH,)
(2T tanTH, — v)

where H" = %H’.

cosTz+sinTz| e 2%e "dn,

(61)

The value of above integral depends entirely on the contribution of the poles of the integrand. The

poles are located at the roots of equation

H"(k)ersiU (k)

= 0. (62)

U(k) [1 -

20152 Tl s (2T tan T Hy — v)(paps cos poHy + pusps sin py Hy)
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Equation (62) after simplification gives:

F1 tanQTHg—i—thanTHg—l—Fg :O, (63)

where Fi, F,, I3 are provided in Appendix 1.

Using equations (54) and (55), equation (63)
leads to

F,tan’tkH, + FstantkH, 4+ F5 = 0, (64)

where Fy, F5 and Fg are given in Appendix.

Equation (64) is the dispersion equation for
the propagation of Love-type wave in an initially
stressed vertically heterogeneous irregular isotropic
layer with parabolic irregularity lying over an ini-
tially stressed isotropic layer and initially stressed
isotropic half-space.

4. Particular cases

4.1 Case 1

When v = 0 and $\9 = 0, equations (56) and (64)
reduces to

S tan2 tVEH, + S tan t VkH, + S8 =0 (65)
and
FY tan? t Wk Hy4 FY tan tVEH,+ FY = 0 (66)

respectively. S\, s\ g ¢ p® M po)
are provided in Appendix. Equations (65) and (66)
are the dispersion relation for the propagation of
Love-type wave in an irregular isotropic homoge-
neous layer without initial stress lying over an
initially stressed isotropic layer and an initially
stressed isotropic half-space when irregularity is
considered in rectangular form and parabolic form
respectively.

4.2 Case 2
When v = 0, Sﬁ) = 0, Sﬁ) = 0 and SS’) =0,
equations (56) and (64) takes the form
S tan? tVEH, + S tan t VkH, + S =0 (67)
and

F? tan? tVkHy+ F? tan tVkH, + F = 0 (68)

respectively. 5’4&2), Séz), SéQ), F4(2), FS(Q), FéQ) are
provided in Appendix. Equations (67) and (68)
are the dispersion equation for the propagation
of Love-type wave in an irregular isotropic homo-
geneous layer without initial stress lying over an

isotropic layer and an isotropic half-space with-
out initial stress when irregularity is considered in
rectangular form and parabolic form respectively.

4.3 Case 3

When v = 0, S =0, S =0, H" = 0, and
H' =0, both equations (56) and (64) lead to

tant@ kH,
— 2P (o PSV tan PV kHy — iz PyY)
+u0t@ tan t @k Hy (up PV
— 3PS tan PV K HY)
,uQPQ(U tant@kH,
P(l) P(l)k‘H _ P(l)
X (2P tan P, 1 — u3P3 )
a0t (ua P + ps PV tan PSVKH,)

which is the dispersion equation for the propaga-
tion of Love-type wave in a regular initially stressed
isotropic homogeneous layer without initial stress
lying over an isotropic layer and an isotropic

half-space without initial stress. ¢, P2(1), Pél) are
provided in Appendix.

4.4 Case J

When v =0, 59 =0, ¥ =0, s¥ =0, H =0,
H"” =0, both equations (56) and (64) reduces to
tan t(l)ng

—po Py (12 Py” tan Pk H, — pg PyY)

+u0t D tan tOkH, (o P
—ps PV tan P{VKH,)
1PV tan tWEH,
x(p2 Py tan Py Hy — g Py)
0D (up P + s P tan PV K HY)

which is the dispersion equation for the propaga-
tion of Love-type wave in a regular isotropic homo-
geneous layer without initial stress lying over an
isotropic layer and an isotropic half-space without
initial stress.

4.5 Case 5

When v =0, 89 =0, 5% =0, 5% =0, H =0,
H" =0, H, — H;, both equations (56) and (64)

becomes
p3y/1 — e/ Bg

62
tan kH | — — 1= ,
\/ 53 p2y/c?/ B3 — 1

which is the classical Love-wave equation.
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5. Numerical results and discussion

The following data has been considered for numer-
ical computation of phase velocity of Love-type
wave propagating in an initially stressed irregular
heterogeneous isotropic layer lying over an initially
stressed isotropic layer and an initially stressed
isotropic half-space (Gubbins 1990):

For uppermost layer:

p1 = 32.3 x 10° N/m”,
p1 = 2803 kg/m”’.

For intermediate layer:

fi2 = 65.4 x 10° N/m?,
p2 = 3409 kg/m”’.

For lowermost half-space:

s = 291.7 x 10° N/m?,
ps = 5563 kg/m”.

Moreover, we consider the following data:

vH, = 0.01,0.03,0.05, 1.1;
H'/H, =0.1,0.3,0.5;
H,/H, =1.1,15,2.5,3.5;
& =0,£0.2, £0.4;

€ = 0,40.05, +0.1,0.2;
€5 =0,+0.2,20.4.

Graphical interpretation of dispersion curve ref-
lecting the effect of different affecting parameters,
viz., heterogeneity (vH,), irregularity (H'/H,),
width ratio of layers (H,/H;), horizontal initial
stress acting in uppermost layer (&;), horizontal ini-
tial stress acting in sandwiched layer (£;) and hor-
izontal initial stress acting in lowermost half-space
(&3), have been shown in figures 3—8. All the figures
show the variation of phase velocity of Love-type
wave against wave number for different values
of affecting parameters. It can be easily per-
ceived from all these figures that the phase veloc-
ity of Love-type wave decreases with increase in
wave number. To perform a comparative study for
the case of rectangular irregularity with that of
parabolic irregularity existing at the interface of
uppermost layer and intermediate layer, we carried
out numerical computations and depicted them
graphically in figures 3—-8. In each of these figures,
solid line curves correspond to the case of rectangu-
lar irregularity and dotted line curves correspond
to the case of parabolic irregularity.
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Lés |

(e 1)

Figure 3. Phase velocity (¢/31) against wave number (kH7)
for different values of heterogeneity parameter (vH;) when
€=02, & =0.2,63 =02, H'/H, = 0.1, Hy/Hy = 1.1.

{c151)

Figure 4. Phase velocity (¢/f1) against wave number (kH;)
for different values of width ratio of layers (H2/H7) when
€1 =02,6=02,6 =02, H /H =0.1,vH; = 1.1.

Figure 3 enlightens the effect of heterogeneity
acting in the uppermost layer on the phase velocity
of Love-type wave for both the cases when irregula-
rity is considered in rectangular form and parabolic
form. The figure particularizes that dispersion
curve shifts upward as the heterogeneity increases,
i.e., the phase velocity increases as heterogeneity
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Figure 5. Phase velocity (¢//1) against wave number (kH)
for different values of irregularity parameter H'/H; when
& =02, & =0.2,& =0.2, vH; =0.01, Hy/Hy = 1.5.
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Figure 6. Phase velocity (¢/f31) against wave number (kH;)
for different values of horizontal initial stress acting in the
uppermost layer (£1) when & = 0.2, &3 = 0.2, H'/Hy = 0.1,
vHy; =0.01, Hy/H; = 1.5.

grows in the uppermost layer. Moreover, minute
examination of the curves adduce that the effect of
heterogeneity on phase velocity of Love-type wave
is less at low frequency region as compared to high
frequency region.

The effect of width ratio of layers on the phase
velocity of Love-type wave has been shown in
figure 4. It has been noticed from the figure
that as the width ratio increases dispersion curve
shifts downwards, i.e., phase velocity decreases

}.sc_"_"l."'l""l'"I""‘.

6 & ==01
716y =005 ]
8§ =0

.9 & =008
10: £ =0.1

170

Whoda A b

165

(c181)

Figure 7. Phase velocity (¢/f1) against wave number (kH7)
for different values of horizontal initial stress acting in the inter-
mediate layer (£2) when & = 0.2, &3 = 0.2, H'/H; = 0.1,
’UH1 = 0.01, HQ/Hl = 1.5.

(e 1 #1)

Figure 8. Phase velocity (¢/31) against wave number (kH7)
for different values of horizontal initial stress acting in the
half-space (£3) when & = 0.2, & = 0.2, H'/H; = 0.1,
vHy; =0.01, Hy/Hy = 1.5.

with increase in width ratio of layers for both the
cases when the irregularity is considered in rectan-
gular and parabolic form existing at the interface
of uppermost layer and intermediate layer. Also, it
can be concluded that with increase in the magni-
tude of width ratio, its effect on the phase velocity
of Love-type wave decreases for both rectangular
and parabolic irregularity cases.
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Figure 5 delineates the effect of irregularity
parameter on the phase velocity of Love-type wave.
It is evident from the figure that phase velocity of
Love-type wave decreases with increase in size of
irregularity for both the case of rectangular and
parabolic irregularity. As like the effect of width
ratio on phase velocity, figure 5 elucidates that with
increase in the magnitude of irregularity, its effect
on phase velocity of Love-type wave declines for
both rectangular and parabolic irregularity cases.

Figures 6, 7 and 8 render the effect of hori-
zontal initial stress associated with the uppermost
layer, intermediate layer and lowermost half-space,
respectively, on the phase velocity of Love-type
wave for both the cases of rectangular irregularity
and parabolic irregularity existing at the interface
of uppermost layer and intermediate layer. It has
been deduced from the figures that phase veloc-
ity increases with the increase in horizontal initial

@ (i)
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stresses acting in uppermost layer, intermediate
layer and lowermost half-space for both the cases
of rectangular irregularity and parabolic irregular-
ity. More precisely, in each of the three mediums,
phase velocity increases as the horizontal compres-
sive initial stress increases whereas phase veloc-
ity decreases as the horizontal tensile initial stress
increases. In particular, figure 8 illustrates that the
effect of horizontal tensile initial stress on the phase
velocity of Love-type wave is comparatively much
pronounced than the horizontal compressive initial
stress associated with lowermost half-space.

A meticulous observation specifies that although
each of the initial stresses acting in the medium
portray similar behaviour on the dispersion curve
yet the initial stress associated with the interme-
diate layer affects the dispersion curve the most in
comparison to the initial stresses associated with
uppermost layer and lowermost half-space. The

(iii)

Figure 9. Phase velocity (c¢/f1) against wave number (kHp) and heterogeneity parameter (vH;) when rectangular irreg-
ularity is considered and H2/H1 = 1.5, H//Hl = 0.1; for (1) 51 = 0.1, &2 = 0.1, 53 = 0.1, (ii) 51 = 0, §2 = 0, 53 = O;

(iii) & = —0.1, & = —0.1, &3 = —0.1.

(iii)

Figure 10. Phase velocity (¢/1) against wave number (kH1) and heterogeneity parameter (vH;) when parabolic irregularity
is considered and Ho/Hy = 1.5, H'/H1 = 0.1; for (i) & = 0.1, & = 0.1, & = 0.1, (ii) & = 0, & = 0, &3 = 0;

(i) & = —0.1, & = —0.1, & = —0.1.
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effect of initial stresses acting in the uppermost
layer and intermediate layer on the phase velocity
of Love-type wave is less in the low frequency region
but significant at high frequency region for both
the cases of rectangular irregularity and parabolic
irregularity. The effect of initial stress acting in
lowermost half-space on the phase velocity of Love-
type wave is significant in the low frequency region
whereas it is comparatively less at high frequency
region for both the cases of rectangular irregularity
and parabolic irregularity.

An overview and comparative study of all the
curves in figures 3-8 signify that the dotted line
curves always lie above the solid line curves, i.e.,
the curve corresponding to parabolic irregularity
dominates the curve corresponding to rectangular

O] (ii)

irregularity. Therefore, these figures reveal that
parabolic irregularity supports comparatively more
phase velocity than the rectangular irregularity
present at the interface of uppermost layer and
intermediate layer.

The variation of dimensionless phase velocity
against dimensionless wave number and hetero-
geneity associated with uppermost layer are shown
by means of surface plots in figures 9 and 10 for
the case of rectangular irregularity and parabolic
irregularity respectively persisting at the interface
of uppermost layer and intermediate layer. Surface
plots in figures 11 and 12 irradiate the variation of
dimensionless phase velocity against dimensionless
wave number and irregularity for the case of
rectangular irregularity and parabolic irregularity

0.550 Ja'

(iii)

Figure 11. Phase velocity (¢/B1) against wave number (kH;) and irregularity parameter (H’/H;) when rectangular irreg-
ularity is comnsidered and Ho/H; = 1.5, vHy = 0.1; for (i) & = 0.1, & = 0.1, & = 0.1, (ii)) &1 = 0, & = 0, &3 = 0;

(iii) & = —0.1, & = —0.1, £3 = —0.1.

kHy
045 0.50 0.55

(i)

(iii)

Figure 12. Phase velocity (c/f31) against wave number (kH;) and irregularity parameter (H'/H;) when parabolic irreg-
ularity is considered and Ho/H; = 1.5, vH; = 0.1; for (i) & = 0.1, & = 0.1, &3 = 0.1, (ii) & = 0,& = 0, &3 = 0;
(iii) & = —0.1, & = —0.1, &5 = —0.1.
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respectively present at the interface of uppermost
layer and intermediate layer. More specifically,
figures 9(i), 10(i), 11(i) and 12(i) correspond to
the cases when all the media namely uppermost
layer, intermediate layer and lowermost half-space,
are acted upon by horizontal compressive initial
stresses; figures 9(ii), 10(ii), 11(ii) and 12(ii) corre-
spond to the cases when all the media are without
initial stresses; and figures 9(iii), 10(iii), 11(iii) and
12(iii) concur to the cases when all the media are
acted upon by horizontal tensile initial stresses.

Surface plots in figure 9(i, ii and iii), concerned
with the case of rectangular irregularity, exhibit
that as heterogeneity prevails in the uppermost
layer, phase velocity of Love-type wave increases
irrespective of the situation that medium is pre-
stressed or not. Further, the presence of compres-
sive initial stress in each of the medium supports it
in addition. Surface plots in figure 10(i, ii and iii),
associated with the case of parabolic irregularity,
displays the same trend with respect to heterogene-
ity parameter and initial stress as in figure 9. But
comparative study of figures 9(i-iii) and 10(i-iii)
establish that parabolic irregularity support more
to the phase velocity as compared to rectangular
irregularity.

Surface plots in figure 11(i, ii and iii) irradiate
the case of rectangular irregularity whereas sur-
face plots in figures 12(i, ii and iii) correspond to
the case of parabolic irregularity. It is evident from
these figures that initial stress and size of irregular-
ity have a substantial effect on the phase velocity of
Love-type wave. These surface plots manifest that
the growth in the size of irregularity at the com-
mon interface of double layer disfavour the phase
velocity of Love-type wave irrespective of presence
and absence of initial stress in the medium.

6. Conclusions

The current study articulates the propagation
of Love-type wave in an initially stressed irreg-
ular vertically heterogeneous layer overlying an
initially stressed isotropic layer and an initially
stressed isotropic half-space. The heterogeneity in
the upper layer is caused due to exponential varia-
tion in rigidity, density and initial stress in terms of
space variables pointing vertically downward. It is
established through the study that wave number,
width ratio of the layers, horizontal compressive/
tensile initial stresses, heterogeneity parameter of
the uppermost layer and the irregularity parameter
associated with rectangular form of irregularity and
parabolic form of irregularity have a considerable
effect on the phase velocity. The outcomes of the
present study, taking the irregularity in rectangular
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as well as parabolic form, can be encapsulated as
follows:

® Wave number has significant effect on the phase
velocity. It is observed that phase velocity
decreases with increase in wave number.

® The heterogeneity parameter of the uppermost
layer has a favourable effect on the phase velocity
of Love-type wave.

® The horizontal compressive initial stresses have
a favourable effect on phase velocity whereas
the horizontal tensile initial stresses have an
unfavourable effect on phase velocity of Love-
type wave.

® The width ratio of the layers and the irregu-
larity parameter has an adverse effect on phase
velocity of Love-type wave. More precisely, it can
be quoted that phase velocity of Love-type wave
decreases with increase in the size of irregularity
exist in the structure and the width of the upper-
most layer as compared to the intermediate layer
in the structure.

e As a special case of the problem, obtained dis-
persion relation is matched with classical Love-
wave equation. This leads to acquiescence of the
validity of the problem.

® Underneath condition holds good in our study
of propagation of Love-type wave in the said
geometry:

Pr<Pa<c<PBs or fBy<fB<c<fs.

The above condition indicates that phase veloc-
ity of Love-type wave must be less than the shear
wave velocity in lowermost half-space and greater
than the shear wave velocity in both the layers.

The present study has their possible applications
in the sphere of seismology, engineering geology,
earthquake engineering and geophysics. Specifi-
cally in the field of seismology, the problems affili-
ated to waves and vibrations propagating through
a medium under initial stress (inducing mechan-
ical properties to the medium depending on the
magnitude of the stress) and divergent irregulari-
ties are of great significance to seismologists and
geophysicists to understand and predict the seis-
mic behaviour at different geological situations
like mountain basins, mountain roots, continental
margins, etc.
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Appendix I
(2T +vtanTH,)
Ay =—B
0 *(2T tan TH, — v)’
a = (2T +vtanTH,)
LT T T tanTH, —v)’
B — 2papiapze P27 tan T Hy — v)
0 — U(k’) Y
B Ripud(—vcosTH, + 2T sinTH,)e 21 + 2Ry cos TH,ez ™
1 — —QILL?T 9
o (2T cosTH, + vtanTHycosTHy + 2T tan THysin THy — vsin THy)
’ (122 cos po Hy + psps sinpa Hy)U (k)
_ o 43 sin py Hye P3¢
X (—2p2ptpuze Psdez - )
=22tz ) (p2ps cos p2 Hy + p3ps sinp,H)
Do — (2T cosTH, +vtanTHycos THy + 2T tan THy sin THy — vsin THy)
’ (p2p2 cos pa Hy + pusps sin py Hy )U (k)
o 4113 cos py Hye P3d
X 2 2empadpi i 4 . ,
b2ty (Hops cos po Hy + paps sinp, H,)
B (2T cosTH, + vtanTHycos THy + 2T tan THy sin THy — vsin TH,)
(1122 cos po Hy + paps sinp, Hy )U (k)
« (~2pipipgemiesm) - 2uapacoopah — pips SmpuHh)e 7
(122 cos pa Hy + pusps sinpo Hy)ps
ezt .
Q1= B) (2M2P2T cos THl(PzMz sinT'Hy — psps COszHl)

—Vape sin T'H, (pz,uQ sin po Hy — p3ps cos p2H1))

’1)2 . . _v
- <<T2 + 4> sin T H, (puap2 cos po Hy + smngl,ugpg)) e zHy0

v . v .
Q) = e2™ (H2p2(ﬂ2p2 sin py Hy — pi3ps cos po Hy ) (5 cosTH; + T'sin TH1>)

2
- (COS TH(p2pz cos paHi + psps sinpo Hy) (Z + T2 cos TH1>> e 2y

Sy = 4Qa i paiapaT? (piap2 cos pahy + psps sin pahy) — Q2(Qu + Qs + Qs)H',
Sy = 203 spopiaT (p1op2 o8 p2 Hi+ paps sin pa Hy ) (2TQ1 — Q2v) — Q1 (Qu+ Qo+ Qs) H'— Q2(Q3+ Q5 + Q) H',
Sy = 2Q1vp8 s piap2 T (pap2 cos po Hy + psps sinpy Hy ) — Q1(Qs + Qs + Q) H'.
Fy = 4Qa ] paiapaT? (pap2 cos pohy + pisps sin pahy) — Q2(Qa + Qs + Qs)H”,
Fy = 208 pispapio T (2Q1 T— v Q2 ) (p2f12€08 pa Hy +pisps sin pa Hy ) — Qi(Qa+ Qs+ Qs) H'— Q2(Qs+ Qs+ Q) H”,
F3=2Q v piapiapa T (p1ap2 cos py Hy + paps sin po Hy ) — Q1(Qs + Qs + Q7) H”.
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Appendix II

Qs = 40P T ) (T o c0s py Hy+ puaps sin po Hy )
—wvcosTH; sin THy (pop cos po Hy
—pspssinpaHy)) ,

Qs = vpopopspt] {(pop2 cos pa Hy + pisps sinpo Hy)

X (2T% + cos® TH, (v* + 4T?)) + 2vT cos TH,

X SiHTH1(M3P3 sinpo Hy — paps COSP2H1)} )
Qs = 2e 21 1% apy (—v cos THy + 2T sin TH, ) Q4

+ 1 (2up2p3T s (p1opo sin po Hy + pusps cos po H))

— popaps cos THy sin THy (pops sin po Hy
—psps cos po Hy ) (4T — ’UQ)) ,
Qo = popipis(paps sin po Hy — psps cos paHy)
x (v?cos® THy, — 4T? sin” TH, )
— 2v,u2p§Tp§p3 cospaHy cos T Hy sinT H,
—2Qou3p2(vcosTHy + 2T sinTH,),
Q7 = —4e" ™ 12p3T g cos> TH,
X (pap2 cos poHy + pips sinpy Hy),
Qs = 2" p1yp3 i3 cos THy
X (paps cos po Hy + paps sin po Hy)
X (vpgycosTHy 4+ 2sinTHy)
Sy = 4Lopid pispio Pot* (1 + tan® tk Hy)
X (o Po+ps Py tan PykH,)—Lo(Ly+Le+Lg)H',
Ss = 208 s Pougt(1 + tan® tk H,)
X (Popig + p3P3tan PokHy)

X (2L1t _ L2%> — Ly(Ly + L + Ls)H',

v
Sﬁ = 2L1%/_,L(1)/_,L3/_,L2P2t(1 + tan2 tk‘Hl)
X (M2P2 + M3P3 tanngHl)
— Ly(Ls+ Ls + L;)H',
F4 = 4L2,U,(1),U,3,U,2P2t2(1 + tan2 tkHl)
X (ILLQPQ + ,U3P3 tanPQkHl)
— Ly(Ly+ Lg+ Ls)H",
F5 = 2/,6(1)/,65/,62P2t(1 + tan2 tkHl)
X (/,L2P2 + P3,u3 tanP2k:H1) (2L1t — LQ%)
— Ly(Ly+ L + Lg)H”,
()
FG = 2L1EH?H3M2P275(1 + tan2 tkHl)
X (,U,QPQ + ,LL3P3 tanP2k:H1)
— Ly(Ls+ Ls + L;)H",
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Ly = e2™ 11y Py (Pypus tan PokHy + i3 Ps)

X <t — %tamtkﬂ]) - e*%Hlu? tantkH,

4k
L2 = €%H1/,62P2(/.L2P2 tanPQk‘Hl - /,Lgpg)

2
X (o Py + ps3P3tan PykHy) <t2 + U) ’

X <% + ttantkHl) +e2fy0

2
X (ﬂ2P2+M3P3tanP2/€H1) <4/f)]€2 +t2>

L3 = 4M2P2t3[t3u(1)(1 + tan2 tkHl)
v
X (M2P2+IM3P3 tan PQkHl) —4%;12]32752#3#?
X tantk’Hl('LLQPQ — /L3P3 tanPQ/{Hl),
v
Ly= EM2P2/~L3/~L(1)(M3P3 tan PokHy + 1o Py)
,U2

X <2t2(1 + tan® tkH,) + =t 4t2>

2

v
+2ﬁ o Potpisp tan th Hy( s Ps tan Pok Hy—10 Py),

Ls = 2e~ %110, P, (—% + 2t tan tkHl) Ly +

x<2:,u2P22w3 tan® th H, (us Ps+ o Py tan Pok H,)

2 v v? 2
+H2P2 M3 2275 — tantk:Hl E + 4t

X([,LQPQ tan PQkHl — ,U,3P3)> )

,U2
Lﬁ = (kzlLLQPQQ/,Lg — 4M2P22t2/$3 tan2 tkH1>
X(,U,QPQ tanngﬂl — H3P3)
—2/1,3P2 (%/,L2P2t/,t3p3 tantk‘H1
+ I (% — 4ttantkH1>) ,
Ly = —4e"™ 2 Pdtus(us Py + psPs tan PokHy ),
LS = —2€UH1/,L2P23/,L3(ILL2P2 + P3,LL3 tan P2]€H1)
X (%MQ + Qtantk:Hl) ,
S = ALY 1 g Po(+)? (1 + tan® t VK H )
X(IU,QPQ + /,L3P3 tanPQkHl)
~Ly(Lg) + LA
S = ALY 0 s Popt (V) (1 + tan? t VK H, )
X(PQ/,LQ + M3P3 tan ngiHl)
~L (L + L) H
Sg) ==L (LS + LY + LY,
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B =
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Ly’
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S{

S =

= 40 s LYY Popus (1

= /LQPQt( )(PQILLQ tan PQkHl + ,LL3P3)

= /.LQPQt(l) tant(l)kHl(MQPQ tan PQkHl
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