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GENERALIZED WARPED PRODUCT MANIFOLDS AND
CRITICAL RIEMANNIAN METRIC

DJAA NOUR EL HOUDA AND DJAA MUSTAPHA

ABSTRACT. In this paper, we present some properties of generalized warped
product manifold. We establish the relationship between the scalar curva-
ture of a generalized warped product M x y N of Riemannian manifolds and
those ones of M an N, and we obtain a necessary condition for a critical
Riemannian metrics on M Xy N.

1. INTRODUCTION

Let (M™, g) be a compact oriented Riemannian manifold. A critical Rie-
mannian metric is a critical point of the functional:

1) = [ 18,

where S, is the scalar curvature of (M, g) and v, is the volume element mea-
sured by g.

Locally, if (z;)7, denote a local coordinates on M, then g is a critical Rie-
mannian metric, if and only if we have:

where Ricfj denote the components of Ricci tensors with respect to g. For
more details, we can refer to [1] and [7].

2. RESULTS ON GENERALIZED WARPED PRODUCT

In this section, we give the definition and some geometric properties of
generalized warped product manifolds.
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Definition 1. Let (M™,g) and (N", h) be two Riemannian manifolds, and
f: M x N — R be a smooth positive function. The generalized warped metric
on M x¢ N is defined by

(2) Gr=m"g+ (f)’n"h

where 7: (z,y) € M X N - 2 € M and n: (z,y) € M x N — y € N are the
canonical projections.

For all X,Y € T(M x N), we have
Gr(X,Y) = g(dn(X), dn(Y) + (f)*h(dn(X),dn(Y))

and we denote by X NG o Y, the linear map:
(3)Z € H(M) x H(N) — (X A, Y)Z — G (Z, Y)X e (Z, X)Y.

Theorem 1.  Let (M™, g) and (N",h) be two Riemannian manifolds. If V
denote the Levi-Civita connection on (M x ¢ N,Gy), then for all X1,Y; € H(M)
and Xs,Ys € H(N) we have:

(4) Tx¥ = V¥ + X(in )(0,¥) + Yl 1)(0, X
- (X Vo) grady %, 5 gracy £

where X = (X1,X,), Y = (¥1,Y3) and VxY = (V¥ V!, VL, V?)

The geometry of product manifolds is considered in [2], [5], [8].

Proof of Theorem 1 follows from the Kosul formula and the following for-
mulas:

X(f%).h(Ya, Z2

X(In f)G((0,Y2), Z)
Y (f*)-h(Xa, 2o (hlf) 7((0,X2), Z)

(
Z(f*)-h(X2,Yz) = M(X2,Y2)G((grady, f7, ¥ grade),Z)
)

)
)
)
GH(VxY, Z) = g(VA Y1, Z) o 7+ fLA(VY, Vs, Z5) o
(
(

where Z = (Z1, Z) € H(M) x H(N).

Remark 1. (1) If f: (x,y) € M x N — f(z,y) = f(z) , then

VY = ViY + X, (In f) (0, Y2) +Yi(In f) (o, XQ)

~ 5106, ¥3) (radyy (7). 0)

is the Levi-Civita connection of warped product manifolds.
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(2) If f: (x,y) € M x N — f(z,y) = f(y) , then
VxY = ViV + Xo(ln f) (o, Y2> 4 Ya(ln f) (o, Xg)

- 3h%, 1) (0. gy mmady(£7)) = (VY1 Tbo)

is the Levi-Civita connection of product Riemannian manifolds (M, g)

and (N, f2h), where
Vx,Ys = VY, Vs + Xo(In f)Ys + Ya(In f) X5 — h(Xa, Ya) grady In f.
From Theorem 1, we obtain
Corollary 1. For all X1,Y, € H(M) and X5,Y> € H(N), we have:
(x.0)(Y1,0) = (VX,Y1,0)
x1.0)(0,Y2) = Xy (In f)(0, ¥2)
0.52)(Y1,0) =

a4 <«

0,.x2)(Y1,0) = Yi(In £)(0, X>)

and
Vi(0,x2)(0,Y2) = (0, VY, Ya) + Xo(In £)(0, Y2) + Ya(In £)(0, Xa)
1 1
- §h(X2, Ya)(grady, f%, ﬁ grady f?).

By Theorem 1, Corollary 1 and formula of curvature tensor, we have

Theorem 2. Let (M™,g) and (N",h) be two Riemannian manifolds and
f: M x N = R be smooth positive function. If R and R denote the curva-
tures tensors of product manifold (M x N,G) and generalized warped product
manifold (M x ¢ N,Gy) respectively, then

GVR(X,Y)Z = R(X,Y)Z + %((v% aradyy £.0) Ag, (0.X2)) 2

1
- (V3 grady £,0) g, (0,73))Z

1
+ﬁ (0, V§, grady In f — Ya(In f) grad v In f) Ag, (0, X>)

—(0, VY, grady In f — Xo(In f) grady In f) Ag, (0,Y2)

—(f* | grady, In f |* + | grady In f |?)(0, X3) Na, (0,Y2)| 2

+ X3 (Za(n ) + Xal(Zi (i £)) 0, Y2)

~[V(Z:(m 1) + Va1 )] (0, %)
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for all XY, Z € H(M) x H(N), where X = (X1,X,), Y = (Y,Y3), Z =
(Zl,ZQ) and R(X, Y)Z == (RM<X1,}/1)Z1,RN(X2,YQ)ZQ).

Theorem 3. Let (M™,g) and (N", h) be two Riemannian manifolds and
f: M xN — R be smooth positive function. The Ricci curvature from general-
ized warped product manifolds (M x ; N, Gy) is given by the following formulas:

Ric((Xla 0)7 (}/1, O)) = RiCM(Xla Yi)
—ng(VY grady, In f + Xy (In f) grady, In f,Y3)
RicM (X1,Y1) — 2g(VY grady f, Y1)

79
Ric((X1,0), (0,Y2)) = —nX1(Yz(In f))
Ric((0, X2), (¥1,0)) = h(X2, grady (Yi(In f))) — nX2(Yi(In f))
(1 —n)Xo(Yi(In f))
Ric((0, X2), (0,Y2)) = Ric™ (X, Y2) + (2 — n)h(VY, grady In f, Y2)
+(2 —n)h(X2,Ys) | grady In f |?
—(2 = n)Xo(In f)h(grady In f, Y3)
—nf?h(Xs,Ys) | grad,, In f |?
—h(X2,Ys) [An(In f) + f*Ap(In )]

for all X1,Y1 € H(M) and X2,Ys € H(N).

Lemma 1. Any local orthonormal frame {e;;i = 1,...,m} and {€;,j =
1,...,n} with respect to (M™,g) and (N™,h) , such V¥e; =0 and Vgcéj =0,
induces a local orthonormal frame on (M x; N,Gy) by:

{(e;,0), (0,=€;): i=1,...,m, j=1,...,n}
and followings formulae:

> h(VE grady In f),;) = Ax(In f)

J
> " h(e;, Ya)h((VY, grady In f),2;) = h(VY, grady In £, Y3)
J

S h(@;, Vo) (X, ;) = h(Xa, Ya)

J
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Proof of Theorem 3. Using Theorem 2 and the formula of Ricci curvature, by
summing over the indexes ¢ and j, we obtain:

Ric((X1,0), (Y1,0)) = Gy(R((ei, 0), (X1,0))((Y1,0), (s, 0))

1 —
+ G (A((0.8), (X3,0))(11,0), (0. 2))
= g(Ru(ei, X1)Y1,¢€;)
— g(V¥ grady, In f + Xi(In f) grad,, In f,Y1)h(e;, €;)
= Ric"(X,,Y7)
—ng(VY grady, In f + Xi(In f) grad,, In f,Y?),

Ric((X1,0), (0.Y2) = G;(B((e, 0), (X1,0))(0, Y2), (e:.0))
+%@@@@M&MW%MMM

= %h(%fj)Gf((V% grad,, In f, (0,€,))

—g%mn@m%«XMmﬂgmMmﬁmmaa»

_ %XI(YQ(ln )G1((0,2;),(0,2)))

= —nXy(Ya(In f)),

R,lC((O, X2)7 (YL 0)) = Gf(R((ei7 0)7 (Ov XQ))(ifla 0>’ (ei7 0))
+%@@w@mm&mnmw@»

= g(vje\f grad,, In f, }/I)Gf((()? X2>7 (eiv 0))

T gles(ln f) grady, In f, V)G (0, X2), (er, 0))
+§fm«mnmﬂ@xmmfm

_%&mmnmmwwm@»
= h(Xy, grady(Yi(In f))) — nXo(Yi(In f)),

and

(6) Ric((0,X2),(0,Y2)) = G4(R((e:,0), (0, X2))(0,Y2), (€:,0))

n %Gfu—z((o,aj), (0, X2))(0,Y2), (0,2)).
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By Theorem 2, formula (3) and Lemma 1, we obtain
(7> Gf(ﬁ((ei’())?(0>X2))(0ay2)7(6i70>>
= _th(X27 }/Q)Gf((vé\fr gradM In f7 O)? (62', 0))
_th(X% YVQ)Gf((el(ln f) gradM In fv O)? <€i7 0))
+6i(Y2(1n f))Gf((07 X2)7 (62-, O))
= —/*h(X2,Y3) [ Au(In f)+ | grady In f |* |

G (E((O &) (0,X2))(0,Y2), (0,)) = f*Ric" (X, Y3)

f2 Gf((O Vi, grady In f)) A, (0,5))(0,Y2), (0,¢;))

fQGf((O , Xo(In f) grady In f)) A, (0,€;))(0,Y2), (0, %))
ngf((O Ve grady In f)) Ag, (0,X2))(0,Y2), (0,)))
f2 Gf((O ej(In f) grady In f)) Ac; (0, X5))(0, Y2), (0,€5))

f2 (f | grady, In f [*)G1(((0,;) A, (0, X2))(0,Y2), (0,%;))

—(| grady In f [1)G(((0,€)) A, (0, X2))(0,Y2), (0,2;))
= f2 Ric™ (X5, Y5)
+ f2h(Ya, &)R(VY, grady In f — Xo(In f) grady In f), &;)
— [?h(Y>, VY, grady In f — Xo(In f) grady In f)h(e;, €;)
— f2h(Ys, X )h(Vg grady In f —€;(In f) grady In £, €))
+ f2h(Ya, VEgrady In f —&5(In f) grady In f)h(Xa,&;)
— f2(f* | grady, In f *)(M( X, Y2)h(€;, &) — (e, Yo)h(Xo, ;)
— f2(| grady In f [*)(A(X2, Yo)h(e). €)) — h(E;, Y2)h(X2,E)))
G R((0.8).0.X2)(0. ), (0.5) =
= Ric"V(Xa, Ya2) + h(Ys, (VY, grady In f — Xo(In f) grady In f))
— nh(Ys, VY, grady In f — Xo(In f) grady In f)
— (Y, X2)(An(In f) — [ grady In f|?)
+ h(Yz, V¥, grady In f) — h(Yz, grady In f)h(X2, grady In f)
— (f* lgrady In f |* + | grady In f [*)(nh(X2, Ya) — h(Y2, X2))
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then

(8) %Gf(}_%((o,éj), (0, X2))(0,Y2), (0,2;)) = Ric™ (X5, Y2)

+(2 — n)h(Ys, (V§2 grady In f — Xo(In f) grady In f))
—h(Y2, X5)(An(In f) — | grady In f]?)
—(n—1)(f* | grady In f |* + | grady In f [*)h(Xs, Ya).

Substituting (7) and (8) in (6), we deduce:

Ric((0, X3), (0, Y2)) = Ric" (Xa, Y2) + (2 — n)h(Xa, Ya)| grady In f |
+(2 = n)h(VY, grady In f — Xo(In f) grady In f, Y2)

—h(X5,Ys) |nf? | grady, In f |* +Ax(In f) + f2PAy(In ). O

Corollary 2. Locally, the component of Ricci tensors from generalized warped
product manifolds (M x ¢ N,Gy) are given by the following formulas:

n
< 7
(10) Ricy, = —nVMVY (In f))
(11) Rice; = (1 —n)VVi(In f))
(12) Ricqy, = Ricpy, —hay [An(In f) + f*Ap(In f)]
—hab[an | grad,; In f | +(n —2) | grady In f |? }
+(2=n)[VYVY In f = VY (In /)V) (In f))]

9) Ric;; = Ric), —— VMV f

,7=1,....manda,b=1,... n.
2.1. Scalar curvature.

Theorem 4. Let SM, SN and S denote the scalar curvature on (M™, g),
(N™,h) and (M Xg, N,Gy) respectively. Then the following equality holds:

2(1—n)

(13) S=5"+ %SN —2nApy(In f) + 7 An(In f)
—n(n —1)|grad,, In f|* — (n = 1}211 —2) | grady In f|?.

Proof. Let {e;;i = 1,...,m} and {€é,,a = 1,...,n} with respect to (M™,g)
and (N", h) , such Vﬁfej =0 and Ve, = 0, we have:

(14) 5= Z Ric((e:,0), (e, 0)) + % Y Ric((0,%4), (0,2,).
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From Theorem 3, we obtain

(15) ZRic((ei,O), (e;,0)) = SM — nZg(Vf grad,,In f, e;)
i=1 i=1

— nZg(ei(lnf) grad,, In f,e;) = SM — n|grad,, In f|* — nAy(In f)
i=1

n

D “Ric((0,2,), (0,2,)) = S + (2= n) > h(VE grady In f,e,)

a=1 a=1
n

+(2=n) Y [1(Ea,) | grady In f |* —2,(In f)h(grady In f,,)]

a=1
= (@, ) [nf? | grady In f [P +Ax(In f) + f2 Ay (In f)]

(16) > Ric((0,2),(0,)) = SN +2(1 = n)Ay(In f)
a=1
+(2—=n)(n—1) | gradyInf |* —=n*f? | grad,; In f |* —nf?Ap(In f)
Substituting (22) and (16) in (14), we deduce the equality (13). O

Corollary 3. LetU = f"s andV = f"2°, (n > 3), then
— 1 4n 4n—1)_ _nte
1 = SM 4 —gN_ ANU — 2 ANV

Particular cases:

(1) If f(z,y) = f(y) , n >3 and g = 0. From the formula (17), we obtain
the Yamabe equation associated to conformal metrics

4(n _21)ANV.

n+2

SVn2 =8NV —

n j—
(2) If f(z,y) = f(x). From the formula (17), we obtain the scalar curvature
equation of warped product manifolds:
n-3 4n

SU=8Myu+ SN U —

Ay U.

n-+1

the result is obtained in [3]
(3) If n =1 then f = U and

SU=S"U+SYU -28,U.
(4) If n =2 and v = In f then
S =8SM 4 e SN —aA () — 27 An(y) — 2| grad,, v|*.



GENERALIZED WARPED PRODUCT MANIFOLDS 205

From Theorem 4 and Corollary 2 we deduce:

Corollary 4. If Inf(z,y) = fi(x) + faly), then the following formulas
holds

(18) Ricy; = Ricf‘f —?levaf

(19) Ricyp =0

(20) Ric,; =0

(21)  Rice = Rich, —hap[nf? | grady, fi |* +An(f2) + [PAu(f1)]
+(2=n)[VIV) fot hay | grady fo |7 =V (f2) V) (f2))]

and
(22) S =SM e 2NHRGN _onAy(f1) +2(1 — n)e 2N AN(f)

—n(n —1)|grad,, fi]> — (n — 1)(n — 2)e 22| grady fo|?.
Theorem 5. Let (M™, g) and (N™, h) be compact manifolds with scalar cur-
vatures SM and SN respectively and In f(z,y) = fi(x)+ f2(y). If G; is critical

Riemannian metric on M x N, then the warped product space (M x; N,Gy)
15 Riemannian product space or

(23) SN =e*2 4+ 2(n — 1)An(f2) + (n— 1)(n — 2)| grad,, fo|*
Proof. Let

H = 8% 1201 — m)An(f) — (n — 1)(n — 2)] grady ff?
Fori=1,...,nand a =1,...,n and using formula (22), we obtain

ViV.S = 0;(0a(e -2( f1+f2)H))
= 0y(e™* TR0, (H) — 2H 4 (f2))

(24) ViVoS = =2 20420, £1)[0.(H) — 2H4(f2)]
Other hand, from formula (1) and Corollary 4, we have

(25) V,V.S = 0.

then

(26) 0i(f1)[0u(H) — 2H0,(f2)] = 0

Hence, the solution of equation 2 is given by
f1 = constant or H = e*/2.

If fi = constant, then the warped product space (M x ¢ N, Gy) is the product
space (M x N,g@® f2h) of Riemannian manifolds (M™, g) and (N, f2.h). O

Remark 2. In the case where f, = constant, we recover the result obtained in

[6].
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