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In this paper, we deals with the study of analytic functions of complex matrices and a standard method for evaluating
the order and type of the entire function of complex matrices is given independently of the scalar entire function of
complex variables associated with it.
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1. Introduction

In 1959, Gol’dberg gave the definitions of the order and type of entire function in several complex
variables [1]. For more details about the study of the order and type of entire functions we refer
to [2-7]. The main aim of this paper is to study of analytic function of several complex matrices
in complete Rinhardt domains, also called polycylinderical regions and define the order and type of
entire function of several complex matrices in complete Reinhardt domains.

We will let C represents the field of complex variables. Let z = (z1, 22,...,2,) be an element of
C™; the space of several complex variables, a closed complete Reinhardt domain of radii (asr > 0);
s €I=1,2,3,...,n is here denoted by I'|,, and is given by

Lo = {2 € C" | 2 [< agrys € T},

where ag are positive numbers.

The open Reinhardt domain is here denoted by I', and is given by
Ll = {2 € C" | 25 [< agr;s € T},

Consider unspecified domain containing the closed complete Reinhardt domain f[ar]. This domain
will be of radii asry; 71 > r, then making a contraction to this domain, we will get the domain
D([ar™]) = D([axr™, agr™, ..., a,rt]), where r stands for the right-limit of r; at r (see [8]).

The order and type of entire functions of several complex variables in Reinhardt domain are given as
follows:
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Definition 1.1 [1, 5, 8] The order p of the entire function f(z) for the closed complete Reinhardt
domain I',,) is defined as follows:

) Inln Mlar]
p=limsup ——,
r—so0 nr

where

Mar] = M[ogr, agr, ..., cr] = max | f(z)].

[ar]

Definition 1.2 [1, 5, 8] The type 7 of the entire function f(z) for the closed complete Reinhardt domain
L'(ar is defined as follows:

) In Mar]
7 =limsup ——

)
r—>00 rP

where 0 < p < oo0.

Theorem 1.3 [1, 5, 8] The necessary and sufficient condition that the entire function f(z) of several
complex variables should be of order p in the closed complete Reinhardt domain I'|,,) is that

p = limsup (m) In{m)

(m)—o0 — I(|am| 17, @5™)’

where (m) = mq + mo +ms + ... + m,, and m = (my, ma, ms..., my,).

Theorem 1.4 [1, 5, 8] The necessary and sufficient condition that the entire function f(z) of several
complex variables should be of type 7 in the closed complete Reinhardt domain I',, is that

1 u )

7 = — limsup (m){]am\ H a;m} .
€0 (m)—s oo s—1

For simplicity, we consider only two complex matrices, though the results can easily be extended to

several complex matrices.

2. Analytic Functions of Complex Matrices

Consider the space CV*N of all matrices X = [z;;] and Y = [y;;], where x;; and y;; are complex
numbers; 7,5 = 1,2,3,..., N. Let F(X,Y) be a matrix function such that

F=fijl; fij = f(xij,ui5) V¥ 4,5=1,2,3,...,N.

Suppose that the matrix function F'(X,Y") of two square complex matrices is given by a power series
in the form

m,n
where
Xm — Z Tiky Thgy kg -+ Lk, §

ki,ka,..km 1
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and

Y" = xiklxklkz....xknflj,
ki,k2,..kn_1

in the assumption that X = Y? = I, I is unit matrix of order N and X™Y™ is equal to a square
complex matrix Z = [z;;], where z;; = Egzl{wm}zk{y"}k]
Hence

fij = Zam,nzij§ m,n > 0. (2)
m,mn

Thus, we can say that the function F'(X,Y") is convergent if the elements f;; given in (2) are convergent
series for all 7,5 = 1,2, ..., N. Consider the domain which is a subset of the space determined by the
two inequalities

[ X] < llaa R,

3)
Y] < llazR]|

The symbol | X| denotes the matrix (Jz;;|) whose elements are the modulii of the elements z;; of the
matrix X, and the symbol ||a|| denotes a matrix each of its elements is equal to the positive number.
Thus (3) implies that

|zij| < aq R and |yl < aaR;  i,57=1,2,3,...,N.
Therefore, there is a number » where 0 < r < R such that
’ij’ SOZlT and ‘y’bj‘ SOQT; Za.] = 172737"'7N7

where (x5, yi5) € f‘[asR]; asR(> 0), as are positive numbers, s = 1, 2.

Now, Let F(z,w) =), ,, amnz™w™ be the scalar function of two variables z and w associated with
the matrix function in (1), that F'(z,w) is analytic function in the complete Reinhardt domain f‘[as NR]-

Since
F(z,w) = Zam,nzmw”, M[as(NR)] = max |F(z,w)| (4)
m,n Pla.vr)
and
M
m,n > 0. (5)

|(1m7n‘ S aTag,(NR)ern’
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We have

fij

N
:) Z Am,nZij < Z ‘am,n Z{xm}zk{yn}k]‘
m,n m,n k=1

<Z‘amn
m,n

ZNm 1 o T)mNn 1 0127“ N Z m+n (6)
M ., M o _
=N E(E) = m% i,j=1,2,..., N; (%ij,¥ij) € Ula.R)»

i. e., the matrix function F'(X,Y’) as given in (1) is absolute convergence. Since r can be chose arbitrary
near to R, then the following theorem follows:

Theorem 2.1 If the function F(z,w) as given in (4) is analytic in I'j,_ypg), then the function F(X,Y)

as given in (1) will be analytic in f[as g) and bounded on f[as R), Where N is the common order of the
matrices X and Y.

If the matrix function

o0

F(X,Y) =f(X)fo(Y) = (3 anX™)(Q_apy™)
m=0 n=0

o]
my/n. 1 2
= E A XYY" A = a0y,

m,n=0
associated with the scalar function
oo o0
F(z,w) =fi(2) fa(w) = (D ahz™()_ajw™)
m=0 n=0
o (8)
_ Z 1 2
= A2 W A = Gy, G-
m,n=0

We get the following corollary:

Corollary 2.1 If the functions f; and fo of the single variables z and w are analytic in |z| < a1 NR
and |w| < aaNR, then the matrix function F'(X,Y) of square complex matrices X and Y each of
them of order N, as given in (7) will be analytic in I'\, g

Now, suppose that the scalar functions

w) = i 2" W", Z b2 w" (9)

m,n=0 m,n=0
are analytic in T (e, NR], then according to (5), we get

< M -
~ ot (NR)m™t’

m,n > O) Ml > 17 (10)
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and

My .
Tay(NRym+n

|bm,n| < - m,n >0, My > 1. (11)

Let F(X,Y) and G(X,Y) be the matrix functions associated with the scalar functions (9) in the form

F(X,Y) Z Ama X™Y" G(X,Y) Z b X™Y™, (12)

m,n=0 m,n=0

Write the product matrix function P(X,Y") as follows

P(X,Y)=F(X,Y).G(X,Y)= > CpaX"V", (13)
m,n=0
where
Z an kbm—hn—k-
h=0 k=0

From (10) and (11), we have

m n
‘Cm,n’ < ZZ ‘ ah,kbmfh,nfk ‘

h=0 k=0 (14)
M1M2 M1M2
< =(m+1)(n+1) .
hZOI;) a*oy (N R)m+n af*ay (N R)™+n
Thus
max | Y Conn XY
LPlocsno m,n=0
< C xXmyn
< Z [ G | pmax | I (15)
m,n=0
Mle(r)m—i-n
< Z (m+1)(n+1)—(R)m+n < 00,
m,n=0

i. e., the product matrix function P(X,Y’) given in (13) is analytic function in the complete Reinhardt
domain I'l, yg). Since r can be chose arbitrary near to R, then the following theorem follows

Theorem 2.2 The matrix function P(X,Y) as given in (13) is absolute convergence in I', yg) and
analytic in some region if the functions F(z, w) and G(z,w) as given in (9) are analytic in 'j,_yp-
3. On The Order and Type of Entire Matrix Functions

Let

F(X,Y)=> ama XY™  mn>0, (16)

m,n
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be an entire function of two square complex matrices X and Y each of them is of order N, it follows
that

Mlasr] = M[agr, asr] = max max |F(X,Y)). (17)
] F[,,ST]
Hence
NMlagr]

’(lm7n|0171n()ég < m,n > 07 (18)

(rN)m+n’
therefore, the radius of regularity of the matrix function F'(X,Y’) is infinity, i. e.,

lim sup {Nm+"\am7n]a7flag}#+" =0. (19)
m-—+n—o0

The order p of the entire matrix function F'(X,Y") is given by

1
p = limsup M. (20)

r—00 Inr

If the entire matrix function F(X,Y’) is given by a power series in (16), then we have the following
two lemmas concerning the of the function of two square complex matrices. We begin by proving the
following lemma.

Lemma 3.1 If
liggp hllnli\iw <, (21)
then
lim sup (m+n)ln(m+n) (22)

m+n—o00 T 1n(Nm+n’am7n|OéTCkg') N
Proof 1If v = oo then there is nothing to prove. If 77 > ~, then for a suitable number rq (21), yields
Mlagr] <e™; o<, (23)

hence by Cauchy’s inequality in (18) gives

r1

N a, »la"al < min N

o (T-)T‘f‘n7 o <7, (24)

choose the integer p such that

m-+n, L
( ) > 1o, for mA4n> p.
!
So that
eT"Y1 6’}/1 min
N @y, n |’ ol < min = N( ) osm4n > p.

r>ro (r)mtn m-+n
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Thus

(m+n)In(m +n)
— In( Tad)
’Yl(m +n)In(m + n)
~ (m+n){ln(m+n)—~yi1lne} +v lnN

(25)

Making m + n tend to infinity, we obtain

) (m+n)ln(m +n)
lim sup =
m4n—o0 — ln<Nm+n’am,n’a71na3)

Since 71 can be chosen arbitrary near to -y, we thus have (22) and the lemma is proved. The converse

result is given in the following lemma. [ ]
Lemma 3.2 If
) (m+n)ln(m+n)
lim su , 26
m—l—n—)o% - ln(Ner”’am,nMTOég) o ( )
then
Inln M
lim sup Inln Mla,r] < (27)
r—00 Inr

Proof Again if v = oo then there is nothing to prove. If v; > v, then there is an integer p such that

m—+n

N™agalafiad < (m+n)" 5 mtn >, (28)

By using (16) and (17), we obtain

Mar] <maxmaX|ZamnXmY"|
bI Tlaen m,n
1 oo
<~ Y (Ne)" P famulafas.

m,n=0
For a number ry > 1 such that (2r)" > p and r > ro, we can fix the integer n; such that
n < (2r)" <ni+1; >,

then,

AU 4 3 J e alafial

m,n=0 mmn=p+1

o0

1 7"’71 m+n

_— A Y1

N{ + Z (m + n) } (29)
m,n=p+1

n
1 7"71 ’71 m+4n

1 mn
:N{A+ Z (m—i—n) nor Z m+n) b

m,n=p+1 m,n=ni+1
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Hence
1 ni
7t min 1
D G < Y
myn=p+1 m+n mn=p (,u, + 1) 71
- , , (30)
< r™m Z — < P2 {1-— }_2 = BT(QT)WI,
ma=—0 (0 +1) 7 (n+1)m
and
o0 o0
It mtn Il man
71 < 71
Z (m+n) b= Z (nl—l—l) }
m,n=n;+1 m,n=n;+1
- X o (31)
—\ym+n —ymtn _
< Y e e
m,n=ni+1 m,n=0
a combination of (29), (30) and (31) leads to the relation
Mlosr] < Kexp{(2r)™Inr}, r > ro. (32)
Making r tend to infinity, we infer from (32) such that
Inln M
Jim sup nnl[wl <,
r—00 nr

and the required inequality (27) follows if we note that 7 is arbitrary chosen near to v and thus, we
have the following theorem: [ |

Theorem 3.3 A necessary and sufficient condition that the entire matrix function F(X,Y) =
me amn XY™ should be of order p is that

lim s (m+n)In(m +n)
= 1 u .
P m+n—>£> - ]n(Nm+”|am,n|O/inOé§)

(33)

Also if 0 < p < oo we define the type 7 of matrix function of two square complex matrices in form

7 = limsup W. (34)

r—00 rP

Now, we introduce the following two lemmas concerning the type 7 of the entire function of two square
complex matrices.

Lemma 3.4 If
In M
lim sup M losr] (35)
r—00 rP
then
NP s
2 timsup (m -+ n){lamalalad} 75 < 4. (36)

€0 mtn—s oo
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Proof 1If v = oo then there is nothing to prove. If 73 > 7, then for a suitable number rg, (3.19) yields
Magr] < e for >,

hence

. Ne™r
N, nla"aZ < min

'f‘o<’r’ ('I")m+n7 TO < T?

we can choose an integer p such that.

m4n
( )e >ro, for m4n> pu.
N
So that
Ner'n eNnp | min
m+n m, . n . .
Ny, oo o < min (e SN(m—i—n) C L omAn >
thus

NP
— limsup (m + n){|am’n\a’1”ag}rnin’ < 1.
€0 m+n—v oo

As ~1 can be taken arbitrary near to « the required inequality of the lemma is established. We now

establish the second lemma in the form [ ]
Lemma 3.5 If

NP o

— limsup (m + n){|amn|a oy} <7, (37)

€P m4n—s oo
then

In M
lim sup In Mla,r] <. (38)
r—00 rP

Proof Let v < 71, choose an integer 1 > 1 such that we can have from (21) that

epY1 m+n
|amnlai oy < (Wt—n) yomtn >,
1 oo
Magr] SN Z (Nr)m+"|am7n\a’1”o¢§

m,n=0

<i > (epfylrp)m

-N m+n ’
m,n=0

for a number rg > 1 such that 2y,epr? > p and we can fix the integer n; such that

ny < 2rfyep<ni+1; 1 >rg,
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then, we have

Mow] < 32+ 30 )=

mn=0 mmn=p+1

P min = P min
<{A+Zeﬂ’Y1T ++Z(w)7+}

m—+ n m+n
m,n=0 mn=p+1

<{A+ Be""" 4 C} = Ke"™.

(39)

Making r tend to infinity (38) yields

) In M [cvsr]
limsup ——— < ;.
r—00 rP

As 1 can be taken arbitrary near to « the required inequality of the lemma is established. Again the
fundamental result about the order and type of an entire matrix function can be derived Lemmas 2.3
and 2.4 in the following theorem: [ |

Theorem 3.6 If the entire matrix function F(X,Y) =3 am,X™Y" is of finite order p, then the
necessary and sufficient condition should be of type 7 is that

NP
7= — limsup (m+n){’amn’a1 aQ}m+n'
€P m+t+n—soco
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