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A NOTE ON THE FOURIER COEFFICIENTS AND PARTIAL
SUMS OF VILENKIN-FOURIER SERIES

GEORGE TEPHNADZE

ABSTRACT. The aim of this paper is to investigate Paley type and Hardy-
Littlewood type inequalities and strong convergence theorem of partial sums
of Vilenkin-Fourier series.

Let N denote the set of the positive integers, N := N, U {0}. Let m :=
(mg, my, . ..) denote a sequence of the positive numbers, not less than 2. Denote
by

Zm,, ={0,1,...,my — 1}
the additive group of integers modulo my. Define the group G,, as the complete
direct product of the group Z,,; with the product of the discrete topologies of
LS.
J
The direct product u, of the measures

pe ({73) = Vmi, (G € Zm,.)

is the Haar measure on G,,, with u(G,,) = 1. If sup,, m,, < oo, then we call
G,, a bounded Vilenkin group. If the generating sequence m is not bounded
then G,, is said to be an unbounded Vilenkin group. In this paper we discuss
bounded Vilenkin groups only.

The elements of G, represented by sequences

r = (2o, T1,...,%5,...), (vx € Zp,).
It is easy to give a base for the neighborhood of G, :
Iy () == G,
L(x) ={yeGnlv=20 - Yn-1=2n1}, (x€G,, neN).
Denote I, := I, (0), for n € N and I_n =G\ I
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If we define the so-called generalized number system, based on m in the
following way :

M() = 1, Mk+1 = mkMk (k S N),

o
then every n € N can be uniquely expressed as n = ) n;M;, where n; € Z,,,
=0
(7 € N) and only a finite number of n;’s differ from zero.
Let |n| := max {j € N : n; # 0}. Denote by N, the subset of positive
integers N, for which nj,, = ng = 1. Then every n € N,,;, M), <n < My
can be written as

k—1 k—1
n = M0+ZHJM]+M]€ = 1+anMj+Mk,
=1 i=1

where n; € {0,m; — 1}, (7 € Ny).
By simple calculation we get

My
(1) > 1= > ey,

{n:MkSTZSMk+17 ”GNno}

where ¢ is absolute constant.

Denote by L (G,,) the usual (one dimensional) Lebesgue space. Next, we
introduce on GG, an orthonormal system, which is called the Vilenkin system.
At first define the complex valued function r (x) : G,, — C, the generalized
Rademacher functions as

ri, () == exp 2muy/mi), (P =-1, 2 € Gy, keN).

Now define the Vilenkin system v := (¢, : n € N) on G,, as:
Yn(2) = ILr* (), (n€N),

Specifically, we call this system the Walsh—Paley one if m = 2. The Vilenkin
system is orthonormal and complete in Ly (G,,) [1, 14].

Now we introduce analogues of the usual definitions in Fourier-analysis. If
f € Ly (G,,) we can establish the the Fourier coefficients, the partial sums, the
Dirichlet kernels, with respect to the Vilenkin system in the usual manner:

Fik) = / [T, (kEN),

n—1
Suf =Y F(k)tn, (neN,, Sof :=0),
k=0

n—1
D, = Zwk, (neNy).
k=0
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Recall that

M,, ifxel,
2 D =
@) Mo (2) {0, ifxdl,
and
00 mj;—1
7=0 U=M;j—"n;

The norm (or quasinorm) of the space L,(Gy,) is defined by

1/p
11l = (/G Iflpdu) (0<p<o).

The space L« (Gy,) consists of all measurable functions f for which

I£Ily,, = supAu (f > NP < 4o0.
’ A>0

The o-algebra, generated by the intervals {I,, (z) : * € G,,,} will be denoted by
F . (n € N). The conditional expectation operators relative to f , (n € N) are
denoted by F,. Then

My,—1 1

Enf (z) = Su, f(x) =Y F(k)w = ) )., @)

(@)] Jr,

where |I,, ()| = M ! denotes the length of I,, ().
A sequence [ = (f(”), n e N) of functions f,, € L (G) is said to be a dyadic
martingale if

(i) f® is F, measurable, for all n € N,
(ii) E,f™ = f™ for all n <m

(for details see e.g. [15]).
The maximal function of a martingale f is denoted by
£ = sup|1].
neN

In case f € L;, the maximal functions are also be given by

£ () = sup —— S u )

nen | In (2))]

For 0 < p < oo, the Hardy martingale spaces H, (G,,) consist of all martin-
gales, for which

In(z

[, = 1171, < oo

If f € Ly, then it is easy to show that the sequence (Sy, f : n € N) is a martin-
gale. If f = ( f™on e N) is martingale, then the Vilenkin-Fourier coefficients
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must be defined in a slightly different manner:

(4) F(i) = lim /G £ (@) T, () dp ()

The Vilenkin-Fourier coefficients of f € L; (G,,) are the same as those of
the martingale (Sy, f : n € N) obtained from f.

A bounded measurable function a is p-atom, if there exist a dyadic interval
I, such that

(i) [;adp=0
(ii) flallo, < p (D)7
(iii) supp (a) C 1.
The Hardy martingale spaces H, (G,,), for 0 < p < 1 have an atomic char-
acterization. Namely, the following theorem is true.

Theorem W (Weisz, [17]). A martingale f = (f™, n € N) isin H, (0 < p < 1)
if and only if there exist a sequence (ax,k € N) of p-atoms and a sequence
(ug, k € N) of a real numbers, such that for every n € N:

(5) S weSaan = £,
k=0

oo
Z || < o0
k=0

Moreover, ||f[/g, ~ inf O |uk|p)1/p, where the infimum is taken over all
decomposition of f of the form (5).

When 0 < p < 1, the Hardy martingale space H, is proper subspace of
Lebesgue space L,. It is well known that for 1 < p < oo the space H, is
nothing but L,,.

The classical inequality of Hardy type is well known in the trigonometric as
well as in the Vilenkin-Fourier analysis. Namely,

= |F (k)

Z_

k=1

< cllfllm,

where the function f belongs to the Hardy space H; and c is an absolute con-
stant. This was proved in the trigonometric case by Hardy and Littlewood [6]
(see also Coifman and Weiss [2]) and for Walsh system it can be found in [8].
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Weisz [15, 18] generalized this result for Vilenkin system and proved:

Theorem A (Weisz). Let 0 < p < 2. Then there is an absolute constant c,,
depend only p, such that

(6) >
k=1

forall f € H,.

o

<6 ||f||Hpa

Paley [7] proved that the Walsh—Fourier coefficients of a function f €
L, (1 < p < 2) satisfy the condition

S |7 <o
k=1

This results fails to hold p = 1. However, it can be verified for functions
f € Ly, such that f* belongs Ly, i.e. f € H; (see e.g. Coifman and Weiss [2]).
For the Vilenkin system we have the following theorem.

Theorem B (Weisz [11]). Let 0 < p < 1. Then there is an absolute constant
cp, depend only p, such that

mp—1 1/2
(7) (Zz\ﬁ 2/”2 ‘f M) ‘ ) <l flle, -

forall f € H,.

It is well-known that Vilenkin system forms not basis in the space L;. More-
over, there is a function in the dyadic Hardy space Hi, such that the partial
sums of f are not bounded in L;-norm. However, in Simon [9] the following
strong convergence result was obtained for all f € Hy:

where Sy f denotes the k-th partial sum of the Walsh—Fourier series of f. (For
the trigonometric analogue see Smith [12], for the Vilenkin system by Gat [3]).
For the Vilenkin system Simon proved:

Theorem C (Simon [10]). Let 0 < p < 1. Then there is an absolute constant
cp, depends only p, such that

1Skl

®) e

< ¢ I fIl, -

k=1

forall f € H,.
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Strong convergence theorems of two-dimensional partial sums was investi-
gate by Weisz [16], Goginava [4], Gogoladze [5], Tephnadze [13].
The main aim of this paper is to prove the following theorem:

Theorem 1. Let {®,} 7, is any nondecreasing sequence, satzsfymg the con-

dition lim ®,, = 400. Then there exists a martingale f € H,, such that
n—oo
o) SO fro<pso
k=1
o] @Mk mp—1
(10) Z 2/p22‘ijk’ =o00, for0<p<1
=1 M
and
2 NSk fIL, .. P

k=1

Proof. Let 0 < p < 2and {®,} ~, is any nondecreasing, nonnegative sequence,

satisfying condition lim ®,, = oo.
n—oo

For this function ® (n), there exists an increasing sequence {ay, > 2 : k € N, }
of the positive integers such that:

o}

1
k=1 M,
Let
fP@) = ) M (@)
{k; ar<A}
where Ut
1 M~
M= s e (@) = =5 (Dttay i (@) = D, (@)
M,,
and M = sup,,cy My,.
It is easy to show that the martingale f = (fU), f@ ... fW ) € H,
Indeed,
ap (x) o < A

13 S =
(13) i an 2) {07 "

supp(ak) = I, / axdp = 0,

Ia,,

and

M(}y/ﬁfl

lakll, < —5—May1 < MYP = p(supp a) /7.




FOURIER COEFFICIENTS AND PARTIAL SUMS 173

If we apply Theorem W and (12) we conclude that f € H,,.
It is easy to show that

. M(I)}Zl 5 lfje{Mak,, Mak+1_1}, ]{Z:172,
(4) ()= T«
0, 1fj¢kU {Mu,,, ..., Mo, 1 —1}.
=1

First we prove equality (9). Using (14) we can

Mo P @ & M=t | F )| @

Zp——p:ZZp——p

~ P ~ p
Moy +1-1 f (l)‘ d, Moy +1-1 ‘f (l)
—>cd
- l2—p — May, l2—p
I=Ma, I1=Ma,
Ml—pMo‘k'Hil 1 1/2 Mak-‘rl*l 1
> %k > 1-p
> Py, o/ E o 2 C(I)Mak M, g T
Mo, 1=Ma, I=Ma, ~ axtl

12 xp—p L 1/2
> c@MakMakpl—ﬂ) > Cq)Mak — 00, when k — oo.
ap+1

Next we prove equality (10). Let 0 < p < 1. Using (14) we get

k mal—l

ZM;_Q/Z)(DMQZ Z ’]/C\(]Maz)
j=1

=1

mak—

1
2 ~
> M2, Y |F (M)
i=1

2

mafle/p—z

2—-2/p Ak
> M, TP, Z —(1)1/2
Jj=1 Mak

> c(ID}\f — 00, when k& — oo.

Y

Finally we prove equality (11). Let 0 <p < 1 and M,, < j < M,,+1. From
(14) we have

May,_q+1-1 Jj—1
Sif (@)= > fOw(@)+ > F)w(x)
1=0 I=Ma,
k—1 May+1-1 R -1
= ()b (@) + > F)y (x)
n=0 ’U:Ma,,] v:MD‘k
k=1 Moy +1—1 1/p—1 j—1 1/p—1
1 MY 1 M.
= M @1/4 wv (.17) Z M 11;4 wv( )
n=0 U=Ma,, Ma,7 v:Mak ay,
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TV A
M (I)J\//fak
=1+11I
Let j € N,,, and = € G,;,\I;. Since j — M,, € N,,, and
Djym,, (x) = Du,, (z) + ¥, (2) Dj(z),

when j < M,,. Combining (2) and (3) we can write

1 M;/P 1
(15) = 357 [ D, @)
Y
1 M;/P 1 .

= 3 g [Pt @) s, @) (@) D, (0)
Uk
1M
=M ol
Oy

Applying (2) and condition a,, > 2 (n € N) for I we have

(16) I =0, for x € G\ ;.
It follows that
1 Mol/p 1
193 (@) = 11| = 37— for ¢ € G\l
Moy,
Hence
1/p
1 MY 1 MaP
1 (f @), . = g77 1 | @ € G218 (F (@) > 33757
Dy P,
1 M 1 M
(17) > mwﬂ z € G\l 2 |85 (f (@) > 577 CI>1/4
ag L
1 MY
o gt |G
Oy
S cMé,Cp_l
= 1/4

Ma,

1/p
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Combining (1) and (17) we have

1]

HENS (@), @ TS (f @I, 2

Z ]'Q—p s Z Z

j=1 J=Ma

o
7 p
k

>, D

{5:M<G<Mpi1, jENny }

155 (f ()17

Lp,oo

e

M, " 1

Z C(I)Mak q)p/lzl Z j2—p
Mg, {j:M<j<Mpy1, GE€Nng }

3/4 1— 1

> ey M > =

{3:My<j<Miiy, jeNn )} 1

3/4

M,
> c——k 1
ST >

{3:My<G<Mi i1, jEN, }

> c@j//fjk — 00, when £ — oco. U
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