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A NEW PARANORMED SEQUENCE SPACE AND SOME
MATRIX TRANSFORMATIONS
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ABSTRACT. In this paper, we introduce the space r4(u,p). We proved its
completeness property and has shown its linear isomorphism to I(p). Also,
investigations have been made for computing its a-, 8- and ~- duals. Fur-
thermore, we constructed the basis of r4(u,p). Finally, we characterize the
classes (r%(u,p) : lso), (r?(u,p) : ¢) and (r%(u,p) : co) of infinite matrices.

1. PRELIMINARIES, BACKGROUND AND NOTATIONS

A sequence space is defined to be a linear space of real or complex sequences.
Throughout the paper N, R and C denotes the set of non-negative integers,
the set of real numbers and the set of complex numbers respectively. Let w
denote the space of all sequences (real or complex); I, and ¢ respectively,
denotes the space of all bounded sequences, the space of convergent sequences.
A linear Topological space X over the field of real numbers R is said to be a
paranormed space if there is a subadditive function h: X — R such that h(0) =
0,h(—z) = h(z) and scalar multiplication is continuous, that is, |a, — a| — 0
and h(z, —z) — 0 imply h(a,z, —az) — 0 for all &/s in R and 2's in X
where 6 is a zero vector in the linear space X. Assume here and after that (py)
be a bounded sequence of strictly positive real numbers with sup, pr = Hand
M = max {1, H}. Then, the linear spaces I(p) and [ (p) were defined by
Maddox [7] (see also [11, 12, 16]) as follows:

l(p) ={z = (xy) : Z|xk|p’“ < oo}, with 0 < pr < H < 00,
k

loo(p) = {2 = () : Sgp|$k|pk < oo},
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which are complete spaces paranormed by

1/M
gi(x) = [Z ‘xk\pk] and gy (z) = sup |z ["/M iff infp; > 0.
k
k

We shell assume throughout that p;' + (py/)~! provided 1 < infp,< H <
oo and we denote the collection of all finite subsets of N by F, where N =
{0,1,2,...}.

For the sequence space X and Y, define the set

(1) S(X:Y)={z2=(2) Ew:zz=(rp2p)€ Y V2 € X}

With the notation of (1) , the a-, (- and 7- duals of a sequence space X,
which are respectively denoted by X* , X# and X" and are defined by

X*=98(X:1;), X? =85(X :cs) and X" = S(X : bs).

If a sequence space X paranormed by h contains a sequence (b,) with the
property that for every x € X there is a unique sequence of scalars («,,) such
that

lim h(z = Y "opbi) =0
" k=0
then (b,) is called a Schauder basis (or briefly basis ) for X. The series > ayby
which has the sum z is then called the expansion of x with respect to (b,) and
written as © =) aybg.

Let X and Y be two subsets of w. Let A = (a,x) be an infinite matrix
of real or complex numbers a,, where n, k€ N. Then, the matrix A defines
the A—transformation from X into Y, if for every sequence z = (x) € X
the sequence Ax = {(Ax),},the A-transform of x exists and is in Y; where
(Ax), = >, anrxy. For simplicity in notation, here and in what follows, the
summation without limits runs from 0 to co. By (X :Y) ,we denote the class
of all such matrices. A sequence x is said to be A-summable to [ if Az converges
to [ which is called as the A-limit of x.

For a sequence space X, the matrix domain X4 of an infinite matrix A is

defined as
(2) Xa={z=(x) : 2= (xx)€ w}.

Let (gx) be a sequence of positive numbers and let us write,

Qn = Z dk
k=0

for ne N. Then the matrix R? = (r?,) of the Riesz mean (R, g,) is given by
{% if0<k<n,

q

—7Q
Tnk_ "

0, ifk>n.
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The Riesz mean (R, q,) is regular if and only if @, — 0o as n — oo (see,
Petersen [14, p. 10]).

The approach of constructing a new sequence space by means of matrix
domain of a particular limitation method has been studied by several authors
(see,[2, 3, 4, 10, 11, 13]). In the present paper, following (see, [2, 3, 4]),
we introduce Riesz sequence space 79(u, p), and prove that the space r?(u, p)
is a complete paranormed linear space and show it is linearly isomorphic to
the space [(p). We also compute a-, 8- and v-duals of the space r?(u,p).
Furthermore, we construct the basis for the space r?(u, p). in the final section
of the present paper we characterize the classes (r?(u,p): ly), (r%(u,p): )
and (r?(u,p) : ¢o) of infinite matrices.

2. THE RIESZ SEQUENCE SPACE 7%(u,p) OF NON-ABSOLUTE TYPE

In the present section, we introduce Riesz sequence space 19(u,p), prove
that the space r?(u,p) is a complete paranormed linear space and show it is
linearly isomorphic to the space I(p). We also compute a-, 5- and y-duals of
the space r%(u, p). Finally, we give basis for the space r?(u, p), where u = (uy)
is a sequence such that uy # 0 for all £ € N.

We define the Riesz sequence space 74(u, p) as the set of all sequences such
that RY transform of it is in the space [(p), that is,

k
r(u, p) = {x = (zp) Ew: Z QLZ Ujq;ix;
k k=0

In the case (ux) = e = (1,1,...), the sequence spaces r(u, p) reduces to r(p),
introduced by Altay and Basar [1].
With the notation of (2) that

r(u, p) = {l(p)} ro-

Define the sequence y = (yx), which will be used, by the R?transform of a
sequence x = (xy), i.e.,

Pk
}<oo, (0 <pr < H < o0).

k
1
(3) Y = —Zujqjxj.
Qi

Now, we begin with the following theorem which is essential in the text.

Theorem 2.1. r%(u,p) is a complete linear metric space paranormed by g

defined

Pkﬁ
] with 0 < pp < H < 0.

g(x) = [;

1 k
—Z Ujq;ix;
Q=
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Proof. The linearity of r%(u,p) with respect to the co-ordinate wise addition
and scalar multiplication follows from the inequalities which are satisfied for

z,x € r4(u,p) (see9, p. 30])
pk] ﬁ

@ [z
1 k
@ZO Ujq;%

k
1
> uyas(z + ;)
Q12
PrT A7 PR 27
< [Z + ]
k
and for any o € R (see [8])
(5) o < max{1, |a|*}.
It is clear that, ¢g(f) = 0 and g(z) = g(—=x) for all z € r%(u,p). Again the
inequality (4) and (5), yield the subadditivity of g and
g(ax) < max{l, |af}g(z).

Let {2"} be any sequence of points of the space 9(u,p) such that g(z" —
z) — 0 and («,) is a sequence of scalars such that a,, — «. Then, since the
inequality,

>

1 k
—Z Ujq;T;
Qr=

g(a") < g(x) + g(a" — )
holds by subadditivity of g, {g(z™)} is bounded and we thus have

glapz" —ax) = [Z ]
k

< |on —alg(z") + |af g(a" — )

k
1
@Z ujq;(an — axy)
=0

which tends to zero as n — co. That is to say that the scalar multiplication
is continuous. Hence, g is paranorm on the space r?(u, p).

It remains to prove the completeness of the space r?(u, p). Let {z'} be any
Cauchy sequence in the space r?(u, p), where z* = {x{,z%,...}. Then, for a
given € > 0 there exists a positive integer ng(¢) such that

(6) g(a' —a’) <e
for all 4,5 > ngy(€). Using definition of g and for each fixed k& € N that

L
M

[(Réa')e — (R < | D [(R9), — (R%7)[™ | <

for 7,7 > mg(€), which leads us to the fact that {(R%z°)y, (Riz')s,...} is a
Cauchy sequence of real numbers for every fixed £ € N. Since R is complete,
it converges, say, (R%x%), — ((R%z); as i — oo. Using these infinitely many
limits (R%z)o, (R9z)1, ..., we define the sequence {(Rz)y, (Rx)1,...}. From
(6) for each m € N and 4, j > ng(e).



A NEW PARANORMED SEQUENCE SPACE 51

NE

(7)

|(R%)), — (R%27),|™ < g(a* — /)M < €.

bl

=0
Take any 7,5 > ng(e). First, let j — oo in (7) and then m — oo, we obtain
g(z' — 1) <e

Finally, taking e = 1 in (7) and letting ¢ > ny(1) we have by Minkowski’s
inequality for each m € N such that

1

> |(Rq$)k!”’“] <g(a' =) +g(z') < 1+g(2),

which implies that = € 7¢(u, p). Since g(z — x*) < € for all i > ny(e), it follows
that 2° — x as i — oo, hence we have shown that r%(u, p) is complete. U

Note that one can easily see the absolute property does not hold on the space
r9(u,p), that is g(z) # g(|z|) for at least one sequence in the space r7(u,p)
and this says that r?(u, p) is a sequence space of non-absolute type.

Theorem 2.2. The Riesz sequence space r4(u,p) of non-absolute type is lin-
early isomorphic to the space l(p), where 0 < p, < H < 0.

Proof. To prove the theorem, we should show the existence of a linear bijection
between the spaces 79(u,p) and I(p), where 0 < p, < H < oo. With the
notation of (3), define the transformation T from 79(u, p) to I(p) by © — y =
Tx. The linearity of T is trivial. Further, it is obvious that z = # whenever
Tx = 6 and hence T is injective.

Let y € I(p) and define the sequence z = (xy) by

1
Tp = —{Qryr—Qr—1yx—1} for k € N.
Uk Gk

pkrf [Zk: pk]&l

= [Zkal”’“] = gi(y) < oo.

Thus, we have z € r?(u,p). Consequently, T" is surjective and is paranorm
preserving. Hence, T is a linear bijection and this says us that the spaces
r9(u, p) and [(p) are linearly isomorphic. O

Then

g(x) = [zk:

1 k
—Z Ujq;T;
Q=

k
Z OkjYj
=0

First we state some lemmas which are needed in proving the theorems.
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Lemma 2.3 ([5, Theorem 5.10]). (i) Let 1 < p, < H < oo for every k € N.
Then A€ (I(p) : 1) if and only if there exists an integerB > 1 such that

P
sup Z Z aB7l < o0.
neN
(ii) Let 0 < pr <1 for every k € N. Then A€ (I(p) : l1) if and only if

Pk

sup sup E any Bl < o0,
NeF k |o=x

Lemma 2.4 ([6, Theorem 6]). (i) Let 1 < p, < H < oofor every k € N.
Then A€ (I(p) : ls) if and only if there exists an integer B > 1 such that

(8) supz | B7HPF < o0
"ok
(11) Let 0 < py <1 for every k € N. Then A € (I(p) : l) if and only if
(9) sup |anx|?* < 0.
n,k

Lemma 2.5 ([6, Theorem 1]). Let 0 < pp < H < 0o for every k € N. Then
A€ (l(p) : ¢) if and only if (8) and (9)hold and

lima,, = ﬂk fO?“ keN
also holds.

Theorem 2.6. Let 1 < p, < H < oo for every k € N. Define the sets D1(u,p)
and Do(u,p), as follows

’

Dy

U{a— ai) € w: supz Z ka—anB_l < oo}

B>1 ner nenN UnQn
and

DQ(u7p) =
Py P

U a=(a) Ew: Z A (&) QLB < oo and (ﬂQkB_l) Ely ¢
Bol . Uk Ukqk
Then

[rq(u’p)]a = Dl(u7p) and [Tq(u7p)]/8 = [,r,q(u7p)]’y = DQ(U7P>'
Proof. Let us take any a = (a;) € w. We can easily derive with (3) that

n

(10) An Ly = Z (=1)" B

1=n—1

—Qiyi = (CY)n

unn
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for n € N where, C' = (cpx) is defined as

{&Jﬁ*lLQmifn—lgkgm
Cnk =

Undn

0, if 0<k<n—1ork>n,

where n,k € N. Thus we observe by combining (10) with (i) of Lemma 2.4
that az = (a,x,) € Iy whenever x = (z,,) € r%(u,p) if and only if Cy € [y
whenever y € [(p). This gives the result that [r?(u,p)]” = Di(u,p). Consider
the equation,

UnGn

n n—1
a any,
(1) Y awe=) A (ng)@kyk + —Quyn = (Dy),, for n € N,
k=0 k=0

where, D = (d,) is defined as

A(“k>Qk, if0<k<n-—1,

Uk 9k

dnk - o Qk7 if k= n,

Undn

0, if k> n,

where n, k € N. Thus we deduce from Lemma 2.5 with (11) that az = (a,z,) €
cs whenever © = (x,) € r%(u,p) if and only if Dy € ¢ whenever y € I(p).
Therefore, we derive from (8) that

(12) Y A(&)QkB—l

U
A kqk

!
Dy

< 00

P
< oo and sup
keN

Qg _
——QB™!
Uk gk

which shows that that [r9(u, p)]® = Da(u, p).

As this, from Lemma 2.4 together with (11) that ax = (axzi) € bs whenever
r = (x,) € r?(u,p) if and only if Dy € I, whenever y = (yx) € l(p). Therefore,
we again obtain the condition (12) which means that [r4(u, p)]” = Dy(u,p). O

Theorem 2.7. Let Let 0 < py, < 1 for every k € N. Define the sets Ds(u,p)
and Dy(u,p), as follows
Pr
- oo}

a Pk
() <oo}.
Uk

Then [Tq<u7p)]a = Dg(U,p) and [Tq(u7p)]/8 = [Tq(u7p)]ﬁ = D4(u,p).

NeF k UnQn

D, p) = { — (a) €w: supsup |3 (—1)" -2, B!

and

D4(U,p)

Pk

< 00 and sup
k

akQ
— Wk

Ukd

:{a:(ak)ewzsup
k
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Proof. This is obtained by proceeding as in the proof of Theorem 2.6, above
by using second parts of Lemmas 2.3, 2.4 and 2.5 instead of the first parts. So,
we omit the details. ([l

Theorem 2.8. Define the sequence b¥)(q) = bgﬁ)(q) of the elements of the
space r(u, p) for every fired k € N by

b™ (q) = (- hCe ifk<n<k+1,
! 0, if 0<n<korn>k+1.

Then, the sequence b*)(q) is a basis for the space r9(u,p) and any x € r9(u, p)
has a unique representation of

(13) T = Z Ar(q)b®

where, A\g(q) = (RIz)g for allk € N and 0 < p, < H < 0.
Proof. Tt is clear that b®)(q) C r9(u, p), since
(14) RWM () =e®™ €1, for ke Nand 0 < p, < H < oo.

Let x € r(u, p) be given. For every non-negative integer m, we put

(15) = 3 (g
k=0

Applying R? to (15) with (14) we obtain

Ripml — Z Ak(q qu Zm: (k)

k=0
and
0, if 0 <i<m,

(RY(x — $[m]>)i = {(wa)i7 if 4 >_m,

where 7, m € N. Given € > 0, there exists an integer mq such that

o0 e
(Z |(Rqﬂf)z’\pk> < g,

for all m > my. Hence

5t o
g( [m] <Z| (R%z) |pk> (Z |(R%z) |Pk> < % <e,

i=mg

for all m > my, which proves that = € r?(u, p) is represented as (13).
Let us show the uniqueness of the representation for x € r9(u,p) given
by (13). Suppose, on the contrary; that there exists a representation x =
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S t(q)b*(g). Since the linear transformation T from r9(u, p) to I(p) used in
the Theorem 2.2 is continuous we have

Zﬂk ) (Rb* (g Zﬂk & = 1nlg)

for n € N, which contradicts the fact that (qu)n = A\u(q) for all n € N. Hence,
the representation (13) is unique. O
3. MATRIX MAPPINGS ON THE SPACE r%(u, p)

In this section, we characterize the matrix mappings from the space r74(u, p)
to the spaces [, ¢ and ¢g.

Theorem 3.1. (i) Let 1 < pp, < H < oo for every k € N. Then A €
(r?(u,p) : l) if and only if there exists an integer B > 1 such that

!
Py

Ank -1
16 C(B) =su A B < 00
(16 B = |s () @,
Pk
(17) {( Ank QkB_l) } € ly forn € N,
UkQk
(ii) Let 0 < pr, <1 for every k € N. Then A € (r%(u,p) : lo) if and only if
Pk
(18) sup |A ( Qnk ) Qr| < oo.
n Uk

Proof. We only prove the part (i) and (ii) may be proved in a similar fashion.
So, let A € (r?(u,p) : lo) and 1 < pp < H < oo for every k € N. Then Ax
exists for z € 7(u,p) and implies that {auren € {r9(u, p)}? for each n € N.
Now the necessities of (16) and (17) hold and = € r?(u,p). In this situation,
since {an tren € {r(u, p)}? for every fixed n € N, the A-transform of z exists.
Consider the following equality obtained by using the relation (3) that

(19) Zankxk Z A ( anqk ) Qkyk + U—mem fO?“ m,n € N.
U

k=0 mAm

Taking into account the assumptions we derive from (19) as m — oo that

(20) Zankxk = Z A < Gk ) Qryr for n € N.

. UGk

Now, by combining (20) and the inequality which holds for any B > 0 and any
complex numbers a, b

lab| < B (\anl\”' n yb\p)

with p~'4(p') "' =1 (see [6]), one can easily see that
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Z G Z A ( ik ) o)

sup ’Z/k ’

neN

< sup
neN

< B[C(B)+g/(y)] <oo. O

Theorem 3.2. Let 0 < pp < H < oo for every k € N. Then A € (ri(u,p) : ¢)
if and only if (16),(17) and (18) hold and there is a sequence (ay) of scalars
such that

(21) hmA <—a> Qr =0, forevery k € N.
Uk Gk

Proof. Let A € (r%(u,p) :¢) and 1 < pp < H < oo for every k € N. Since
¢ C ls, the necessities of (16) and (17) are trivial by Theorem 3.1 (above).
Because of A—transform of every = € r%(u, p) exists and is in ¢ by hypothesis,

Az® is also in ¢ for every k € N, which shows that { <5:q’“k) Qk} €c
neN
where (%) = {x,(f)(q)} is defined by

n—k _Q .
2 = § TV ey ks n < kA
0, ifto<n<korn>k+1,
and is in the space r?%(u, p) for every k € N. This proves necessity of (21).

Conversely, suppose that (16), (17) and (21) hold, and = € r9(u,p). Then
{an} € {ri(u,p)}? for each n € N, which implies that Az exists. We observe

for every m,n € N that
> oo ()or
sup Z QLB

A ( Qnk > QkB,
=0 Ukqk Uk gk

which gives the fact by letting m,n — oo Wlth (21) and (16) that
o . Pk

22 E A | — B~

(22) (Uka) @

< Q.
k
Also, we have from (17) by letting n — oo that {<5:;k QkB_l)pk} € lo which

leads us together (22) that (ay) € Do(u,p). That is to say that the series

> agxy converges for every x € ri(u,p).
i
Let us now consider the equality obtained from (20) with a,; — a4 instead

of an:

(23) > (tnk — on)zp = Z A ( > Quyr for n e N.

k
Thus, we have at this stage from Lemma 2.6 with g = 0 for all £ € N that
the matrix {A <“”’“ 0"“) Qk} belong to a class of (I(p) : ¢g). Thus, we see
n,keN

m

Pk Pk
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by (23) that

(24) lim Z(ank — ag)zy = 0.
k

Combining (24) with the above results one can see that Az € ¢, which is what
we wished to prove. [l

Now, if we take oy, = 0 for each k£ € N, we have the following corollary:

Corollary 1. Let 0 < pp < H < oo for every k € N. Then A € (r%(u,p) : ¢o)
if and only if (16), (17) and (18)hold and (20) also holds with o, = 0 for each
ke N.
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