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Two models have been developed by applying conditions of continuity between the roughness sub-
layer and the top of vegetation canopy having constant foliage distribution. Massman’s cosh-type
of wind profile and Albini’s exponential wind profile have been used to derive expressions for
shear stress, displacement height and roughness length in analytical forms. The computed results
compared with those of Massman models (1987, 1997) show similarity with the present models.

1. Introduction

Modeling of momentum transfers by the vegeta-
tion to the atmosphere is of great importance in
view of applications to agriculture, forestry and
atmospheric circulation at the mesoscale and the
global scale. The proper quantification of the trans-
fer of CO2, water vapour, ozone and other trace
gases to and from vegetation canopies requires an
understanding of the structure of atmospheric tur-
bulence within and above vegetation canopy.

Simple parameterizations of vegetations rough-
ness length (z0) and displacement height (d) as
functions of canopy height (h) and leaf area
index (LAI) play a key role in the modeling
of atmospheric-biospheric exchange process. From
the analytical model of wind profiles and shear
stress within canopies of arbitrary foliage distribu-
tion and parameterization of friction velocity (u∗),
one can determine d/h and z0/h as a function of
drag area index.

Massman (1987) used a semi-analytical method
introducing cosh-type of wind profile model to
describe the mean wind profile and shear stress
within plant canopy and thus estimated the rough-
ness length and displacement height. The method
incorporated the density and vertical structure of
the canopy with the parameterization of roughness
sub-layer and shelter factor. In this way, Mass-
man (1987) compared several wind profile models
against observed data.

Massman (1997) again used Albini’s model of
wind profile (1981) to develop one dimensional
analytical model of momentum transfer and para-
meterized the surface drag coefficient to estimate
d/h and z0/h as functions of foliage structure and
foliage density.

The present paper deals with the Massman
(1987) model and Albini’s model (Massman 1997).
Both these models have been redefined in associ-
ation with the roughness sub-layer existing at the
top of the canopy for the case of constant foliage
density under neutral condition. Thus, identify-
ing two regimes of flow: one within the vegetation
canopy and another above the top of vegetation
canopy i.e., roughness sub-layer, the exact analyt-
ical expressions for normalized shear stress, dis-
placement height and roughness length have been
presented. Some computed results are compared
with those of two models in order to test the valid-
ity of the expressions worked out.

2. Mathematical formulations

Momentum transfer within a vegetation canopy for
the first order closure (Sellers et al 1986 and Mass-
man 1987) is described by

τ = ρK(z)
du

dz
, (1)
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dτ

dz
= ρCda(z)u2, (2)

where K is the turbulent diffusivity, u is the mean
horizontal wind speed, τ is the shear stress within
the canopy, Cd is the drag coefficient, z is the height
above the ground surface, ρ is the density of air,
and a(z) is the foliage distribution or foliage area
density (one sided leaf area per unit volume of
canopy).

Assuming similarity between wind speed and
eddy diffusivity profiles within the canopy with the
following dimensionless variables:

ξ =
z

h
, χ =

u2

u2
h

, and
K

hu
=

Kh

huh

= σ,

the equations (1) and (2) can be coupled together
into the form:

d2χ

dξ2
= β2f(ξ)χ, (3)

where h is the height of the canopy, uh is the
mean horizontal speed at the top of canopy, Kh

is the eddy diffusivity at the top of canopy, σ is
an unknown proportionality constant and β is the
profile extinction coefficient defined as:

β =

√
2CdLAI

µσ
(4)

and µ =

1∫
0

f(ξ)d(ξ), (5)

where f(ξ) is a(z) normalized by the maximum
value of foliage area density.

2.1 Roughness sub-layer

Raupach et al (1991) and Cellier and Brunet (1992)
have explained the role of the atmospheric layer
closest to a vegetative surface and referred to it as
‘the roughness sub-layer’. This layer is unlike the
inertial (or logarithmic) layer because it is associ-
ated with multiple scale lengths. In this layer there
is a significant departure of the wind profile from
that predicted by the logarithmic relationship, giv-
ing the values greater than observed (Wilson et al
1982; Shaw and Pereira 1982; Sellers et al 1986).

This problem is comprehensively considered by
Garratt (1980); Raupach and Thom (1981). They
have noted that the estimates of momentum trans-
fer coefficient K above a vegetative surface were
1.5–2.0 times greater than the value given by the
simple logarithmic relationship within the vegeta-
tion. The modified simple logarithmic relation to

account for the flow in the roughness sub-layer is
given by

u(z) =
u∗
αk

ln
z − d

z0
, (6)

where α is the dimensionless constant estimated
to be between 1.5 and 2.0 (Raupach and Thom
1981; Massman 1987), k is the von Karman con-
stant taken to be 0.41.

The corresponding equation for eddy diffusivity
in the roughness sub-layer is also written as:

K(z) = αku∗(z − d). (7)

2.2 Cosh-type model

Massman (1987) has discussed three possible solu-
tions to the equation (3) but adopted the follow-
ing wind profile for a constant foliage distribution
within the canopy

u

uh

=

√
cosh βξ

cosh β
. (8)

Now identifying two regimes of flow: one within the
canopy represented by equation (8), and another
above the canopy i.e., the roughness sub-layer
described by equation (6), we can write the follow-
ing expressions for win speed u and eddy diffusiv-
ity K within and above canopy under the neutral
conditions:

u1(z) =
u∗
αk

ln
z − d

z0
for z ≥ h

u(z) = u2(z) = uh

√
cosh β( z

h
)

cosh β
for h ≥ z ≥ 0,

(9.1)

and

K1(z) = αku∗(z − d) for z ≥ h

K(z) = K2(z) = σhuh

√
cosh β( z

h
)

cosh β
for h ≥ z ≥ 0,

(9.2)

where the subscripts 1 and 2 denote the flow in the
roughness sub-layer and within the canopy.

The following conditions of continuity yield the
relations:

(a) u1(h) = u2(h) :
u∗
αk

ln
h − d

z0
= uh,

(b)
(

∂u1

∂z

)
h

=
(

∂u2

∂z

)
h

:

u∗
αk

(h − d)−1 =
1
2
uh

β

h
tanhβ,
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(c) K1(h) = K2(h) : αku∗(h − d) = σhuh.

After combining the above relations, the expres-
sions for u∗(z)/uh, u∗(h)/uh, d/h, and z0/h can be
obtained as:

u2
∗(z)
u2

h

=
1
2
σβ

sinhβ( z
h
)

cosh β
, (10)

u2
∗(h)
u2

h

=
1
2
σβ tanhβ, (11)

d

h
= 1 − 1

αk

√
2σ

β tanhβ
, (12)

z0

h
=

1
αk

√
2σ

β tanhβ
exp

[
−αk

√
2

σβ tanhβ

]
.

(13)

2.3 Albini’s model

Albini (1981) modelled the wind speed within the
canopy as an exponential function of cumulative
leaf drag area per unit planform area

u(z)
uh

= e−n{1− ζ(z)
ζ(h)}, (14)

where ξ is the cumulative leaf drag area per unit
planform area:

ζ(z) =

z∫
0

[
Cd(z′)a(z′)

Pm(z′)

]
dz′ (15)

and ζ(h) is the drag area index. Here Pm(z) is the
foliage shelter factor for momentum as a function
of height within the canopy.

Using Albini’s model, Massman (1997) for-
mulated an analytical one-dimensional model of
momentum transfer and has shown that

• if the product [Cd(z)a(z)/Pm(z)] is uniform
within the canopy, then the equation (14)
reduces to the exponential canopy wind profile,
exp {−n(1 − z/h)} and

• if Cd(z) is uniform throughout the canopy and
if the effect of sheltering is ignored then ζ(h)
reduces to CdLAI.

Massman (1997) parameterized the surface drag
coefficient Csurf = 2u2

∗/u(h)2 from which the expo-
nential power n can be expressed as

n =
ζ(h)

2[c1 − c2e−c3ζ(h)]2
, (16)

where c1 = 0.320, c2 = 0.264 and c3 = 15.1 are
constants.

Again applying the conditions of continuity as
described in the previous section, the expressions
for the shear stress and the normalized displace-
ment height and roughness length are found to be

u2
∗(z)
u2

h

= σn
Cd(h)a(h)

Pm(h)
h

ζ(h)
e−2n(1− ζ(z)

ζ(h)), (17)

u2
∗(h)
u2

h

= σn
Cd(h)a(h)

Pm(h)
.

h

ζ(h)
, (18)

d

h
= 1 − 1

αk

√
σ

n

ζ(h)
h

Pm(h)
Cd(h)a(h)

, (19)

zo

h
=

1
αk

√
σ

n

ζ(h)
h

Pm(h)
Cd(h)a(h)

exp

[
−αk

√
1

σn

ζ(h)
h

Pm(h)
Cd(h)a(h)

]
. (20)

3. Results and discussions

We have carried out computations for the present
model with the values used by Massman (1987) for
cosh-type of wind model of constant foliage distri-
bution. Figure 1 shows the normalized cosh-type
canopy wind profile for CdLAI = 0.6 which is same
as figure 1 of Massman model (1987). We have
shown in figure 2 the corresponding shear stress
profile within the canopy which is in full agreement
with that of Massman’s model (1987, figure 2). It

Figure 1. Normalized wind profile for CdLAI = 0.6.
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Figure 2. Canopy shear stress profile corresponding to that
shown in figure 1.

Figure 3. Stand drag coefficient, Cf = 2(u∗/uh)2, as a
function of CdLAI.

can be noted from equation (10) that the shear
stress within the canopy is independent of the pres-
ence of roughness sub-layer. Figure 3 shows stand
drag coefficient, Cf = 2(u∗(h)/uh)2 as a function
of CdLAI. The solid curve represents the present
model while the dotted curve represents the Mass-
man’s model (1987). Both the profiles are quite
similar.

The normalized displacement height d/h and the
roughness length z0/h as a function of CdLAI are
shown in figures 4 and 5 respectively. The solid
curve represents the present model while the dotted
curve represents Massman’s model (1987). From

Figure 4. Normalized displacement height, d/h, as a func-
tion of CdLAI.

Figure 5. Normalized roughness length, z0/h, as a function
of CdLAI.

figures 4 and 5, it can be seen that both the models
produce similar d/h and z0/h profiles.

Figure 6 displays z0/h versus (1 − d/h). The
profile so obtained is in full agreement with that
of Massman’s model (1987) for α = 1.5. As α
increases, slope of the curve and its maximum peak
value also increase (Massman 1987).

The canopy wind profile given by the Albini
model (1981) is a generalization of the exponen-
tial wind profile. We have presented some com-
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Figure 6. Normalized roughness length, z0/h, versus
(1 − d/h) for different values of α.

puted estimates of d/h and z0/h and compared
them with those of Massman’s model (1997) for
constant foliage distribution. We have used modi-
fied beta distribution (Massman 1982) to describe
the canopy of height-varying foliage density. Since
the proportionality constant σ is unknown, it can
be determined from the given surface drag coeffi-
cient profile within the canopy. From the surface
drag profile given by Massman (1997, figure 1), we
have used equation (18) to estmate σ which comes
out to be 0.34. α is kept at 1.67 (Massman 1987).
Here we note from equations (19) and (20) that
both the displacement height d/h and roughness
length z0/h depend upon the values of drag coeffi-
cient Cd(h) and the shelter factor Pm(h) at the top
of the canopy.

We have shown in figures 7 and 8 the normalized
displacement height d/h and roughness length z0/h
as a function of drag area index ζ(h) for constant
foliage distribution. We have chosen the profile of
Massman model (1997, figures 5 and 6) denoted
by dotted curve for Cd(h) = Cd(1) = 0.2, α2 = 0.
Comparison shows similarity between the present
model and the Massman’s model (1997).

Figure 7. Normalized canopy displacement height, d/h,
as a function of drag area index, ζ(h), for drag coefficient
Cd(h) = 0.2 with α2 = 0.

Figure 8. Normalized canopy roughness length, z0/h, as
a function of drag area index, ζ(h), for drag coefficient
Cd(h) = 0.2 with α2 = 0.

Again figures 9 and 10 show the normalized dis-
placement height d/h and roughness length z0/h
as a function of drag area index ζ(h) for constant
foliage distribution under shelter effect. We have
taken profile from Massman model (1997, figures 7
and 8) denoted by dotted curve with Pm(h) =
(1 + α1ha(h)) and α1 = 0.4. It is evident from fig-
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Figure 9. Normalized canopy displacement height, d/h, as
a function of drag area index, ζ(h), with the shelter factor
Pm = (1 + α1ha(h)) and α1 = 0.4.

Figure 10. Normalized canopy roughness length, z0/h, as
a function of drag area index, ζ(h), with the shelter factor
Pm = (1 + α1ha(h)) and α1 = 0.4.

ures 9 and 10 that both the models produce the
similar profiles with a minor difference that the
present model gives a little higher d/h and z0/h.

In the first review of this paper, Dr. W J Mass-
man very kindly pointed out the typographical mis-
take lying in his paper (1997). In his paper the
shelter effect is given by the relation Pm(h) =
1/(1 + α1ha(h)) while the correct one is Pm(h) =
(1 + α1ha(h)). Dr. Massman took pains to check
his original computer code and found that the cal-
culations were done with Pm(h) = 1 + α1ha(h).

The simple analytical models developed in this
study are based on the conditions of continuity at
the interface between the inertial sub-layer and the
top of the canopy for the case of constant foliage
distribution. The simple analytical expressions for
shear stress, displacement height and roughness
length within the canopy are derived using Mass-
man’s cosh-type of wind profile (1987) and Albini’s
wind profile (1981). The computed results show a
fairly good similarity to those of Massman’s mod-
els (1987, 1997). The models thus presented can
be used to estimate d/h and z0/h which are useful
in land-surface parameterizations for use in global
climate models.
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