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ABSTRACT

This paper has dealt with the dynamic response of offshore
structures to the ocean waves. In order to establish the calculation
scheme for offshore structures, the methods of transfer matrices and of
structural-property matrices have been introduced and applied to the
analysis of dynamic response of pile structures. The validity of these
calculation methods have been verified by the experiments in the
laboratory.

INTRODUCTION

The need for drilling oil from the sea bed has induced the progress
of ocean structures until now, and much more structures should be
constructed to extract the new sources and energies from the oceans in
the future. Then, more precise design of structures should be demanded
with considering the dynamic behaviours from the viewpoint of
reliability and economical efficiency.

The purpose of this paper is to advance the calculation scheme of
dynamic analysis of offshore structures and to clarify the
characteristics of the dynamic response to waves. The structural forms
treated in this paper are as follows: (1) a vertical small diameter
pile, (2) a platform supported by four small diameter piles and (3) a
vertical large diameter pile. These three structures are analysed with
modeling as a multi-degrees-of freedom system by using the methods of
transfer matrices and of structural-property matrices.

The method of transfer matrices is suitable for the analysis of
harmonic vibrations, and this method has already been applied to the
vibrational analysis of offshore structures by Gaither and Billingtonl.)
However, only the monochromatic concentrating forces were used as the
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external forces and no calculations have been performed by using the
wave forces in their study. Then, in this paper, the authors advance
their study and indicate the calculation method for the ocean waves. In
the case of a small diameter pile, not only the small amplitude wave
theory but also the Stokes wave theory are applied to the Morison’s
formula to explain the resonant characteristics. In the case of a large
diameter pile, MacCamy-Fuchs® diffraction theory?is used as the equation
of wave force in stead of Morison’s formula.

The method of structural-property matrices® is convenient for
calculating the transient response with including the initial conditions
or the random vibrations induced by irregular waves. In this paper, this
calculation method and the results of some model calculations are shown
mainly in the case of periodic waves.

In order to discuss the validity of these calculation methods and
to find the characteristics of real vibrations, the laboratory
experiments are conducted in the wave tanks by wusing the model
structures mentioned above.

METHOD OF TRANSFER MATRICES

EVALUATION OF TRANSFER MATRICESY

The coordinate system is shown in Fig.l. The share force in the
direction of the z-axis and the corresponding displacement are denoted
by V, and W respectively. The bending moment around the y-axis and the
corresponding slope are denoted by M,and ¥ respectively. Henceforth, V;,
My, w and Y are used as the complex amplitudes. The amplitudes are
generated by eliminating from their real quantities the time part
oscillating with an angular frequency {2, exp(jQt), in which t is  the
time and j=v-1.

The vertical column vector constructed by their real and imaginary
parts is called the state vector and is denoted by {2z} as follows:

{z}={-w,y, My, V| -w, 9, My, V| 13T+ (1) -

My, .
Real Imaginary Unit N mass 41

[
m—t (2} —

To apply the method of transfer

matrices, the continuous member is

idealized as a discrete series of nenber 2}V -

masses and beams as shown in Fig.2. ‘ {:? mass {
-

beam i+1

The external forces are considered L
to act upon the masses.

Using the compatibility and
equilibrium conditions at the beam bean 1
8

i, the relationship between the * u

state vector of the upper side of o~

the mass 1-1 denoted by {z};_ ,,and 2 § mass -1
that of lowere side of the mass i Y

denoted by {z}}, can be described by Fig.1 Coordinate Fig.2 Mass-beam
the matrix equation system#, system®,
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in which [F]iis called the field transfer matrix and given by
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in Eq.(3), E is the elastic modulus, A is the cross~sectional area, I is
the second moment of inertia about the y-axis, L is the beam length
between the two masses, and € is a constant number driven by considering
the structural damping to the beam. The range of values is commonly

indicated as €=0 ~ 0.015.

By applying the same conditions to the mass i, the relationship
between the state vectors {z}Y{ and {Z}% is obtained as follows:

{Z}gz[P]i{Z}i R LI TP T R T PP PP oA

in which [P]i is the point transfer matrix and given by

[1 0 00000 00;: 07
0 1 000:0000:0
01y 100;0c000:—p,

[P]i: ’ sseess(5)

In Eq.(5), m is the mass, I is the mass moment
of inertia about the y-axis, and c, and cyare
the coefficients of viscous damping in the
direction of the z-axis and around the y-axis
respectively. f_and f, are amplitudes of the
external forces in the direction of the z-axis
and the external moment around the y-axis
respectively.

Fig.3 shows the pile idealized as the
mass-beam system. Transferring the state

Bottom

Fig.3 Idealized pile
as mass-beam
system#).
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vector {z} from the fixed base at A to the free end at B by using Egs.
(2) and (4), the following equation which gives the relationship between
the state vector at the location A denoted by {zly and that of the
location B denoted by {zJg is obtained:

=fF1 fP1.FF] .---- = [ ()
{2} =(F1[P1 [F1 -+ [PY [F1 {23, =[V] (2} . )
The boundary conditions for this case are given as follows:

for the Location A+ W =0, ¥ =0s . 1iiiiiieieeen ()
for the location B : V,=0, My=0.

Substituting Eq.(7) to Eq.(6), My and V, at the location A, and w and ¥
at the location B can be obtained, that is {2z}, and {zly can be
determined so as to satisfy the boundary conditions. The state vector of
each location, therefore, can be calculated by using Eqs.(2),(4) and the
state vector {Z}A.

EXTERNAL FORCE TERMS DUE TO WAVES

In the following, the coordinate system
is taken as shown in Fig.4. & denotes the
displacement of pile in the direction of the Wwave £ [J-Pile
x-axis. U and U denote respectively the — ™
water particle velocity and its acceleration
in the direction of the x-axis. . ;

Applying Morison’s formula and using { /
the relative velocities to express the wave
forces on the pile in the direction of the
x—axis, the equation about the transverse J

9

14
—

vibration of pile is expressed as follows:

PAE, +c & +EIE,, =5Coo,D(u—E) | u=¢,I Bottom

Fig.4 Coordinate system

F(Cy= 1) p,ACu—E, ) +p Al <vees(8) of wave Field

in which, p and P, are the densities of pile and water respectively, ¢
is the damping coefficient, D is the diameter of pile, and Cp and Cy are
the drag and inertia coefficients respectively. The lower indices of £,
t and z, indicate the differentiation & with respect to t and =z
respectively.

Eq.(8) is nonlinear with respect to £, however, if the assumption
that u >>§ 1is made, the Eq,(8) becomes linear as follows:

(PA+KO,A) &+ (e +2C 1 ul) & +EIE,,  =Coulul +C i ,eceecscess(9)

in which, Cp=Cpp D/2, Cy=Cyp A, K=Cy~1, and K is called the added mass
coefficient.

By using the small amplitude wave theory, the water level variation
n, the water particle velocity U and its acceleration U at the location
x=0 are described as follows:
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Y= AC0SOL | seserecssscoresrsssssccass(]() fz
“=ag ( cosh kz/sinh kh Y cosgs , seesevssea(l]) @ Lien/2
i+1
% =-ag?( cosh kz /sinh &k )sinos . eessessss(12) T L 2
Azi i+1/
Substituting Eqs.(11) and (12) into Eq.(9), ] Li/2
and integrating Eq.(9) along the divided length T .72
4z;=2%;—%;_, shown in Fig.$5, M, and Cz; included 23 0 3/
in [P]; of Eq.(5) can be obtained as follows:
21-13
m,.=(pA+prA)Azi s ...-o...........-o(13) ¢
x

¢, =cy 42, +2C,ac | (sinh kz, —sinh kz; _, )

s ksinh BA) ) lcosat |, eeececsoscna(1s) Fig.5 Range of the
integration.

The wave forces acting on the mass i can be expressed as follows:
fil)=X, 080t | cos 0t | +Y, singz , eveveresesossrsoscnsnse(l5)

in which,
X, =C,(a’ghk/ sinh 2kh ) { (sinh 2kz, —sinh 2k, ) /2k+42, ) | oeiii(lp)

Y,-=~C;,(ag/coshkh)(sinhkz,.—sinhkz'._l) L eeessssescecssenerone(l7)

If we expand the part cosof|csot| in Eq.(15) into the Fourier
series and take up to the third term, the Eq.(15) yields

_ s s 8 -
Sfiy= 3 X 0808+ 1m X 008 808 ~ 1o n X, a5 50 +Y, 80 wiveeien(18)

It can be recognized that the four terms (8/3mX;, (8/15m)X;, (8/
1057)X; and Y; are generated as the amplitudes of external forces fzi
included in [P]lj_ of Eq.{5), and that 3 in this case becomes , 3Q, 50
and ) corresponding to each amplitude. Therefore, in order to obtain the
actual state vector including the time part, each {z} must be calculated
by using each fz; and ;. Then each {z}exp(j0t) must be calculated, and
the real part or imaginary part of {zlexp(jit) must be chosen whether
the phase of the terms of external force is cos or sin respectively.
Finally, these must be composed.

In the actual calculations, fw, Isz and ch included in Eq.(5) are
all neglected because they are ascertained as not greatly effecting the
values of state vectors by performing some model calculations. Moreover,
¢1 in ¢zy of Eq.(14) is also neglected because of being small compared
with 2Cpiuf. :
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RESONANCE OF PILE DUE TO SMALL AMPLITUDE WAVE

In order to explain some characteristics of the vibrations of a
vertical circular cylinder, some calculations have been performed by
using the method indicated above. The calculating conditions are
determined by considering the scale of the experiments.

The water depth h is 40cm. The diameter of the cylinder D is 3cm,
the length 60cm, the specific density 1.12, and the elastic modulus E
500Kg/cm? It is inappropriate to always give the drag and inertia
coefficients Cp and Cy definite values, therefore they should be changed
according to the various cases. Practically, however, it is difficult to
choose appropriate values in each case because these values cannot be
determined only by the Reynolds number and Keulegan-Carpenters’ number 9
In this paper, therefore, Cy~2.0 and Cp=1.0 were ventured to be used as
the design criteria®in all cases. Moreover, the added mass coefficient K
is fixed to 1.0 and structural damping is neglected as £=0. The cylinder
is idealized by 6 masses and 7 beams as shown in Fig.3. The lengths of
the beams are 5cm at the locations of the fixed bottom and top, and 10cm
at the other locations.

Fig.6 shows the characteristics of resonance, taking the horizontal
axis as wave period T and the vertical axis as maximum values of the
displacement at the top point in the direction of wave propagation. The
dotted lines in this figure indicate that the waves exceed their
breaking limit H/L=0.14.

It can be seen from this figure that the resonance occurs at
T=0.44sec and 1.32sec (=3x0.44sec) because of the first and fourth terms
having the angular frequency 0, and the second term having 30 in the
right hand side of Eq.(18), respectively. However, as the wave height
increases, the resonant effects at T=2.20sec (=5%0.44sec) become more
indistinguishable at the displacement of the positive side (not of the
negative side) because of the negative sign of the third term having the
angular frequency 50 of Eq.(18).

Generally speaking, the resonance of pile structures appears at the
wave periods of odd number intervals’ natural period in the case where
the small amplitude wave theory is used.

]00 ',' 3 \‘ \\ L T T T T T L | T 1 T 1 T T , 1 T T T =
J ‘\\‘ *, D = 3cm 3
S0 O E = 500Kg/cm? )
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Fig.6 Characteristics of resonance due to small amplitude waves®,
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Fig.7 shows the time variations of the
displacement at the top point during a cycle
of waves by successively changing the wave
periods. t/T=0 and *0.5 express the phases of
the wave crests and troughs coming to the
position of the cylinder respectively. The
displacements are divided by their maximum
value in each case to standardize them. In
all cases, the ratio of the maximum inertia
forces to the maximum drag forces are 2:1.
and therefore, the high frequency components
of the drag forces are not so large. However,
it can be seen from this figure that high
frequency vibrations appear in the time
variations of displacement in the cases
T=1.30sec or 1.35sec and 2.20sec because of
resonant effects.

RESONANCE OF PILE DUE TO STOKES WAVE

An experiment concerning vibrations of a
circular cylinder has been performed at the
Department of Civil Engineering of Kanazawa
University. The experimental apparatus is
shown in Fig.8. The dimension of the wave
tank used in this experiment was 50cm wide,
60cm high and l4m long. A wave generator of
the plunging type was installed at the end of
this wave tank. A circular cylinder of which
end the plate spring was attached was
vertically installed 4.5m apart from this
wave generator. The diameter of this cylinder
D was 3cm, the length 60cm, the specific
gravity 1.60, and the elastic modulus of the
plate spring E 400Kg/cm? . The dynamic
displacements of this cylinder were measured
at its top part, at which a copper plate was
attached, by using the electromagnetic
displacement meter of the non-contact type.
The water depth h was 40cm.

Wave generator Oisplacement meter
P
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absorber Wave =i n/Pﬂe
LN
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Fig.7 Time variations of
the displacement
at the top point
of cylindert)

! - =

Fig.8 Experimental apparatus in the

case of apile.
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In this experiment, the resonance appeares by the waves of which
period is integer times natural period of the cylinder. This phenominum
cannot be explained by using the small amplitude wave theory but the
Stokes wave theory. This reason is that the inertia force contains the
frequency terms of sin0t, sin20t, sin3ot, sindot,... and the drag force
produces the frequency terms cosot, co820t, cos30t, cos40t,... when the
Stokes wave theory is applied to the Morison’s formula.

Fig.9 shows the comparrison between the experimental data and the
calculated values by using the small amplitude wave theory and the
Stokes wave theory. In this figure, it is recognized that the calculated
values by using the Stokes wave theory agree roughly well with the
experimental ones near the resonant point T=0.7lsec which is two times
the natural period of cylinder T=0.354sec.

O Experi. data (H=4,745.3cm)
—— Stokes wave theory
~== Small amplitude wave theory

0.6

Fig.9 0.4
Characteristics .
of resonance in (:m§
the case of
small diameter 0.2
cylinder due to
Stokes wave. H=4. Tcm
0 1 1 ' 1 1
0.4 0.6 0.8 1.0 1.2 1.4 1.6

DYNAMIC RESPONSE OF PLATFORM
In the case of a platform, the axial force N and its displacement U

shown in Fig.10 should be introduced. Therefore, the state vector is
denoted as follows:

{z}:{u,—vgw,h@,vg,N|u,—“5¢,h@,vé,N|l}T.......(lg)

Real Imaginary Unit fﬂ

$g;‘\
The portion of the corner idealized as ->Vz
mass-beam system is shown in Fig.ll, in which the - U]

corner transfer matrix [C]is newly introduced to

change the direction of the nutral axis at the

corner. The corner transfer matrix is indicated by

Eq.(20) in the case that the nutral axis turns 270

degrees clockwise. The point transfer matrix and the ¥
field transfer matrix are indicated by Egs.(21) and

(22)  respectively. The state vectores can be Fig.l10 Coordinate
determined by multiplying these matices in the same system.
manner as the vertical pileD,
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Fig.1l4 shows the comparison of the time variations of the
displacement at the point B between the experimental values and the
calculated ones. From this figure, it is recognized that the calculated
values shown by chain lines agree well with the experimental ones shown
by solid lines.
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Fig.14 Comparison of the time variations of displacement
~ between the experimental values and the calculated.
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METHOD OF STRUCTURAL-PROPERTY MATRICES

EVALUATION OF STRUCTURAL-PROPERTY MATRICES

The method of transfer matrices has been proved most effective for
the analysis of harmonic vibrations. On the other hand, the method of
structural property matrices 1is available for the non-harmonic
vibrations, In this approach, the structure is assumed to be divided
into a system of discrete elements which are interconnected only at a
finite number of nodal point. The properties of the complete structure
are then found by evaluating the properties of the individual finite

elements and superposing them appropriatelyS) I
Fig.17 shows the beam element of number (‘-'}( s
i, in which the displacements and rotations 0., M tir P
A A

at node i and 1-1 are denoted by &;, £j.-1
and 6;, ©8;_7 respectively. The deflected ;
shape of the element £(x) can be expressed \
in terms of its nodal rotations and
displacements as follows:

£
Eie1r Pics

@=y,@E,_, +r,WE Y, @0ty @0, «ei(23) QJ,«

in  which, ¥, (® (n=1,2,3,4) are the i

deflections developed in the element Fi :
ig.17 Notation of for
subjected to the unit nodal displacements and disp]acemgn(t:gs

which can be expressed as follows: ‘ at beam element.

for £,_;=1; V,@=1-3(z/1)+2(2/ 1)
for £; =1; y,@w=3(z/{)P-2(z/1)
for 0;_1=1; yr@=x(1-2/1)

for 6i =1; Y ,@=(x2/1)(z/]—1)

ceseacietrsetasaneraens(24)

Here, the displacement vector of i-th beam is defined in terms of
its nodal rotations and displacements as follows:

T D R 1))

w=C&_y 6y, &, 6

The external forces and moments applied to a beam element are
assumed to act only upon its nodes as shown in Fig.l7. The force vector
of j-~th beam is defined in terms of these forces and moments as follows:

Fo=( P Mi_, Plu M), ceceresecenenenensnnna(26)

When the force vector F; acts upon the i-th element, the equation
of motion about the i-th element is given as follows:
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CMY; o +0CY, 0, ALK #,=F; | eeeecnseesacnsaasasnsans(27)

in which, [K]i [M]i and [C]; are called the stiffness matrix, the mass
matrix and the damping matrix respectively. By applying the principle of
virtual work to the element, these matrices can be evaluated as shown in
Egs.(28), (29) and (30) respectively, in WhiCh,\/Iﬂ”Zdz’\/fﬂ/dxz’ M and C is
the mass and the damping coefficient per unit length which can be
calculated from Eqs.(13) and (14) respectively. Moreover, the force
vectors can be evaluated by using the Morison’s formula, and however,
the moments may be neglected when their magnitudes are small.

Evaluating the equations of motion for the individual finite
elements and superposing them, the equation of motion for the complete
structure can be obtained. The time wvariations of the displacement
vectors can be calculated from this equation.

6 3l —6 3]
" L ow _{ 2EI 21 —31 12
(K3, =[ B1 [y v ax | -(2EL) o e | reee0®
Sym, 21
1
13 Ql 9 _Ql
3% 210 70 i20
1 i3 1
_ _ A Ty A
n=[ A fvpae] =cmn, | 0wl Tl
3B 210t
Sym. L
ym 105°1;

[C]'.=[ EJ;,TP/‘/’/:‘ZI];:(%){ (M1, rrerescceesseiieetiiatanta(30)

TIME VARIATION OF PILE DISPLACEMENT £

Some experiments and calculations have
been performed for the small diameter
cylinder, of which end the plate spring is
attached. The length of this cylinder is
60cm and the diameter is 4cm. The flexual
rigidity of the plate spring EI is 1.93x10%
Kg.cm?. The natural period of the cylinder
was changed appropriately by arranging the
length of plate spring. In the experiment,
the water depth was always kept 40cm. In the
calculations, this cylinder is divided into
seven elements as shown in Fig.l18. The
Newmark*s £ method has been applied to
calculate the time wvariations of the Fig.18 Division of pile
displacement vector with selecting $=0.25. into elements.

Beam
element
number

5
Node
number el

—

AT Y

Spring
Bottom
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Fig.19 shows the time variations of the displacement at the
cylinder top, in which the dotted lines and solid lines indicate the
experimental values and the calculated ones respectively. In Fig.19(a),
the displacements become larger to a certain magnitude as the time
proceeds, because the wave period T=0.84sec is close to the natural
period 0.80sec. In Fi5.19(b , the displacements are beating, because the
wave period T=0.92sec is slightly different from the natural period. In
Fig.19(c), the calculated values agree well with the experimental.

Fig.20 is one of the examples applied- to the case of hyperbolic
waves, in which the upper figure shows the water level variation 7 and
the lower one is the displacement & calculated from n. In the
displacement, the natural vibrations are generated by the high frequency
component waves included in the wave crests.

t (sec)

(a) T=0.84sec, H=1.9cm, &,..=4.85cm,

%OF T AW WA WL AN AN A A N SN N s W ANAY
S VA VAL VR VAV AL WA VARV~ AR VS VALVALVAR

t (sec)

(b) T=0.92sec, H=4.lcm, Eg.=4.91cm.

1.0
F A i/\ 5.0 1 X
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(c) T=1.18sec, H=4.6cm, &,.,=1.98cm.

Fig.19 Time variations -of displacement of small diameter pile.
(Solid line: Calculated. Dotted line: Experiment)

Fig.20 Time variations of hyperbolic waves and
the displacement of small diameter pile.
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In the case of 1rre%ular waves, £ can be calculated only from N by
using the linear filters?”, Fig.2l is one of the examples of irregular
waves, 1in which, the calculated values of the displacement shown by
solid line agree well with the experimental ones shown by dotted line.

.0

(cm)ﬂ. 20\/ \/40\/'—\/20\/ \/a.o\/ 7 100

-3.0 t (sec)

Fig.21 Time variations of displacements in case of irregular wave.
(n: water level variation, &: displacement, F: wave force)

CONCLUSIONS

The harmonic vibrations of structures can be calculated by the
method of transfer matrices. On the other hand, in order to calculate
the transient response with considering initial conditions or the random
vibrations induced by irregular waves, the method of structural-property
matrices should be wused. In these calculations, the added mass
coefficient should be given an appropriate value in the range from 0 to
1 in accordance with the magnitude of a displacement, and also the
damping coefficient should be determined with considering the
interaction effect between structures and waves.

The resonance of a small diameter pile occures at the wave periods
of integer times natural period, which has been confirmed by the
experiments and the calculations. The time variations of the
displacement of structures can be calculated correctly by using the
matrix methods shown in this paper.
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