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SOME RECENT RESULTS FOR WAVE INDUCED MOTIONS 

OF A SHIP IN SHALLOW WATER 

P. A. Madsen*     I. A. Svendsen*     c. Michaelsen* 

ABSTRACT 

The paper describes an analytical approach to the problem of wave 
induced oscillations of a long ship in water with a depth which is only 
slightly larger than the draught of the ship.  The problem is linearized 
(i.e. small amplitude motions and waves) and the water flow induced by 
the incident waves, and by the motion of the ship is determined.  This 
also yields results for the forces in the equations of motion for the 
ship.  These equations can be solved analytically, but the paper concen- 
trates on giving numerical results for the solutions.  Results are also 
given for the hydrodynamic masses and movements of inertia, and for the 
damping due to radiation of wave energy. 

1.  INTRODUCTION 

The problem of ship motions in water of limited depth has been ap- 
proached by several authors previously.  The difficulty is the presence 
of the sea bed.  Wilson (1958) represented this by empirically increas- 
ing the hydrodynamic mass and the damping of the ship, and Wendel (1950) 
determined the hydrodynamic. mass of a hull section theoretically by con- 
formal mapping.  More successful is the integral equation method which 
consists in transforming the boundary value problem of the flow equa- 
tions into an integral equation assuming the waves to be small amplitude 
sinusoidal (see e.g. Bai and Yeung (1974) and van Oortmerssen (1976)). 
Whereas this method works well for deep water conditions, the numerical 
computations require an increasingly large number of integration points 
as the depth decreases towards the draught of the ship.  Yet van Oort- 
merssen is able to present results for hydrodynamic masses at a draught 
to depth ratio as large as 0.95. 

Recently Andersen (1979) used a finite element technique to solve 
the problem numerically, but in principle had the same difficulties in 
describing the flow close to and underneath the ship when the draught 
of the ship is close to the depth of water.  The largest value of the 
draught to depth ratio for which results are given is 0.67.  Both van 
Oortmerssen and Andersen, however, can treat the full three-dimensional 
problem.  The same does in principle Tuck (1970) who uses a slender body 
approach for which he gives results for added mass and damping coeffi- 
cients . 
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The method presented in this paper is based on  an  approximation 
which makes it well  suited to treat exactly the  cases  of very small un- 
derkeel  clearance.     In  fact,   the  smaller the  underkeel  clearance,   the 
better is  the  approximation.     It is,  however,   essentially, based on the 
assumptions of two-dimensional motion  and hence  restricted to  applica- 
tion to  a long ship  and the heave,   roll and sway motion of such  a ship. 
Actually we will  see that  as  the  sway motion  for a ship in very shallow 
water is  strongly influenced by three-dimensional effects   (the water 
can  flow around the ends  of the  ship  as well  as beneath it)   the  results 
for sway  are  the  least accurate.     This  is   further discussed in  § 5.    The 
paper formulates  the problem which originates  from the  above mentioned 
idea   (§ 2).    The  equations  are   linearized,   and the   solution  for the wa- 
ter  flow is  then determined by dividing the problem into sub-problems 
which are  described briefly,   and examples  of the  solutions  are  given 
(§3).     In  § 4 we  discuss  the wave  induced heave motion  and in  § 5  the 
roll  and sway motions.     Finally,   the  results   for hydrodynamic masses 
and moments of inertia are  given in  § 6   and results  for the wave gener- 
ation   (i.e.   the  damping  coefficients)   are presented in  § 7. 

2.     BASIC   ASSUMPTIONS    AND   EQUATIONS    FOR   THE   WATER   MOTION 

The motion  of the  ship is  caused by the pressure   forces  generated by 
the water motion.     To determine  this we  consider the  two-dimensional 
situation  of  a ship in beam seas.     The hull is  approximated by  a rect- 
angular  shape   (Fig.   1,  which  also shows the notation)   and the, basic as- 
sumptions  are  then 

(i)     In the   clearance  R(<<h)   the   flow velocity is entirely hori- 
zontal   (i.e.   w<<u)   and uniform over R.     This  is  assumed to 
apply at sections   1-1   and 2-2,   and it implies  static pres- 
sure  variation under the  ship. 

(ii)   The motion under the  ship is  considered separately  and 
matched directly to the-flow outside  the  gab by requiring 
continuity in pressure   (averaged over R)   at   1-1   and 2-2. 
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Pig. 1 Definition sketch. 

The water motion beneath the hull 

With reference to (i) the continuity equation for the flow beneath 
the hull is written 

—• = - -r—     with  Q = | u dz = u R (1) 
ox      ot r- 
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Since 
R = R0   + z0(t)   +   8(t) x (2) 

where R    represents  the  equilibrium position,   z     and  6  the heave  and 
roll motions,   respectively,  we  get 

~ = z.    +  drx  = W(t)   + S2(t) x (3) 
St "t        z 

where W(t)   and S2(t)   represent the velocity of the  heave  motion  and the 
angular velocity of the  roll,   respectively,   of the  ship.     Substituting 
(3)   into   (1)   and integrating yields Q and hence  U  as  a function of W 
and £2 

U(x,t)   =  - i{wx + Q ~ + A(t)} (4) 

where the arbitrary function A(t) represents the net flux trough the 
gap caused by different (wave) pressures at the two sides of the hull. 

The horizontal component of the equation of momentum becomes 

|5UD|iL._I|E (5) 
dt dx p      dx 

The pressure p (x,z,t) generated by the wave and ship motion is ex- 
tracted from p by the definition 

p(x,z,t) = p+(x,t) t pg(h-z) (6) 

where p+ according to (i) is independent of z. 

Substitution of (4) and (6) into (5) then yields (after integration) 
the following relation between the pressure p+ in the gap beneath the 
hull and the roll and heave motion described by 0  and W 

- ^p+(x,t)   = -M^|- x^ y Wflx3 + j(W2 +fiA) x2 + WAx + |-A2l 

+ Y Qz  \ x3/R2 dx + I" WSJ x2/R2 dx + (W2 + a A)  X/R2 dx 

+ W A R~2 dx - wt x/R dx - j  !Jt x2/R dx - Afc R"
1 dx 

f(t)/p -fsxif (7) 

where  the arbitrary function p0 (t)   represents  the pressure  x=0,   and 
the integrals may be evaluated by substituting   (2)   for R. 

Eq.   (7)   is the  general  result for the pressure beneath the hull,  ex- 
pressed in terms of the heave  and roll motions  of the  ship,   and A(t) 
and p   .     We  can  find A(t)   and p^  and determine  the water pressures  on 
the  side  of the hull  and then  substitute  this  into the  equations  of mo- 
tion  for the hull we  get three  simultaneous,   ordinary   (but non-linear) 
second order differential  equations   for the heave,   roll  and sway motions. 
These equations  can in principle be  solved by straightforward numerical 
procedures. 

To obtain  analytical  solutions,  however, we will here  assume  that 
the  vertical  component of the  ship motion  causes  only small  changes in 
R   (which will be  true  for most situations  in practice  anyway).     Then 
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(7) in the first approximation can be shown to reduce to the far sim- 
pler 

rp+<*,t) =w,.^+Jv^i-^-x + P+(t)/p "t2R t 6R (8) 

The only real problem left is then to determine the pressure pj, the 
function A and the pressures on the side of the hull.  All these quan- 
tities are closely related to the water motion at the side of the hull 
(i.e. Ix! 5 B/2) . 

b.  The water motion at the side of the hull 

This water motion is caused by a combination of the incoming waves, 
their reflection from the hull and transmission through the gap beneath 
the ship hull to the other side, and by the waves generated by the 
heave, roll and sway motion of the ship. 

The following additional assumptions are used: 

(iii) We neglect all energy dissipation and boundary layer 
effects and assume potential flow everywhere, 

(iv) Both incoming and generated waves are assumed of small 
amplitude. 

Thus  the problem of wave motion  at the  side  of the  ship is  linear 
too and we may consider the  different components separately.     Intro- 
ducing the velocity potential  $   (with v = (u,w) = — V<f>)   the problem is 
to  solve  the Laplace equation 

CJ2 V< $ = 0 (9) 

at each side of the ship satisfying the following boundary conditions 
(here formulated for the right hand side of the ship) 

= 0 

-{ 

= 0    at z = h 

B/2, see Fig. 1) 

at z = 0 

net) (z -m) - V 

0 < x. (10) 

<    Xj   <   «> (ID 
<   Z   <   R i k = 0 (12) 

of the ship, m is the height of the point of rotation above the sea bed. 

Finally at x,+ • a radiation condition applies. This boundary value 
problem for the flow at Ix! > B/2 is illustrated in Fig. 2. 

Generated wave 

Fig. 2 
Boundary value problem 
for flow at the side 
of the hull. 
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The total motion in the linear problem then consists of the follow- 
ing components: 

1. The standing wave composed of the incoming plus a (formally) fully 
reflected wave.  This motion occurs only at one side of the hull 
(assumed to be the left side in Fig. 1).  (if>w, Hw, pj etc.) 

2. The motion generated under a fixed ship by the above mentioned stand- 
ing wave.  On the right hand side this represents the waves trans- 
mitted through the opening beneath the hull.  On the left hand side 
it represents the reduction in reflection due to the transmission. 

(<t>G' HG' PG et,?-> 
3. The waves  generated by the  sway motion of the  ship.     (<j>s,Hg, Pc etc.) 

4. The waves  generated by the heave  motion of the  ship.   (•H'^'PH 
etc-' 

5. The waves  generated by the  roll motion of the  ship.     (<)>R, HR, pR etc.) 
where we have 

^ =  ^W +  "f'G +  ^S +  ^H +  ^R '   etc- '13) 

It should be mentioned that it is  not strictly necessary  for a solu- 
tion to split the problem into the  components  described  above.     The  so- 
lution may,   of  course,   well be  obtained by  solving the   complete bound- 
ary value problem described by   (9) - (12).     The  splitting is  convenient, 
however,   since  the  results  are  rather  complicated and since  the  effect 
of the individual components of the total motion has to be  separated 
anyway later on in the equations of motion  for ship. 

3.     DESCRIPTION   OF   FLOW   COMPONENTS   AND   RESULTS 

In the   following we  give  some  results  for the pressures induced on 
the  ship in each of the  flow situations mentioned  above.     As  the   calcu- 
lations  are  rather tedious  it will be  impossible  at the  space  available 
to bring details  of the  derivations. 

A more  detailed description  of the  solution     for thd heave  generated 
flow was  given by Svendsen   (1968)    (who in  fact  considered the   case of 
large  amplitudes).     For roll   (point 5   in the   list  above)   the   flow prob- 
lem was  analysed by Svendsen et  al.   (1977 a),   and the  reflection - trans- 
mission problem   (points   1   and 2)   was  discussed in Svendsen et al. 
(1977 c). 

The  method of solution is  to write  the velocity potential  at !xl= B/2 
for each of the   flow components 

•i  =  8
1<">t+*l>  I  Xln(x)   Zin(z) (14) 

n 
and assume  that in   (4)   and   (12)   U2,  W,   ft and V vary as  ei<wt+Yi). 

a.   The reflection-transmission problem 

The  water flow around a fixed ship in waves  is  sketched in Fig.   3. 
The wave pattern consists of the standing wave which yields  the pres- 
sure 

+ „     cosh kz /rt (J_t PW * p 9Hi   cosh kh  cos wt at       x =  - B/2 (15) 
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_   «---   U= U(t) —*- 

Fig. 3 Description of wave induced flow around a fixed ship. 

and the waves generated by the water flow under the hull.  This flow is 
induced by a combination of the standing wave pressure given by (15) 
and the pressure from the waves generated by the flow itself.  There- 
fore the solution to the problem involves determination of the velocity 
UG beneath the hull, and since the body of water has a certain inertia 
(finite width of the ship) UG is not in phase with pjj and neither are 
the waves generated. 

To illustrate the nature of the results we find for U~ 
H.   oj 

Ifc = e (b  cos wt+ a sinoot) (16) 

sinh kR 
u
2 g     kR  cosh kh 

1  +  8 h Bw/B , b =  8 h ^/B 

and 

*w 
sinh2kR 

(kR)2 (sinh 2kh+ 2kh) 

Bw " I 
!A7R 

n   (/X^"R)2(sin2 /I^h + 2 J\^h) 

(17) 

(18) 

(19) 

(20) 

The parameter k is the wave number which in general  satisfies the 
dispersion relation 

u2 - gk tanhkh = 0 (21) 

where <o is  the  frequency of the incident  and the  generated waves,   and 
J\~ similarly satisfies  the  equation 

o>2 + g f\^ tan /X^h =  0 (22) 

Eq.   (21)   has one  root whereas   (22)   has  infinitely many roots. 

The  total pressures p^j under the hull  corresponding to the   combina- 
tion of the  standing wave   and the  generated waves may then be written 

Pwc^'t' =8p«ii|»wn + Bv, utA)j | 

sinh kR ^ (1     x) 
+ p g H.   — r—— cos oat hr "" £• i kR coshkh 1.2     EJ 

f<x-<|     (23) 

and along the  sides of the hull   (x = ±  B/2)   we  get   (in  addition to pw 

in   (15)) 
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p+(f,s,t)  = -p+(-f,z,t) 

= 4 pu hJAU coshkz +  )   b    — cos /A 

where 
sinh kR 

kRfsinh 2kh + 2kh) 

sin A^R 
n       •/A~R(sin2 /TTh + 2 ATh) 

-} (24) 

(25) 

(26) 

Notice that in this case where U is independent of x we find (in accord- 
ance with (the linearized version of)(5)) that p+ varies linearly with 
x in the gap underneath the ship (- B/2 < x < B/2).  It should also be 
mentioned that since the pressure due to (24) varies with z, which p 
under the ship by assumption does not (see (6)), the continuity in pres- 
sures at 1-1 and 2-2 (Fig. 1), has been imposed on the mean values over R. 

Figs. 4 and 5 show the variation of the pressures given by (23) (at 
x = B/2) and (24),. respectively. We see that for most situations the 
assumption of p constant over k, which led to averaging p+ over R for 
the flow outside the gap, is actually quite reasonable, in particular 
for long waves. 

pgH, 

6=0.4       _• 
eot-0   /• 

0.20 - 
/P=0.8 

0.10 

P = 0.95 

10  15  20 a 10  15  20 a 

Fig.  4 Pressure variation at 2-2 versus a  = g/u2h and @ = d/h 
for a fixed ship 
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0.05 

0.5' 

Fig. 5 Pressure variation along the side of a fixed ship. 

b.  Flow and pressures induced by sway 

The instantaneous floWj pattern generated by a forced sway motion is 
shown in Fig. 6. Qualitatively this flow resembles the motion gener- 
ated by the standing wave system described above/ but quantitatively 
the problem is closer related to the flow arpund a piston type wave gen- 
erator with a large leak at the bottom. The difference is that in our 
problem the width of the ship is significant which (as mentioned above) 
makes the inertia of the water volume beneath the hull an important fac- 
tor.  It causes both a change in amplitude of the waves generated, and 
a phase shift relative to the motion of the Ship. 

-*— u = um 
•777777777777777777777777, 

Fig. 6 Description of flow induced by a sway motion. 

In the end the pressures on the hull corresponding to the flow will 
be integrated to forces which enter the equations of motion, and in 
principle we may envisage both horizontal and vertical forces, and mo- 
ments about the center of gravity to originate from each component of 
motion considered.  Since each of these forces or movements represents 
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the reaction on the ship from the surrounding water due to the motion 
in question and hence depends on that motion (e.g. the sway), it is cru- 
cial for the solution of the equations for the motion of the ship to ex- 
press the magnitude of the above mentioned forces and moments in terms 
of the velocity and acceleration associated with the component of mo- 
tion in question.  Thus for sway the solution for the pressures on the 
hull is written 

Pg = f^g/i/h, 
d d 
h'B'J f2(g/uVf,§,*) vt/, < x < | (27) 

where V and Vt are instantaneous velocities and accelerations, respec- 
tively, in the sway motion. 

Both a  and W are zero for pure sway, so we see from (8) that for sway 
the pressure under the ship must vary linearly with x.  The variation at 
x = B/2 (sect. 2-2) is shown in Fig. 7. The pressures are shown at two 
different times, namely at the time when Vt = 0 (Fig. 7 a) and at the 
time when V = 0 (Fig. 7 b). Thus the two figures give the coefficients 
of each of the two terms in (27). Along the side the pressure variation 
is a cosh kz superimposed by the classical cos A^ z terms also present 
in (24), and the same averaging of the pressures over R has again been 
applied in the matching procedure. 

1.5 

-P>.tl 6 = 0. A        b. 
V = 0          / 

8 = 0.8/ 

1.0 /(3=0.9/ 

/      / (3 = 0.95/ 

0.25 

0 

8=0.95/    / 
/ / 

fcr       5 10        15        20      a 

0.25 

Fig. 7 Pressure variation at 2-2 versus a = g/ai h and g = d/h 
for sway induced flow. 

o.   Flow and pressures induced by heave 

The results for this case can be derived directly' from Svendsen 
(1968) by linearizing with respect to W, the velocity in the heave mo- 
tion.  The flow is described in Fig. 8. 
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Fig. 8 Description of flow induced by a heave motion. 

As can also be inferred from (8) the pressure under the ship varies 
as xz, because for symmetry reasons we must have A(t) = 0.  Here we 
show figures with the pressure variation with x under the ship (Fig. 9) 
and the variation at sect. 2-2 (Fig. 10), in both cases at two differ- 
ent times, namely when Wt = 0 (Fig. 10 a) and when W = 0 (Fig. 10b). 
Writing again the pressures as 

pj = g, w + g2 wt/u (28) 

this means that Fig. 10 shows the two coefficients in (28) at sect. 2-2. 

Ffjlx.t) 

 W, = 0 

    W  =0 

Ph(W,)mclx 

(3=0.9 
10 

5=0.4 

5 

-0.4 -0.3         -0.2 -0.1 0.1            0.2          0.3           0.4 x/B 
a=0.5 

-=            a=20                         j0 

-10                      a = 20j^ 

Fig. 9 Pressure variation under the ship induced by a heave motion. 
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Fig. 10 Variation of pressure at 2-2 for heave induced flow. 

d.  Flow and pressures induced by roll 

This represents by far the most complicated flow conditions.  The 
situation is shown in Fig. 11.  Whereas the flow outside the gap is 
more or less the same as, in the previous cases we see that under the 
ship the direction of the flow changes at two points.  The flow is il- 
lustrated quantitatively in Fig. 12 where the discharge Q is shown ver- 
sus x for different phases.  Two cases are shown:  a typical deep water 
situation (Fig. 12 a) and a long wave situation (Fig. 12 b).  Since 
Q = U R we see from (4) that Q varies as x2.  The situation is somewhat 
more complicated, however, because the waves generated are in antiphase 
which causes Aft) to be nonzero which again means there is a phase dif- 
ference between U and the angular velocity 0  of the roll motion (as for 
sway) .  This is particularly clear in Fig. 12 b where U * 0 when Q =  0 
and the points of zero velocity are changing with time. 

7777777777777777777777777rV777/77777777777y7777777777r777777777777^ 

Fig. 11  Description of flow induced by a roll motion. 



3054 COASTAL ENGINEERING-1980 

Qlx.H a 

0.04^ 
0.03 
0.02 
0.01 

-B/2         / ao X 

-0.01 
n=o^ * V        B/2 

-0.02 

-0.03 
-0.04 

L-0.05 nt =oA 
/   p=0.9G;a=0.30; 
I    6 = 0.4;   v=0.80; 

n^2 b 

/ o.oZ^v 
0.03      ^ 
0.02 

0.01 \  ^n=o 
\            X" 

-B/2      / 

/ (3=0.90; a= 8.0; 
/    6=0.4    v = 0.80; 

-0.01 
-0.02 

-0.03 
-0.04 
-0.05 

\      B/2" 

nt=oA 

Fig. 12 Discharge Q under the ship induced by a roll motion. 
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Fig. 13 Pressure variation under the ship induced by a roll motion. 

Fig. 13 shows the corresponding pressures whiqh according to (8) 
vary as x3 with an x component due to A(t). 

As in the previous cases the result for the pressure along the side 
of the ship contains one term varying as cosh kz and an infinite number 
of terms varying as cos /X^ z (where /X^ are the solutions to (22)) 
which are necessary to satisfy the boundary conditions for the flow at 
lxl = B/2.  All the results for roll are rather complicated and we 
shall omit thera here. 

4.  WAVE INDUCED HEAVE MOTION 

The equations of motion for the ship are the three components of 
Newton's second law corresponding to horizontal and vertical projec- 
tion, and moment about an axis perpendicular to the x-z-p,lane through 
the center of gravity G. 

It turns out that neither roll nor sway produce total pressure forces 
on the ship which has vertical components. Similarly heave does not 
produce net horizontal forces or forces that have a moment about G. 
Consequently the equation for heave (vertical projection) does not con- 
tain terms proportional to V, Vt, SJ or J2t and the other two equations 
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the other two degrees of freedom, and the equation for wave induced 
heave may be solved independently of the equations for roll and sway. 
This problem of wave induced heave was described in some detail by 
Svendsen et al. (1977 b). 

When the forces are integrated as mentioned previously we find for 
the heave motion z (t) the equation 

Hi   sinhkR 
T~7  m TTT cos lot 29) 2d kE cosh kh 

where 

(30) 

\» (3D 

In (30) the first term (1) represents the mass of the ship.  The 
other two terms in (30) originate from the components of the water pres- 
sures which are proportional to Wt.  Hence these two terms represent 
the hydrodynamical mass for the heave motion. 

The coefficient SH represents the damping of the oscillation which 
is linear, i.e. proportional to W. The energy dissipation described 
by this W-term is physically caused by the generated waves which carry 
energy away from the ship. 

Even though the problem has been linearized it still contains the 
leading or dominating effect of the presence of the bottom.  From (29) 
we can deduce that this effect emerges as a quite significant change in 
the resonance frequency, relative to the value we would have in deep 
water.  The reason is that the hydrodynamic mass increases rapidly when 
the underkeel clearance decreases (as we shall see later). 

In Fig. 14 is shown the resonance or natural* frequency to (undamped) 
nondimensionalized as g/(u|hB).  The deep water value for we shown in 
the figure has been determined using the results for the hydrodynamic 
mass in deep water given by Andersen (1978). 

The equation (29) may be solved analytically, and the result becomes 

z°(t)      a(ct-gMH' sinh kR  cos (ait+ 0) 

where 

2(B2s£ + (a- 3 M„)2 kR cosh kh   cose 
n H 

•6 SF > (32) 

and 

a E g/io2 h B = d/h 

Numerical results for the amplitude of (32) are shown in Fig. 15 for 
three different values of 6.  We notice that somewhat unexpected per- 
haps the amplitudes generally increase as the underkeel clearance de- 
creases. 
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Fig.   14    The  resonance  frequency      Fig.   15     The  amplitudes  of wave  gen- 
ioe  for heave  versus   3 = d/h erated heave motion versus  a = g/to2h 

5.     WAVE    INDUCED   ROLL   AND   SWAY   MOTION 

In  contrast to heave  the presence  of a sway motion will  automati- 
cally generate  a roll motion  and vice  versa.     These  two motions  are 
even in this   simple model  coupled,   and the   corresponding two equations 
of motion  consequently  contain  terms with both independent variables 
(simultaneous  differential equations).     This  naturally complicates mat- 
ters   a great deal,  but  since  the  equations  for a given incident wave 
are  ordinary second order differential equations with  constant  coeffi- 
cients  an  analytical  solution  is  in principle  straightforward.     The   al- 
gebra and the  results  are   just rather  complicated,   so we  only present 
the equations   and numerical  results  for  the  solution.     The equations 
may be written 

dt2 

dC 5 
de 

as dt"+ ae ' 
+ a, cos nit + a   sin tot (33) 

-+b 
dt' 

d£ 
2dt + b, 

dz5 hbt;|f+bc 5 dt 6 
hb    cos tot+b    sin cot (34) 

7 8 

where   £(t)   represents  the  sway motion  and  6(t)   the  roll. 

The  coefficients   (ai,bi)   are here   functions of the parameters  of the 
problem.     Of those we have  already mentioned  S  = d/B,   8  = d/h  and a = 
g/to2h. 

However,   other parameters  enter the problem too.     Firstly,   the  coef- 
ficient  a,  which represents the   restoring force  in the  sway motion  can 
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only be nonzero if we  introduce  e.g.   mooring  lines.     This brings  two 
new parameters  into the problem:     kf/p gh,  the nondimensional  stiffness 
of the moorings   (pr.   m length of the  ship),   and  1/h the  nondimensional 
height  of the  mooring point  above  the   center of gravity   (see Pig.   16). 
These parameters  actually occur in  a   ,b   ,a    and b   . 

Fig.   16    The  geometry of moorings  and ship's  stability. 

Secondly,   the  roll motion  of  course  depends  on the  stability of the 
ship,   i.e.   on  the height n of the  center of gravity above  the bottom of 
the  ship   (Pig.   16).     In the presentation  of the  numerical  results n is 
nondimensionalized as  v  ~ n/d. 

Quite  obviously it is not possible  numerically to map the  variation 
of the  results with  all  these parameters.     We  have  therefore  chosen to 
show the  variation with what we   consider the  most interesting two, 
namely a and  0,   and in doing so we keep the other parameters  fixed at 
chosen values. 

Thus  from stability considerations   (ships  usually have   a metacentric 
height of  a  few metres)   we  have   chosen Y  =  0.8.     For kf/p gh  it may be 
shown that even  a set of the  stiffest  steel wires  cannot bring k.g/p gh 
above  about 0.1,   and we will  see  that the  stiffest moorings  are  the 
most interesting  for our  conclusions.     So we   show results  for kf/p gh = 
0.1   only.     Further we  use   (a  little  unreali^tically)   1=0,  but it may 
be  inferred from the  results  that this  is not  so important.     Finally 
we   choose   6 = 0.4 which is  a realistic value particularly for bulky 
ships  as  tankers  or bulk  carriers. 

Fig.   17 then  shows  results  for the  resonance periods   at different  (3. 
Since  there   are  two degrees  of freedom    there  are  also two  resonance 
frequencies.     Each of these  represents a free  oscillation in which both 
roll  and sway occur but  locked together phasewise  and with  a fixed ra- 
tio between their  amplitudes. 

We notice  that one  of the  resonance  frequencies  is much  smaller than 
the  other.     The   associated mode  of resonant oscillation  consists predom- 
inantly of sway.     This  shows  that even  for the  stiffest moorings we  can 
think  of   (kf/p gh = 0.1)   the  resonance period for the  sway-type mode  of 
oscillations  corresponding to very long period waves.     In  storm waves 
such waves merely occur  as  subharmonics.     The phenonmenon is quite well- 
known,   as  in harbours  or model experiments with harbours particularly 
sway   (and surge)   motions often occur at a subharmonic frequency. 
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Fig. 17 Resonance frequencies for 
coupled roll and sway. 

10     100    1000       10     100    1000        10     100    1000 

Pig. 18 The amplitudes of wave generated roll and sway. 
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It should be  added,  however,   that in particular for sway the  three- 
dimensional effects may be quite  important.     In  a three-dimensional 
model the water can escape both beneath the  ship and around the ends. 
The   latter possibility is not included in our two-dimensional model, 
and in particular for  a small underkeel  clearance  this will yield too 
large  values  of the  hydrodynamical. mass  and consequently too  large 
values  of the  resonance period. 

Results  for the wave  induced amplitudes  are  given in Fig. 
a  for three  different values  6f  S. 

IE 

6.     HYDRODYNAMIC   MASSES   AND    MOMENTS   OF    INTERTIA 

As was  already indicated in the  description  of wave  induced heave, 
one  of the by-products  of the  solution  for the water flow is  the hydro- 
dynamic masses  for heave   and sway and the hydrodynamic moment of iner- 
tia for roll. 

These quantities  represent that part of the pressure   forces which 
is proportional to the  acceleration in the motion  considered.     Numeri- 
cal  results   are  given in Fig.   19.     The  values  given  are  relative  to 
the  ships mass  or moment of inertia. 

' Mh/M 
HEAVE 

- 5 = 0.4 

P=0.95 

- 10 

P=0.9 

- 5 

^_ B = 0.8 

Mh/M 
SWAY               y 

5=0.4          / 
(3 = 0.8--;/ 

/      p=0.9^y/ 
-1.0               /                  / 

1           /      (3 = 0.95-?^^ 

^-"0(3 = 10 

'h'1          ROLL        5 = 0.4 
v=0.8 

|3=0.95              

J£___li^   

P = 0.8  

-5 

Fig.   19     Hydrodynamic masses   for heave   and sway, 
and moment of inertia for roll. 

We see that in particular the hydrodynamic mass of heave (Fig. 19 a) 
is many times the ship's own mass and depends strongly on 6, the rela- 
tive  draught of the   ship. 

The hydrodynamic moment of inertia found for roll  is  small  — of the 
same  order of magnitude  as  the   ships  own moment of inertia.     Yet the 
result depends  very much on   g. 
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Both for heave and roll the results are virtually independent of a, 
the nondimensional wave period.  This indicates that the major contri- 
bution in these cases comes from the flow underneath the ship which is 
consistent with the fact that when these two motions occur water is 
necessarily squeezed in and out of the gap. 

This is not the case with sway (Fig. 19 c) where the water motion in 
the gap is driven entirely by the pressure from the waves generated 
which means that the hydrodynamic mass results from a combination of 
the e_x-terms in the wave solution and the phase shift in that solu- 
tion caused by the flow under the ship. 

7.  RESULTS FOR THE WAVE GENERATION 

The oscillating ship acts as a wave generator, and the radiation of 
energy due to the waves represents the damping in the oscillations. It 
is therefore of interest to look at the height of the waves generated. 

Fig. 20 shows numerical results for these waves for each of the 
three motions in question.  In each of the translatory cases the wave 
height has been related to the amplitude of the motion, for roll to 
twice the amplitude 80 B at x = B/2. 

0.1 

H/e06 
ROLL 
6 = 0.4 
V = 0.8 

0.05 
I     p=0.95/ 
I     P=0.90/ 

0=0.80, 

a 

Fig. 20 Height of the generated waves. 

We see that in particular at a sway motion the ship is a very effi- 
cient wave generator. We also notice that the difference in wave height 
at sway for different values of f! = d/h indicates the influence of the 
flow beneath the ship (i.e. the 'leakage' in the wave generator prob- 

lem) . 

In contrast to the less frequency dependent damping at sway, both 
heave and roll show a maximum damping at intermediate frequencies. 
The reason is that in these two cases the waves are generated almost 
entirely by the water flow in and out of the gap. In the case of deep 
water waves (small a) this is a very inefficient way of generating 
waves, hence the small heights.  For very long waves (large a) the 
height of the waves will decrease to the limit given by a purely 
'hydraulic' model which e.g. for heave yields 
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J. »„-!/* 2. (35) 
z0 h 

This  result is  also  shown in Fig.   20  for   0 =  0.95. 

It  should be  added that of  course energy is   conserved also in the 
case  of a fixed ship even though it seems as if a standing wave   (to the 
left in Fig.   1)   — which yields no net energy  flux towards  the  ship  — 
causes  generation of progressive waves which  on both sides  of the  ship 
represents  an energy flux  away from the  ship.     The   reason  for this par- 
adox is that the  sum of the   standing wave  and the wave propagating to- 
wards the   left  at x <  - B/2   actually has  an energy flux towards  the 
right which is  exactly the  energy transmitted through the  gap and away 
from the  ship through the wave   at x >  B/2. 

8.     CONCLUDING   REMARKS » 

As mentioned in § 2  the method presented in this paper is based on a 
number of assumptions.     The  validity of some  of these were  already dis- 
cussed by Svendsen   (1968)   who  showed by comparison with experiments  for 
heave that the pressure underneath the hull is quite  accurately de- 
scribed by the present model.     He also found that for a certain phase 
interval of each wave period the pressure  close  to   1-1   and 2-2  may   (for 
8  close  to one)  be  influenced by the  separation of the  outgoing flow 
from the hull of the  ship   (jet-like   flow).     However,   this  deviation from 
the  assumption   (iii)   will only have  a minor effect on the  total  forces. 
Finally the  results  in Fig.   5   show that the patching of the  average  of 
the pressures  at   1-1   and 2-2 will be   a very good approximation except 
perhaps  for quite  short wave periods. 

Thus  in general we must expect that the  model will yield rather ac- 
curate  results  for the  two-dimensional  situations it  covers. 
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