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Harbor Technics Research Institute
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INTRODUCTION

From the fact that the marginal frequency distributions for wave
height and period of complex sea waves both follow the Rayleigh type
distribution and approximately exists a linear relationship between wave
‘height and period, Bretschneider(1959) derived wave height and energy
spectra of wave period, introducing the summation function of wave height.
Then he estimated the correlation coefficient r between height and period
of waves as a function of non-dimensional fetch f (= gF/Uz). However,
his estimation seems not theoretical but empirical, being derived mainly
from qulitative considerations and observed data. In this paper, the
author tries to derive theoretically the equation for r as a function of
f, assuming the classical energy equation for significant wave is appli-
cable to the individual wave in complex sea, Moreover, extending the
same method, he intends to estimate the coefficient for shallow water
waves as a function of f and non-dimensional depth d (= gn/U?).

As the results, coefficient r for deep water waves consists fairly
well with that of Bretschneider and comparing with the author's observed
data, the one for shallow water waves seems to be resonable,

DERIVATION OF CORRELATION COEFFICIENT FOR DEEP WATER WAVES

After Bretschneider, the marginal frequency distributions for both
wave height and period of complex sea follow the Rayleigh type distri-
bution and in terms of correlation coefficient r between them, the energy
spectra ( H? gpectra ) of period T is given as follows:

T \2 72 Ty T \#
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where 8 = 0.927, H and T are height and period of individual wave, and
H and T are mean height and period of successive waves in any observation

period (usually in twenty minutes). Integration of (1) with T from zero

to infinity gives mean square wave height proportional to the potential
energy of waves.

/ S dT = H* = = (A)?
0

Suz(T) =

T (2)

(1) is available for both deep and shallow water waves, and
significant wave height HJ5 and period T are related to mean height
H and period T, respectivelly, through r as follows:
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Hp=LtoH,  Ty=TF /T5aeor o)

After Bretschneider's fetch graph(1958) for deep water waves,
significant wave height and period are approximately expressed by the
following equations in terms of non-dimensional fetch f in the range of
1 (£ 2X10%,

H _ _Z_E a.4e T _ _zﬁ; az2é
L = vooro(LL) T ) EE-=oo0s5(L3)

where U i3 wind velocity, g the acceéleration of gravity, F the fetch
length, Therefore, when the coefficient r is given by f, wave spectra
for deep water waves are fully determined by (1) in terms of f through
(3) (4) and (5).

As for r, Bretschneider assumed as follows:
(1) r=0 for the upper limit of f,
(ii) r=1.0 for the lower limit of f,
(111) r decreases gradually from the lower limit to the upper lumit of f,
And moreover, from observed data of r for £=10> 103, he empirically
estimated r as a function of f, His estimations are, however, not yet
ultimately determined but to be revised by the future accumulation of
observed data,

The author tries to estimate the coefficient r using the energy
equation and the relationships (4) and (5) in the region of 1 < f < 10f
in which wave velocity is smaller than wind velocity.

In_the case of significant wave, the transmitted wave energy P is
equal to 5 C , where E is the total energy per wave length as given by
4f¥H’and C is wave velocity. In steady state, the space rate of change
of P is equal to the supplied energy Ry plus Rn from wind to waves, where
Ry and K, are amount of energy supplied by tangential and normal stresses
of wind, respectively. Accordingly, the energy equation becomes

4L < Rr+ Ry ©

where P= %H‘*T, and after Sverdrup and Munk (1947),
Ry = E.A,?‘(%)-?% =EFEA} CU: (7
Ry = E-A§ gz.oc.(n—r ) (8)

| 2 2¢! S 7
where E=§—fjH R A=ZY—)—§-, o(’—'z—y;, and f, § are densities of water
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and air, ¥* the friction coetficient of wind over sea surface, and s the
sheltering coefficient after Jeffreys. oSverdrup and Munk suggested
A% 6.5X1074 and b= 2.5,

(6) (7) and (8) are available to the significant wave and now we
assume that they are also applicable to the individual wave, Thus
from (6), taking the averages for all the successive waves in any time
interval, we obtain

[45] = Br + R o

w] . AP
where ‘5(F is replaced by ’0'(‘]5.' .

Using (1), P is written as follows:
P= ST = L f Sw(T)- T- 4T
2

321 32T
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Now putting
_dH _ 4T 4F
= v t 2T 1= N2 (11)
then
.Ji}i_- + .££Ii M= o 2T ) 4&2 t
L~ U 4f M) T 3’ (12)
and from (3) (4) and (5),
0.4 0085 0.26
= = p——— (13)
= 00025 777 t T f

Hence

AP d lody PU -
_&_F_=53./2 a Kl—omzsﬁ 0077/ 73§ ] fm xr0”’ (14)

On the other hand, from (7) and (8),

— 3 a2 5
RT=£OLTFﬁE‘ [__L?__;]

(15)
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dP = =
Similar to IF‘ » Ry and RKyare written in terms of £ and r as

followss

— i’ ]
Ry = 0.437A(1-03371—amop)-f - p U2 x 107 16)
228
Ru= & /‘\§0.437(l<-a337r)f442x 02— 5394 (1=0s277) £ 8 1073
+0.25 (1= 0029v) £ **x o4 pU° (17)

Neglecting higher order terms than r~ and substituting (9) with

(14) (16) and (17), the energy equation is obtained in terms of r and f
as follows:

'a%“{(‘”"“””))u‘“} = 01034 (1+)(1-a337m) f a0

B & 0t
—0.00749Ad (1=01290)f x 16 + a0003[AAk (1~a02sm) f "X/
(18)

or putting A= Ax10%, A(1+& )= and AK=M , (18) becomes

% {( l—aotzr)f "06} = pjo3m( 1-a337 r)fopz

02¥ 254
— oo?Mrn(l——a.lz?T)f + aoooj/n(l~ao2?)‘)f "

where the third term in the right hand side is neglisibly smaller than
the second term in the region of f considered, and also 0.012r in the

left hand side is small compared with 1, Hence, to the first order
approximation, (18’) becomes

92b
/.06 j“”: o103 m(1—03377)— 008747 n(1— o.1277) (19)

from which r is obtained as follows:

)
/0.3 m—=0.907f"= o4 §7
f= 347 m— 0./20n {08 (20)
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Thus for m) O, n}O , r is a steadily decreasing function of f.

When &'=6.5 ,d=2,5, that is, m=22,8, n=16,2, | rl becomes
greater than 1,0 , which is clearly unreasonable. [herefore, m and n
should be selected reasonably.

According to Bretschneider's estimation, r is nearly equal to 0.9
for £=1, Taking this condition into (20), m and n are related by the
next equation,

M= 01170+ /476 (a)

and for n= 0, 1, and 2, r are calculated from (21) and (20), of which
the results are shown in Figure 1.

From the figure, it is found that Bretschneider's estimation is.the
best fit for n=0 . When n is zero, m becomes 14,76 and A’=14.76, o=
0, which means that supply of energy from wind to waves is mainly done
py tangential stress and the friction coefficient Y? becomes twice the
one given by Munk. Such a result is somewhat different from actual
phenomena, but its tendency is near to the facts that the sheltering
coefficient may be much smaller than the one proposed by Jeffreys and
also Xz may become appreciably larger than 0.0026 in some cases.

accordingly, taking m=14.76 , n=0, the first order approxi-
mation of r becomes

p=2.77= 207 £ (22)

And the second order approximation is obtained from (18') as follows:

)04 208
Y= 2.97~7.004"*" — 0,053 § (3)

which consists fairly well with Bretschneider's estimation in the range
of 1<£<10%, Therefore, it might be not so unreasonable to assume
that the energy equation for significant wave is applicable to the indi-
vidual wave and in the range of f considered the energy supply by normal
stress of wind may be possibly neglected for our estimation,
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ESTIMATIONS OF CORRELATION COEFFICIENT FOR SHALLOW WATER WAVES

A3 previously described in deep water, the correlation coefficient
r gradually decreases from 1,0 to O with increasing f, that is, with the
developement of waves. #hile, in shallow water, Bretschneider suggested
that by the effect of bottom friction the coefficient r decreases more
remarkably and possibly tends to negative, that is, r variates from + 1.0
to — 1.0 with increasing f and decreasing d ( non-dimensional water depth
as given by gD/U® where D is water depth ), From the assumption of
Rayleigh distribution for wave height and period, however, r cannot tend
to — 1.0 but get to about — 0,6~—0,7 as its minimum limiting value.
( Bretschneider did not show ‘this limiting value.)

Following to the above descriptions, we assume for r in shallow
water wind waves as follows:
(i) r decreases with the developement of waves,
(ii) 1r becomes possibly negative but cannot get to smaller than — 0.7,

DEVELOPEMENT OF SHALLOW WATER WIND WAVES

Now consider the case of constant water depth D. The shallow
water significant wave height Hs , period Ts , fetch length F, and water
depth D are expressed non~-dimensionally as follows:

Hs T _3F _ 9D
~fts=—’%—_—z} tsz‘%{%—, )L""'ﬁ? d"—%’—»; (24)

Bretschneider has shown the relations of hg , f and d from his
observations and calculations of wave height change by bottom friction,
of which the result is shown in Figure 15C on Page 284 of Technical
Report No.4 entitled " Shore Protection Planning and Design ", issued
from Beach Hrosion Board. [Figure 2 in this paper is made from that
Figure 15C, excepting the curves for tg v.s. f.

It is seen from Figure 2 that for any fixed d, h s increases with
f i1nitially along the same curve as for deep water waves and from certain {
point of £ ( say ft ) it begins to deviate and at the other point of f )
( say fu ) attains a steady constant state. The value of hgat point ft
( say bt ) is expressed from the Figure 15C of Bretschneider as follows:

\

he = 00840 A" (25)

On the other hand, ht is the same for deep water waves at ft .
Thus from (4), f+ is given as follows:

fe = 2020 d* (26)
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Similarly the value of hsat point £y ( say hy ) is obtained from
that Bretschneider's Figure.

hu= 0143 d*” (27)

&
and fu = s4940d 4 28)

Ag for wave period, Bretschneider gave no curve, Hence we
derive the relation of tgand f from the following considerations,

Similar to wave height hg, there must be ft , bellow which tsis the
same as that of deep water waves, and fu, above which tgbecomes steadily
constant, and also ft and fu are the same as those for wave height hg,
That is, both wave height and period begin to deviate from the curves of
deep water waves at point ft and get to constant at fu.

The value of tgat point f§ (say tt ) is obtained by substituting
(5) with (26),
a46%

te = 0615 d (29)
Theoreticaly ,the effect of bottom friction begins to appear

when wave length becomes twice the water depth, The value of tgsatis-
fying this condition (say t¢) is

a5 05
te = (4) =asssd (50)
From (5), the corresponding £ { say f£¢/) is
A4
f_b/ = /445 (31)

Hence, in the region of 0 <d < 10, t¢is smaller than tt and
theoretically the effect of friction appears even when £ {f+.

After Bretschneider(1960), significant wave period Tg is not too
critical and it is conveniently represented by wave height Hg as follows:

Te= 386 /Hs (32)

where Tg is in seconds, Hg in meters. Assuming that this relationship
is applicable to the region of £ £y ,

tu= 1924 h™° \33)
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36
or from (27) tu,:: 0728 d«03 (34)

Thus period tsat £ and fu are given by (29) and (34).
Accordingly, it is easy for us to draw smooth curves of tgv.s.
on the fetch graph, which are tangent to those of deep water waves at fr
and asymptotically tend to the constant value at fuw . Figure 2 is
thus obtained.
ENERGY EQUATION FOR SHALLOW WATER WIND WAVES

For the steady state of shallow water wind waves being affected by
bottom friction, the energy equation becomes as follows corresponding

to (9).
R+ + Rv — Py (35)

where ffis the loss of energy by bottom friction, averaged for successive
waves in any observed period.

The transmitted wave energy P is as. follows.
4P

_PERT 2ED
P =15 k= (1+ MTM) (36)
vhere D is water depth and L is wave length.
Putting 4D
|t ZER (g —L )
_ ‘ D
=12 L ( 2inh 212 (37)

then F; is a function of D/Lo . (Lois the deep water wave length of
period T as given gI’/2T .)
Puttlng h= gH/U , and t= gT/27CU from (36) and (37),

= M[H TRE)] = JSH +(T)-T F,(;’;E)aLT

—o6r85T*
- £3* 3434 (H) TI(HYJfo‘fz']Y’Z!)z’Z‘* € l(% ?z)dz

Tl +0.2730%

__TUS 3434 h ZY\Z)Z46—0‘ Z‘(( d 7 )
=37 e (l—r+a77 Fi (Grior () (3

Thus

— 20

4P e (K)zwt B i

iaF~ 7 & {'—_Ho.z')srl (1-rtat2p T e /;,(M@ L)t (39)
0
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From (3), h =hs/l.6, T = ts//1+0.6r , and (39) is written as
dP d
—_— _ 2 3 (40)
aF 0/6770()L [(l 0.30Y—a/3572 hs ts A(zm(i)" f)f U

where
~adr57*

. . S

Hy and RN are energy supplied from wind by tangential and normal
stresses, and similar to the case of deep water waves, Ry is considered
to be neglisible to Ry. As for Ryin shallow water waves, Kishi(1955)
proposed the next equation for significant wave.

Kt =E/45}(—U-;) —'—[w(fwﬁz—@)z]
TCASS,.U. [ ILZED (Wd‘MD)J (42)

where Ag correspondsto A for deep water waves, aénd its magnitude is
considered to be in the order of (10 ~20)X10~

Putting
Fro = coth <E2 + (wtﬁ-zz@f (43)
Fzis also a function of D/Lo (=2m)/gl* )
From (42)
S _TPALTUR [ H? 2rD 3 21D
Rr= TS [ (oo 2 1 w2
o

_wAST? 3434 (H)

= : 2eb Lz
ZF  te293y2 (F)?

2z —047574
)(I-YA+0.727Y‘21) € Fl< o

2

=0-0333/Es(l+a7ov—a13¥>“9“£§"'5(2&5)2) Uf{ﬁ ()

where

B(ZT(JES‘_’T) f(l v+0927v72)- € F(R{%)‘%)dz 45)

Loss of energy by bottom friction D# is given after Putnum and
Johnson(1949).

4oy, M
Py = 3 TSk T2 (eomk 2E2)? (46)

10
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where Y{ is the coefficient of friction,.which as about 0,0L~ 0.02 after
dretschneider. Assuming that (46) is still available to the individual
wave, Df becomes

— N H3 T
széwfk[W] 3 IfRJSH()-W zrD) (47)

3
where Snﬁ(T)is the H” spectra of [, which shall be obtained using correlation
coefficient r as follows:
7ca2( T )‘f

SH3(T) H)[ rear *)J T
Er e T

_ s leren® P 10 _ars’

T

082074007077 (T)° 8
Hence, putting
F, = ! (49)
3 .~y 21TD\3 49
(e 25)
F,is also a function of D/Lo (= 27D/gT* )
Putting
A= 5+ R=/3/5K (50)
A/ shall be in order of 0.1~ 0.2.
¥rom (47) and (48), D( bc)e_g.omes as follows:
= S/5LRSf H s —0815T o p
Dj - ,+o.820r+0‘0?0r2 (.—r-)a /(l Y+Q 92 7?7) e F (g(j__?)tzz_z)d,z
° 3
_ / s . d . 3
= (005082 X (!+090Y“‘0.6(7’57’2)""£§' C (2.“-_(21:)2 ;Y\) fU— (51)

where
—0675C * d

C(zvs((t)’ ) ) I(nwwﬁzww*” Fa(mt) zz)ctT(sz)

Hence, substituting (35) with (40) (44) and (51), putting Rn =0,
and neglecting higher order terms than r?, energy equation becomes

11
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0. 1577% {(1—&30 r) hs-ts. A (2—7%7:-,?)}

= 0.0838/]50“7”)% (Zr(t)"r) -200508§2 K (H‘Q?O)') C(%(}S)‘Bz

where A, B and C are functions of r, t and d, and expressed as poly-
nomials of r as follows:

d ,

A (%’D’“ Y) = a"(zr(t)‘)+ & (zvc@)l)H Q’( 2%&‘)29 T

A d 2 (54)

B (it 1) = b. (zvco'E)> +hy( o)t b)Y *
4\

C (‘E@W = ¢ M)l) + (—-———lf@z)w C(55) e G (55

where a, b, ¢, etc. have the following form,

oo
n d gy —od15T* (m=/,z,3
j(.( Fm(lt(f)"f’)e 47 n=024638
1]

which are numerically integrable. In practices, d varies from 0.02 to
1.0 and t from 0.1 to 0.8. From mumerical caleulations for d= 0,04,
0.06, 0.08, 0.1, 0,2, 0.4, 0.6, 0.8 and 1.0, it is known that a,, a,, a-
and bs, b;, bz are all the same order of magnitude, and at any given d,
their variations for the change of t are small. ¢,, ¢,, ¢, and c3 are
all the same order of magnitude and for any given d , they are all
increasing functions of t, and their rates of increase for the change of
T are remarkably large.

Due to the above fact, higher order terms than r™ can be neglected to
the first approximation. For convenience of calculations, ao, a;, bo,
by are expanded in terms of t for each d. As an example, for d = 0,06,
t changes from about 0.15 to 0,25 and they are expressed in this region
as follows:

Qo= 0067+ /28T~ 28(8)°,  a;=0013+ L0714 ~ 294()°

b= 226= 52 F +20(£)2  by=-z275talsE+E)”

Replacing t by ts/VA+0.6r , and neglecting higher order terms than r;
we obtain for d= 0,06,

A(““‘zé@y )= (00f7+ 128E:~2.8t5) + V(o034 0.490ts —/28t5)

12
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d, - - z . _ 2
B(W’r) — (226-852t, 4 20tE) + ¥ (=22754 (2/Ls~ 110tS)

Jimilar expressions are obtained for other d.

Co, c; cannot be expressed by quadratics of I, ci/co is expressed
as quadratics of t approxamately and because of T = ( 1 — 0.3r )ts, we
obtain to the first order approximation as follows:

Cal®)= Cu(t)= 037 Cl(tD= Cu(ts)(1- 037Ex &)

where cl//c, is presented approximately in quadratics of ts. As an
example, for d == 0,06,

%- = (.30-382ts+68ts g°’z 2155 —y505ts + 2900 s

o

Hence’c (__L_ T)ZC(tS)(l'—O BYts—'C";)(l‘l‘—C—‘—)')
2t)*’ ° ' G c.
= ([t ){n +7(630~/0285 ts +517.545-570)]

Simlarly, for other d, 4, B, and C in (53) are presented as ratio-
nal expressions in terms of r and tgs . .

Thus for d = 0,06, (53) becomes
‘o%c‘ [ {(0,01124 +a25ta-04901") +Y (—0. 002]+ 00513ts 00738 &) ﬁ;ts]

2
= As}(a/8?4-"a4-3éts+Aé7étsz)+Y‘(..aozoz_a24g?t8+0‘587z_$‘2) _é—L;S;

53
—o! {(aoafob?w‘r(o.o%s‘,’—a&zz;z; +24400s 442/ ts'?)} C.(ty)- %—;5 (55)

which is an example of the approxamately expressed energy equation for
shallow water waves,

In (55), the second term in the lett hand side is neglisibly
small compared with the first term for |r|<{ 1 and t3{ 1., Therefore,
(55) becomes

Y [l003659- g, 2275+ 284085~ 4421 T3)Cults) hs ~ (— 0102020~ 0248925 + 055729
*As] = As(0/574-09361s + 1676 1) — 0.005052X'C, (L) hs
- % —dd?{(o,&//ztl- +0.215ts~ 0470t hs ts} (56)

from which r is calculated for given ts and hg , that is, for given f.

Iln the above energy equation, 4s and «/ are not yet given, As for
As , it is reasonably assumed to be nearly equal to A for deep water

13
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waves., Hence we take here As=15X 10‘6. as for o/ s it should be in

order of 0,1~ 0.2 and be selected as reasonably as possible. For the
purpose of it, we tried rough calculations of r for each d, putting &/=
0.1, 0.15, 0,20, 0.25, and 0.30.

Nhenoi’?- 0.1 and 0.15, r increases with increase of f for d = 0,04
~ 1.0, which is contradictory to the asummed properties of r. when
0.20, 0.25, and 0,30, r has the tendency of decrease with increasing f
for all d, which becomes more and more remarkably for larger values of
«' and whena'= Q. 30, r decreases beyond — 0,7, the assumed lover limit
of r. Henced’= 0,30 is too large. In conclusions, the value of 7
suitable for the assumed properties of r should be in the range of 0,20
~- 0,25, which means from (50) that the coefficient of friction is to
be about 0.0l5~ 0.019. Therefore we take As=15X 10~ °, andd= 0,20.

(1) will be correct enough near r= 0, but apart from i1t, it will
become erroneous, and it is not always enough to use only (61) in order
to obtain r, Accordingly, we proceed as follows:

(1) When £ { fy, D4 becomes much smaller than Kkt and r should tend to
that of deep water waves. From (44) and (51),

— d

D5 obopt _L e’
’ As -

K B‘( i T) (57)

W T)+ T
= po00§l8 L—}—Q‘—(—?_, hs

bol®)+ bi(E) Y _ _

from which the value of f satisfying the condition Dy {0.02Rt ( say £, )
is calculated for each d, and at fo , r should be nearly equal to that
of deep water waves. after calculations, f, is obtained approximately

as a functaon of d as follows:
/80

fo=s000 d (58)

which is shown in Figure 3. Compared with (26), f, is about a half of
f¢and still smaller than f+¢f(31). This may be because of the existence
of longer individua® wave than the significant wave,

(1i) When f£,2f ) £, taking As= 15x1075e=0.2 , the value of £

where r becomes zerc ( say f(Y‘=o)) is obtained for eack d from (56), of
which the result is as follows:

j_(T=0)=/00/0 d/:30 (59)

which is shown in Figure 3.
(ii1) When £ > fy, dP/dF becomes zero and R =5)c. And then r should

be constant. Such a constant value of r 1s obtained from (57), putting
Dg= Ry, and is shown in Fipure 4 as a function of d.

14
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As mentioned aboved, at £ = f,, r begins to deviate from the value
of r for deep water waves, and then gets to zero at fo-9, and still
continuously decreases down to the ultimate, constant value, Figure 5
shows the curves of r thus obtained for each d.

SOME RESULTS OF OBSERVATIONS

The above- mentioned r for shallow water waves should be verified
by a lot of observation data, Wave observations are now carried on near
the Port of IzumiOotsu on the east coast of Oosaka Bay by means of under-
water-preesure type wave-meters, and correlation coefficients are
calculated from records at the depth:.éf—2.20 meters below L.W.L,, of
whieh some results are plotted in Figure 5. Up to date, the amount of
data 1s- not sabisfactory but the above-estimated tendency of r 1s seen
from the Figure in some degree.

CONCLUSIONS

(1) In the case of deep water waves, asumming that the energy supplied
by normal. stress from wind is neglisible to that by tangential stress
and energy equation by significant wave is available to the individual
wave, and taking A=2)f/f=15%X10"% the correlation coefficient r for
wave height and period 1s presented in terms of f in the region of

1 € £ < 10% approximately as follows:

0. 0,08
Y=277~20f" z 0053 f

(II1) In the case of shallow water waves, asumming similarly to the case
of deep water waves and taking the coefficient of bottom friction as
0.015~ 0,019, the correlation coefficient r is given as a function of
d and f, as shown in Figure 5, r decreases more rapidly than that of
deep water waves and gets to a certain negative value for each d.

The above-mentioned estimation is, however, only derived by
approximate’ calculations with simple assumptions and so it should be
necessarily verified by future investigations.
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