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MEAN VALUE OF HARDY SUMS OVER SHORT
INTERVALS

WEIXIA LIU

ABSTRACT. The main purpose of this paper is to study the mean value
properties of certain Hardy sums over short intervals by using the mean
value theorems of the Dirichlet L-functions, and to give two interesting
asymptotic formulae.

1. INTRODUCTION AND THE MAIN RESULT

For a positive integer g and an arbitrary integer h, the Dedekind sum S(h, q)

is defined by
I a ah
s =32((3) (7))

a=1
where
(2)) = x — [x] — 3, if z is not an integer;
10, if z is an integer,
[] is the largest integer less than or equal to x. The various properties of
S(h, q) were investigated by many authors. Maybe the most famous property
of the Dedekind sums is the reciprocity formula (see references [1, 3, 7])
P+g+1 1
1.1 S(h S(¢g,h) = —— — -
valid for all (h,q) = 1,h > 0,q > 0. A three term version of (1.1) was
discovered by H. Rademacher [6]. In this paper we study the Hardy sums
k—1
H(b.K) = Y (-1
j=1
Since the sums H (h, k) can be expressed explicitly in terms of Dedekind sums,
they are connected with Dedekind sums. Some arithmetical properties of
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H(h,k) can be found in B. C. Berndt [2] and R. Sitaramachandra Rao [§].
In [10] an asymptotic formula for the 2m-th power mean of these sums was
proved, namely

p—1 9 m
; |H (h,p)|™ = p? COIEYED) +0 <p2 Lexp (hlhlp)) ,

here p is an odd prime, m is a positive integer and ((s) is the Riemann zeta
function.

What about the mean value of H(h,p) when h runs through an interval
[1,Ap], 0 < A < 17 It seems difficult to obtain an asymptotic formula even in
case like A = %, i. Here we study the better behaved mean value:

Z Z H(2ab, p), Z Z (2ab, p),
a<p/3 b<p/3 a<p/3 b<p/4

where b is defined by the equation bb = 1(modp). The factor 2 is necessary
since H(d,p) = 0 for an odd number d (see Lemma 1).

Theorem 1. Let p > 5 be a prime. We have

(1) !
Z Z (2ab, p) gpQ + O(p*™).

a<p/3b<p/3

(1)
Z Z H (2ab, p) 3770]7 +O(p*™e).

a<p/3b<p/4

There are also five other types of Hardy sums, all of them closely connected
with Dedekind sums [4]. Since their relation to L-functions is quite similar to
that used here (see Lemma 1), analogues of our theorem can be obtained for
these sums.

2. SOME LEMMAS
To prove the theorem, we need the following lemmas.

Lemma 1. Let p be a prime and h be a positive integer with (h,p) = 1. We
have

— s > XMW L] if 2k

H(h.p) = e

0, if 24 h,

where X3 denotes the principal character modulo 2 and the sum is over the odd
character (modp).

Proof. See [10, Lemma 3]. O
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Lemma 2. Let p > 5 be a prime. For any non-principal character x modulo

p, we have
37(x _
> x(a) = ;Z.)L(l,xxg)

2
a<p/3
and )
T\X — — _
5 i@ = 2 2 %) -y L1 )
a<p/4
where X3 is the principal character modulo 3, and 7(x) = Y.0_, x(a)e*™/? js

the Gauss sum.

Proof. These identities can be easily deduced from the Fourier expansion for
primitive character sums(see [5])

Z ( ) { 7(x) +oo x(n) sm(27rn)\)’ i X(_l) =1
- T oo n 1 cos(2mnA)) -
= ZTX ;r ] x(n)( 0 ( if X(—l) _
See also reference [9)]. O

Lemma 3. Let X3 and x93 be the principal characters modulo 2 and 3, respec-

tively. If ri(n) = >4, X3(d), ra(n) = > din X5(d)Xx3(%), then for any integer
m > 0, we have the identity

> 7“1 7“2 2m ™
> nln@n o

n—=

[y

Proof. Noting that r1(n), ro(n) are multiplicative functions, we can write

(2.1) Z W — (7,2(27?1) + Z r1<2j)7;l2j(2mﬂ)> Z 7"1(”3;2’2(71)

2tn
1) &= ri(n)ra(n)
()
7=1 n=1
2n
4 K ri(n)ry(n)
3 ; n?
2tn
For the summation Z M, we can write
n
n=1
2tn
ri(n)ra(n ri(p)r r1(p?)ra(p?
3 1 )22( )_H m 1(1?)22(29)+ 1(p )42(19)4r
n=1 n p>3 p p
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by using the Euler product formula. Note that
ri(p®) =1+«

and
oy _ )L if p =3,
T2(p)_{a+1,ifp7§3,

for any positive integer o and an odd prime p. Hence

(2.2) Z—“(”)”(”) -

n2
n=1
2tn

2 3 22 32 (o + 1)2
= (1+ 5+ o+ I+ S+
32 34 s P P

o &1 1 —4 1 - o7 4 i 37T4
= <1_7¥> (1_1?) = 1008 @M = 165

where we used that ¢(2) = = and ((4) = ’(5—3. Therefore, from (2.1) and (2.2),
we have

This proves Lemma 3. ([

Lemma 4. For any integer m > 0, we have the asymptotic formula

4

90 - 2m

ST x @) L) LA @) L1, x) =

x mod p
x(-1)=-1

(p—1) + On(p°).

Proof. For convenience, we put
Aly,x) = Y x(mr(n), Bly,x)= Y X(n)r(n),
N<n<ly N<n<y

where N is a parameter with p < N < p* and 7, r were defined in Lemma
3. Then from Abel’s identity, we have

L(1, xx5)L(1, x) :ZM =y MJF/: A(z;X)dy;

(© O J—

LT H, ) = Y0 X g Xl B,

Y2
n=1 1<n<N N
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Hence, we can write

m 2

(2.3) > x@M LA x| L xx3) (1, x) =
x mod p
x(—1)=-1

=£1<

oz e y —B%s”%)
_ Z (Z XH1T1H1><Z Xn2r1n2>

S, Mmntw, * —A(y;”dy> ><
N Y

1<n1<N

x(—1)=-1 1<n1<N 1<no<N
* B
Y (3 ) ([P0,
X(—l):fl 1<ni <N N y
<A
1 Z ( Z X (12)71 (12 ) (/ (Z/;X)dy)
(=1)=—1 1<na<N N Y

e ([ ) (]

I:M1+M2+M3+M4.

Now, we calculate each term in the expression (2.3).
(i) From the orthogonality of Dirichlet characters we can write

(2.4)

M, =

T (Z Xmﬁm)(Z xn2r1n2>

( 1)—71 1<n1<N 1<n2<N
ri\ny)ra(n2) nl 7“2 nz _
I D DRIENEHNELIS
1<n1<N1<n2<N 1752 x mod p
_p—1 Z Z r1(n1)ra(na) Z Z ri(ni)ra(na)
2 NNy ning 7
1<ni<N 1<na<N 1<ni<N 1<np<N
2mMn1=ng( mod p) 2mMn1=—ng( mod p)

where ZlSmSN/ denotes the summation over all 1 < n; < N such that

(ny,p) = 1.
For convenience, we split the sum over ny or ns into following cases:
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a.) p/2" <my < N,p<ny < N;

b.) 1<n; <p/2"—1,p<ny <Nj;
c.)p/2m<ny <N, 1<ny<p-—1;
d)1<n <p/2m—-1,1<ny, <p-—1.

Then we have
p—1 nl r 2 n2)
- > X <
2 n1Nno
p/2Mm<ni<N p<n2<N
2™Mn1=ngz( mod p)

<p Z Z Z pz: r1(s1p + €1)re(sap + £2)
1<s1<2MN /p1<so<N/p L1=1lr=1 (s1p+ 61)(s2p + o)
(o)

[(s1p+ £1)(s2p + 01)]°
<
P Z Z Z (s1p + €1)(sap + £1)

1<51<2™mN /p 1<s59<N/p 1=1

<<p6 Z Z _<<mp

1<s1<2™N/p 1<32<N/p

and
p—1 nl 7“2 nz L«
- X X <p QL ) ()Tt
2 nineg
1<mi<p/2m—1 p<n2<N 1<n1<p/2m—-11<r<N/p
2mMn1=ng( mod p)
Moreover,

p—1 nl ) nz) c
—_— <
DD Ik S
p/2m<ni<N 1<n2<p

2mn1=ng( mod p)

where we have used the estimate r1(n) < n®, and rq(n) < nc.
For the case 1 < ny < p/2™ — 1, 1 < ny < p — 1, the solution of the
congruence 2"n; = ny(modp) is 2™ny = ny. Hence,

p—1 Z Z ,ri(ny)ra(ng)  p—1 Z r1(nq)r2(2Mny)
2 nins 2m+1 n?
1<n1<p/2m—1 1<na<p-1 1<n;1<p/2m—1
2Mn1=na( mod p)

p—1 — r1(n)ra(2Mn) .
~ om+1 Z n2 + Om(p9)-
n=1

Now, from Lemma 3, we can immediately get

1(n1)ra(n2) o mt e
1<ni1<N 1<no<N
2™Mn1=ngz( mod p)
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Similarly, we can also get

poloy ey it
ning
1<ni<N 1<na<N
2mn1:fn2( mod p)

Z ZT17’L17"2712 Z Zrlnlﬁnz
ning ninsg
1<n1<N 1<ns<N 1<n1<N 1<ns<N
2Mn1+ng=p 2mn+ng=~Cp>2

<y 3 T, 5 oy T

n
(»— 1Sn2SN gy, < Nim

“ 3 —“’@;””E NN =

1<n<p-—1 1<n2SN gy, < Ntng
="2=""p

N N
n

<<m€+€ 2<<m€-

p pzzgm P

Then from (2.4), (2.5) and (2.6), we have

4

7T
(2.7) M,y = 5. gm+4

p+ Om(p°).
(ii) Note the partition identity

B(y,x) = Y x(m)x3(n) Y x(m)x§(m)

n<\/7 m<y/n
+ 3 x(m)x3(m) Y~ x(n)x3(n)
m<Vi n<g/m
= > xm)x3n) D x(m)xgm) => x(m)x§(m)Y . x(n)x3(n)
n<vVN m<N/n m<vN n<N/m

= 2 x| | D x(mxin)

n<\/y n<\/y

+{ D xxsm) | | D x()xs(n)

n<vN n<VN
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Applying Cauchy inequality, the estimate
2

SITY | =3 ¥

x#Xx0 [ N<n<M x#X°? IN<n<M<N+p
2
(p—1)°
=p-1 > Xm-| >, X <
N<n<M<N+p N<n<M<N+p
and noting that the identity
S ) =S udx@ Y x),
N<n<M d|2 N/d<n<M/d
we have
2
(2.8) Yoo IBwIP<vy Y > | D x(m)xs(m)
x mod p n<,/y xmodp [m<y/n
x(=1)=-1 x(—1)=-1
2
VD> ) D x(m)xSm)
m</y xmodp [n<ly/m
x(=1)=-1
2 2
+ > 1D xmsm)| x| D0 xmxdn)| < yp*t
m</y xmodp |n<lfy n<\/y
x(=1)=-1
Similarly,
> AW P < ypt
x mod p
x(—1)=—1

Then from Cauchy inequality and (2.8) we can write

29) M= 3 (Z Xm“”l)(/:%;”dy)

1<n1 <N Yy

1<n <N N Y (—1)=—1
0o . 34e 34e
2 2
N Y Nz~

(2.10) Ms <
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(iv) By the same argument as in (ii), we can write

(2.11)
> Ay, x) * By, x)
M, = x (2™ (/ dy / dy
' x(—z)—l ( ) N y2 N y2
o0 o0 1
< 3 |A(y, )| B(z, x)|dyd=
N JN Y7 =
x(=1)=-1
1 1
>~ 1 *1
<[ S S X Awor) [ X 1BwwR )
N Y JN = e =
x(—1)=-1 x(—=1)=-1

0o 1+e 2 2+e
< (/ b < dy) < b .
N y§ N

Now, taking N = p3, combining (2.3)-(2.11), we obtain the asymptotic formula

4
™
> x@M) L) LI X0 LLX) = g + On(p). O

x mod p
x(=1)=-1

Lemma 5. Let X3 and x3 be the principal characters modulo 2 and 3, respec-
tively. Then we have

4
> @ L)L) = 50— 1) + 0.
mod
x>(<fl)=fl

Proof. From the method of proving Lemma 3, we can easily get this Lemma.
OJ

3. PROOF OF THE THEOREM
In this section we complete the proof of our theorem.

Proof. 1) From Lemma 1 and Lemma 2 we have

Z Z H (2ab, p)

a<§ b<§
16
=y 2 XL Y@ X0
P x mod p ag% bg%
x(—1)=-1
_ 36p 2 0y |2 0y |2
pb=Tr— ; X@) [T COP L1, o) 1L, o)

x(—1)=-1
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using 7(x)7(}) = p if x(—1) = —1. Thus, applying Lemma 4, we obtain
- 1
> H(2ab,p) = 5292 +O0(p'*).
a<B o<k

This complete the proof of i) in the theorem.
ii) Lemma 1 and Lemma 2 imply

Z Z H(2ab, p)

e AP SRR I RS SNOP RO
ki
- %szm;«z) 1+ 52X 0 |0 L L
x(—1)=-1
s Y @R ) - X)) L)
S

where using 7(x)7(X) = p if x(—1) = —1. Thus, applying Lemma 4, we obtain

_ 27
> H(2ab,p) = 350P +OP™).

b P
a<sg b<y

This complete the proof of ii) in the theorem. 0
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